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Preface

This volume is based on lectures delivered at the international conference “New
trends in harmonic and complex analysis”, held May 7-12, 2007 in Voss, Nor-
way, and organized by the University of Bergen and the Norwegian University
of Science and Technology, Trondheim. It became the kick-off conference of the
European Science Foundation Networking Programme “Harmonic and complex
analysis and its applications” (2007—-2012). The purpose of the Conference was to
bring together both experts and novices in analysis with experts in mathematical
physics, mechanics and adjacent areas of applied science and numerical analysis.
The participants presented their results and discussed further developments of
frontier research exploring the bridge between complex, real analysis, potential
theory, PDE and modern topics of fluid mechanics and mathematical physics.

Harmonic and Complex Analysis is a well-established area in mathematics.
Over the past few years, this area has not only developed in many different direc-
tions, it has also evolved in an exciting way at several levels: the exploration of
new models in mechanics and mathematical physics and applications has at the
same time stimulated a variety of deep mathematical theories.

During the last quarter of the twentieth century the face of mathematical
physics changed significantly. One very important aspect has been the increasing
degree of cross-fertilization between mathematics and physics with great benefits
to both subjects. Whereas the goals and targets in the understanding of funda-
mental laws governing the structure of matter and energy are shared by physicists
and mathematicians alike, the methods used, and even views on the importance
and credibility of results, often differ significantly. In many cases, mathematical
or theoretical predictions can be made in certain areas, but the physical basis
(in particular that of experimental physics) for confirming such predictions re-
mains out of reach, due to natural engineering, technological or economic limi-
tations. Conversely, ‘physical’ reasoning often provides new insight and suggests
approaches that transcend those that may be rigorously treated by purely math-
ematical analysis; physicists tend to ‘jump’ over apparent technical obstacles to
arrive at conclusions based on physical insight that may form the basis for signifi-
cant new conjectures. Mathematical analysis in a broad sense has proved to be one
of the most useful fields for providing a theoretical basis for mathematical physics.
On the other hand, physical insight in domains such as equilibrium problems in
potential theory, asymptotics, and boundary value problems often suggests new
avenues of approach.



viii Preface

We hope that the present volume will be interesting for specialists and grad-
uate students specializing in mathematics and/or mathematical physics. Many
papers in this volume are surveys, whereas others represent original research. We
would like to acknowledge all contributors as well as referees for their great service
for mathematical society. Special thanks go to Dr. Thomas Hempfling, Birkhauser,
for his kind assistance during preparation of this volume.

Bjorn Gustafsson
Alexander Vasil’ev

Stockholm-Bergen, 2009
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From Diff(S') to Univalent Functions.
Cases of Degeneracy

Hélene Airault

Abstract. We explain in detail how to obtain the Kirillov vector fields (L) ke z
on the space of univalent functions inside the unit disk. Following Kirillov,
they can be produced from perturbations by vectors (eike) rez of diffeomor-
phisms of the circle. We give a second approach to the construction of the
vector fields. In our approach, the Lagrange series for the inverse function
plays an important part. We relate the polynomial coefficients in these se-
ries to the polynomial coefficients in Kirillov vector fields. By investigation
of degenerate cases, we look for the functions f(z) =z + 3,5, anz""" such
that Ly f = L_if for k > 1. We find that f(z) must satisfy ‘the differential
equation:
22w Zw / w? ' (w)? f(z)? —

] I A Iy (ol (o T B
We prove that the only solutions of (x) are Koebe functions. On the other
hand, we show that the vector fields (T%)rez image of the (L)rez through

1

f(2)

of diffeomorphisms of the circle.

the map g(z) = can be obtained directly as the (L) from perturbations

Mathematics Subject Classification (2000). Primary 17B68; Secondary 30C35.

Keywords. Reverted series, Koebe function, Kirillov vector fields.

1. Introduction

For f(z) = z+a12?+a223+- - -, Schiffer’s procedure of elimination of terms in series
[16] permits to construct the Kirillov vector fields L_, f(z) for a positive integer k.
Let 2! f'(2) = f(2)" 7 [1+ 3,51 PFf(2)7] be the expansion of 217k f'(2) in pow-
ers of f(2), then Ly f(2) =3 ;5441 Pff(z)lﬂ_k. If f is univalent, let z = f~*(u)
The author thanks Paul Malliavin for discussions and for having introduced her to the classical

book by A.C. Schaeffer and D.C. Spencer, Ref. [15]. Also thanks to Nabil Bedjaoui, Université
de Picardie Jules Verne, for his help in the preparation of the manuscript.



2 H. Airault

f* 1 (u) 1-k
7 ()
with the derivative of the Lagrange expansion of [f~1(u)]*. This explains why Lau-
rent expansions for inverse functions are important in the theory of Kirillov vector
fields. On the other hand, for positive k, let Ly f(z) = z1*Ff/(2) as in [10], [14].
We prove that Ly f = L_jf for any k € Z if and only if f(z) = 2/(1 —€2)?, e =1

or —1. We exhibit some of the many solutions of d_tt = (L_y — Ly,) f+. However we

21=F f/(2), then the expansion in powers of u of L(u) = is obtained

can relate these solutions to the Koebe function only when k£ = 1. In sections two
and three, we discuss expansions of powers of inverse functions and manipulations
on these series. In section four, we relate the inverse series to the Kirillov vector
fields and to diffeomorphisms of the circle. In section five, we calculate some of
the flows associated to the vector fields (Ly). In section six, we consider the image
(Tx) of the vector fields (L) under the map f — g where g(z) = 1/f(1/z). For

1
a univalent function f(z @7

);
/
[17], [5]. Then 2!~ P2 14890 i leads us to consider expansions of

flz) 9(v)
vk g/ (v) in powers of g(v) for a function g(v) = v + by + %—2 + ---. We have
v g (v) = g(v) TR [1+ 21 Vj_kg(v)_j]. The image vector fields (T}) are given
by Teg(2) = > 5k Vj*k‘g(u)_j. We compare the two families of vector fields (Ly)
and (T%), they have respectively the generating functions A(f) and B(g) where
¢’ (u)*d(y)? ¢’ (u)? ¢'(w)?  ¢'(w)’o(y)

AONY) = S0 0w — o) ~ o) — o) | S  ew?r Y

W) Sw? S
B@OWY) = St - o@) — ow) 0@ o) (12)

it is natural to consider g(z) = see for example

1 u? 1 11
Let ¢(z) = @ then W B(¢)(u,y) = — = AW) (—, —) : (1.3)

In the last section seven, we examine degenerate cases for the vector fields (Ly)
and (Ty).

2. Change of variables in series

2.1. Laurent series for [¢~'(2)]” with g(2) = z+b1+)>_, -, bz;tl and for [f~1(2)]?
with f(z) =z + -+ b,2""! + - ... Derivatives of the Laurent series

For n > 0, n integer, the Faber polynomial F,(z) of g is the polynomial part in
the Laurent expansion of [g~!(z)]™ where g~! is the inverse function of g, see [6],
[5], [9] and [8]. For any p € C, the Laurent expansions of [¢~!(2)]? and of [f~1(2)]?
can be obtained with the method of [2].
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Definition 2.1. The homogeneous polynomials K2, F,, and G,, = K; ', n > 1, n
integer, p a complex number, are defined with

(L4biz+bo2? 4+ )P =1+ o KB(bi, by, ... )2"

log(1+biz4byz® + ) = — Dkt %(blab% LR (2.1)

1 = 2 ...
1+biz+byz? 4 --- =1+Grz+Gaz” +

Remark that p = 0 is a root of K? as a polynomial in p, since for n > 1, K? = 0.

b oy ban
z P

Lemma 2.2. See [2]. Let g(z) = - and let p € Z, then

(Ely =145 1y s
()<g_z)) :1+2j21H§7_j_

z i

with the same coefficients (HY).

Ifp #£0, Hj.’_j =(1- %)Kf It extends for any p € C and limp_,ozj—)K;j = —F;.

/ .
In particular, z‘i]q((;)) =1+ ZjZl Fj% with F; = HJ._J,

Corollary 2.3. Let g(z) :z+b1+672+~~+b2—}'{1+~~ and f(2) = z + 122 +
boz® + -+ by2" T+, let p € C. With the convention that pf S KLTP s By

(n+p)
n+pK

_ _ p n—p 1
g7 @I = 27 |1+ Ty LK ]
- — p —(n+p) _n
[f~H )P = 2P |1 + D>t p+nKn P, }
Corollary 2.3 generalizes: Let h(z) = 1+b12+byz?+---. We put f(z) = zh(z) and
g9(z) = zh(%) Define the maps E, : f(z) — E,(f)(2) = z[h(2)]? withp #0,p € C

and Inv : f(2) = z[h(2)] — ¢(f)(2) = f~1(2), the inverse of f and compositions
of these maps. Then Ej 0 E, = Ej,, and Inv o Inv = Id.

ifp=mn and is equal to Fy, if n+p =0, we have

(2.2)

Lemma 2.4. Let (k;j)1<j<s be a finite sequence, kj # 0. then
d(f)(z) =[Eg,olnvoE,,_,oInvo - - 0E oInv o By ](f)(z) =

n(ki, ko, o ks
sl Z ﬁ 1, 2, ) )) Kn—koﬁn(kl,k%mvks) n

(k1,k,... kK
where Ay (k1 ko, ..., S) and Bn(k1, ke, ..., ks) do not depend on the coefficients of
f(2). If Bu(k1, ke, ..., ks) =0, we replace the corresponding term in the expansion

by (—1)3_1160 X H;:l F, z"

« 1

n
A similar result holds for g(z) by defining E, : g(z) — Ep(g)(z) = z[h(1)]? with
p#0,peC andInv: g(z) — é(g)(2) = g~'(z), the inverse of g. The next
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expansions will be important. We take the derivative with respect to z in the
series of Corollary 2.3, the denominators (n + p) disappear and for any p € C,

oy _ 1 np 1

%f%@?ijlp{l+§321K” ] (2.3)
1 —n+p) n

[ffl(y)]iy P ytp [HZ"ZlK”( Ty }

2.2. Expansions of zQ(J}/((Z))) ( (Z))p, of [f(y)) P

( and of 4 W]'"

(f=) W) (g™ (v)

In [1], see (A.1.2), (A.7.1), the following lemma is used to prove the identity on
the polynomials coefficients of the Schwarzian derivative L_yP, — L_,P, = (k —
p)Pptr. With a change of variables in the Cauchy integral, we prove

Lemma 2.5. See [1]. Let f(z) = z+ 3,5, cn2"™ 1!, then
z n n
f(z))P — 1+anlpn+172

Ly 1405, P

with the same polynomials PP.

173

Lemma 2.6. See [2]. Let g(z) = z+ b1 + bz + 3+, then

g () 9(z) 1
z ()( )’“—1+ZJ>1 ]g()
L8y 2y =15, v

27

with the same polynomials V]k

The polynomials P? and Vk are homogeneous in the variables (c¢;), respec-
tively (b;), they can be Calculated with differential operators as in [1] or with
binomial analysis as in [6]. In the following, we relate them to the (KZ).

Proposition 2.7. The polynomials (PE) in Lemma 2.5 satisfy

[fil(y)]lip 1—p D, N ylip
S =y P4 Y PRy = - (2.4)
(f~1)(w) = 1+ ,0y K " Pyn
PP =G, (KPP (), (2.5)
Proof. We put z = f~!(y) in Lemma 2.5 and we use (2.3). We have
Gn(PP,PP... PP) = K, ("7 vp > 1. (2.6)

Moreover the map G on the manifold of coefficients is involutive (GoG = Identity).

Proposition 2.8. The polynomials (V"“‘) in Lemma 2.6 satisfy

% +z>:1 T T (2.7)
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VE=Gu(KF KZ7F, L K (2.8)

VE(by,ba,y ... by) = P R(Gr(b), Go (b1, b2), .. ., G(b1, b, ..., b)), (2.9)

Moreover
8 .
-1 : 1d, -1 k yhl
Proof. Let z = g~ '(y) in Lemma 2.6, then (g™ Hw)]* =

k dy
We remark that % a% [(gHW)F = ¥ 11+ Zn>1 KpF y"
VE = P7FoG, we use KF"oG = K"~ k. To obtain (2.10), we remark that ¢'(z)

does not depend on by, then we differentiate with respect to by,

1+k/ ZV g 1+kJ

7>0

1 + 251 ka_j'
} To prove that

with V¥ = 1 and we identify equal powers of g(z). a

Writing ¢/(2)?, we find V277 = KZ2(0, —by, —2b3, —3by,...). We have V{ =
(p—1)by, VZ = (p— 2)b2+(—#b2 (p—2)ba+p [ VPdby, VI = (p—3)by+(p—
2)(P+1)blbg+%b (p—3)bs+(p+1) [VFdby, VI = (p—4)bs+
Mzﬂ +(p+2) [VPdby, VP = (p 5)b5+(p —p—8)babz+ (p+3) [ VP dby,

_ 4 o
VE = (p— 6o+ (5 — p— 1)boby + E=B=12p2 , BEDE =P =)y, (),
4) [ VPdb,.

2.3. The expansion of Zk+1(%)k+l (f(zz) )

Lemma 2.9. Let f(z) =z +b122+---. For any k and p, then

f( ))p_1+z Jn-‘rp( )Z

" o1
CRE Dy — 1455, 20 1)

We have PP = JP(1) and JP(k) is a polynomial of the two variables (p, k),
its coefficients can be calculated with the method of [6]. The expansion of the

Schwarzian derivative Sf(z) = ];7(%) - %(ffl,/((j)) )2

sions of Lemma 2.9 since z2S(fP)(z) = _(p22— D) X Z;JE/Z()ZQ)Q + 2%Sf(2) and
S(f—l)(f(z)) = - Sf(z)/f’(z)2. For f(z) = z +b0122 4+ byz" ... what is
the expansion 22Sf(z) = Y n>2 An f(2)" in sum of powers of f(z)?

with the same JP (k).

is related to the expan-
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3. Taylor series in the Laurent expansions of inverse functions

In this section, we consider Taylor series inside the Lagrange series for inverse
functions.

3.1. Polynomials associated to g(z) = z 4+ b1 + 672 + -

The inverse function ¢!, i.e., g~ tog = Identity has for expansion

9_1( =z—b — Z Kg+1

n>1
and when p is integer, p > 1,
1
g P =2+ Y kK’“ PRy B, - Z Ky = (31)
1<k<p-1 P~ a1

With the Taylor formula on the polynomial part of [g~(2)]”, see [5] and [4], we
obtain

p k—p_p—
Fp(z)=2"+ > ki PPk L Ey (3.2)
1<k<p—1
1 orP—J _ p j—p .
(p—j) 9zp—1 p(2)=0 = p—g =i (3:3)
Let z = g(u) in (3.1), it gives u? = F,(g(u)) — >2,5, gKZLLﬂ) R ) We define

the Grunsky coefficients Bpq by Fy(g(u)) = uP + 3 <1 Bpg W' Then, see [2], [7],
%/81)(]:2(111[(” Kn ZpllKn Kn

n=1n""n+p n=1 n""n+q

Proposition 3.1. The particularity of F,(z) and of the series

P n 1
Sp(2) = Kb, b)) — (3.4)

n>1

is that as functions of by and z, they depend only on by — z,

F,(2) = Fy(2z;b1,b2,...,by) = Fp(0;61 — 2,ba, ..., by) (3.5)
p 1
Z Kpip(0,02, ., bpgp) oo (3.6)
n>1
Moreover Kp+q(b1, b2, ..., bptq) is a polynomial of degree ¢ — 1 in by,
K2, (b1,ba, ... bypig) = Z Pea-t LK (0,b2, . bpg) BT (3.7)
1§n<q

Proof. To prove that g=!(z) as function of (b1,2) and the other variables is a
function of by — z and the other variables, we take the derivative with respect to by

in g7*(g(z)) = z. Since Ggéz) = 1, we obtain (5'% g (g(2) + (7Y (g(2)) = 0.

Thus % g '+ (¢g71) = 0. We expand (3.6) in powers of =L b to obtain (3.7) O
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lg— ()"

(97 ()

If £ > 0, then M =y 4+, yi-k L] has a non zero polynomial part
Jj=1"3 1y

(9 ()

and it depends only on y — b;. In analogy with the Faber polynomials, if & > 0,
let ¢y (z) be the polynomial part of

3.2. The polynomial part of

-1 k
751(;()2 =14y le”“% : (3.8)
Then
¢1(0) = V. (by, bay ..., by) (3.9)

G (21,2, ..., bg) = o050y — 2, b9, ... bg) = VIR (b1 — 2,9, ..., bg)  (3.10)
$o(2) = 1, ¢1(2) = 2=b1, ¢2(2) = (2—b1)*—3ba, P3(2) = (2—b1)® —4(2—b1)b2—5b3.
The generating function of (¢, (z))n is

=9 ( =14 gnlw)—. (3.11)

g( n>1

¢n(w) is the unique polynomial such that ¢n(g(w)) = w"g' (w) + > 45, ’)’nk#.

On(2) = Fu(2) = b2 Fyy—2(2) — 203F, 3(2) — (n — 1)by (3.12)
Vk1+pk(b1’b2"") kalﬂ)k n((),bg,...)%b?. (3.13)

n=0
1-k 1 o of 9]
The subseries U(z;b1,b2,...) =25, 'V, - in the Laurent series of Z—

dasl ZJ (971 (=)
is a function of by — z and

U(z) = 3 oy Vi (bi,ba, ) ZLJ = o Vi (0,bs,. ) m

3.14)
_ 1-k n+j—-D, 1 (
= ijl,n>0 Vk—i—j (0, ba, .. ) n!(j — 1)! by ot
3.3. Polynomials related to f(z) = z + by22 + -
When p is a positive integer, f_ll(z)p is equal to

1 D p—k 1 P n 1 D, _ n
; + Z p_kKk 2p—k p ZEK”J‘LPZ :Hp(;) o ZEK”J'LPZ

1<k<p—1 n>1 n>1

where H,(u) = u? + ZlSk‘Spfl ﬁ[(,’j_k uP~F — F,. With z = f(u), it gives

Hy(——=)=— > T Z Kn+pf =+ Z’quu (3.15)

f(u) n>1 q>1
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Given k integer, k > 1, one find a unique sequence of homogeneous polynomials
(Qp)p>1 in the variables by, by, ... such that

FEF = Quf () = Qaf ()" — - = Qpf ()P — 2P (3.16)
= Qp+1zk+p+1 + higher terms in 27 for 3 >k+p+2.
We have [2, p. 349] Q1(b1) = kb1, Qa(b1,b2) = kby — “BE02 Qs(by, b, bs) =

kb3 - k(k+4)b1b2 + Mi)?a ) Qn(b17 b2? ctty bn) = k _]T_ n Kn (n+k)

4. Diffeomorphisms of the circle and expansions
of inverse functions

4.1. Left invariant and right invariant vector fields on Diff(S!)

Given 6 — x(0), then exp(ex) is defined by
2 n
0 — exp(ex(0)) = 0 + ex(0) + %Xox(ﬁ) + et %XOX oox(@) 4+ (41)

Let v be a diffeomorphism of the circle, § — (). For small € > 0, we consider

21(6) = exp(x) 07 (0) =1(6) + x01(6) + O) and Ly =L 5L =x07(0)
A(0) = 70 exp(ex) ) = 1(0+ex(9)+0(2) and R, = £ 5T =/ (O(0).
Then (%‘E:O’yi)(’y’l(u)) and %u) 47 (u) are independent of .

(Foe) 7)) = = =i e o) 2)

4.2. From ~ to the univalent functions f and g such that fo~vy = g.
The Laurent series L

To =y, we associate g univalent from the exterior of the unit disk and f univalent
from the interior of the unit disk such that on the circle |z| = 1, we have fo~v(z) =
g(2). For ., we have . = f-1 0 g.. Following [10],

) = (7 (0o + UV (0D x o) (43)

Thus (£4)(171(2)) = (L7 (fe(2) + (7 (e(2) % (F90) (971 (e(2)).
We divide by (f7 1) (f(2)) and put y = fe(2).

Definition 4.1. Let

(4.4)
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We have L = m X %f?l(y) + (%ge)(gzl(y) = Ly + Ly with
1 d
_ % —f;l
(fe)'(y) ~ de

Proposition 4.2.

) wd L= (o) (W) @)

- ) = () = — ok, then T, = — I

If <d6|e_0%> (v (u) = x(u) = , then L = = (4.6)
L (d ) = xw) =~ then L — - @I

¥ o () = x(w) =~ e 1=~

This shows the importance of the polynomials P? and V]k in section 3. As in
[12], the vector fields Ly can be related to the variational formulae on univalent
functions of Goluzin and Schiffer. See also the related works [3] and [13]. In the
following, we shall adopt the point of view of asymptotic expansions. The vector
fields do not preserve Dif f(S1) and we shall not study whether the vector fields
associated to Ly or L, as in (4.5) preserve the univalence of f or g. They are
simply related to the series of sections 2 and 3. They induce vector fields on the
set of functions f and g of the form (I) or (II) where

f2)=z+a122 4+ anz" 4

(I): B o . s
g(z)=coz+a+ % R I
f(Z):a02+a122+...+anzn+1+.“

(I1) : B o z wo)
9(2)*Z+61+ 2 +.”+Z7L—1+"‘

Taking the perturbation 4. of v, we split differently the Laurent expansion of
(%’yg)(’y;l(z)) according to what we take (I) or (II) as normalization for f and

g in the decomposition fo~y = g. With (I), we obtain the vector fields (L) and
the generating function (1.1) and with (II), we obtain the vector fields (T}) with
generating function (1.2). This is explained below.

5. Kirillov vector fields (Ly)
With (I), f(2) = 2+ 3,51 buz"t". Let fc(2) such that

fe(z) =2+ ba(e)z™ and  fo(2) = f(2). (5.1)

n>1

The Taylor series of %fe(z) start with a term in 2?2 since %fe(z) =D >0 bn(€)2™.

The Taylor series L start with a term in 22, On the other hand, L, is of the form
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az+ a sum of terms in 2™ with n < 0. In this section, we assume (4.6) and

_ 1k 0 _ N i (7)) L
x(u)=—u'"% Weput Py =1.For k> 0,L = 7@ is given by

1 k. n
L=t L+ Py

n>1

1 1
= — [F+wa—2+-~-+P,f1+Pk’fy—|—P,f+1y2+~-~

In the decomposition (4.5),

Ly (ffll)'(y) %f;l(y) = Zn>1p+nyn+1
) (52)
== (ffl)/(y) - (%ge) (9 (y))
O (9. (y) = —[L+P’“L+--~+P’“ +Plyl.  (5.3)
g = dEgE 9 \Y)) = S 1 2 k—1 kYl .
If k < 0, we have L = Ly, we obtain
Proposition 5.1. If (%lezo%)(v_l(u)) = x(u) = —u'** and k > 1, then
d . _ - k
95w = U (5.4

In accordance with (5.2)—(5.3),

Definition 5.2. Let f(z) = 2+ 0122 + b2z + - + b, 2" 1 + ... We define the left
vector fields [ L f](z) for k € Z with

L_pf(z)=2""f(z ZPk F)t J—ZPHMf 272 for k>0 (5.5)

j=0 3=0
Lpf(z)=2"TFf'(2) for k>1. (5.6)

5.1. Expression of the vector fields (L)recz on the manifold of coefficients
We replace f(z)'™7 =277 37 K77 2" in (5.5), it gives

Loaf)) = 3 (30 L, K . (5.7)

n>1 k=1

Since %[f(z)] = 2" from (5.5)—(5.6), we deduce, see [10], [1],

n
L_,= 2@1 Af % with  Af = Zk 1 k+pK§+11€ Vp=20
_ 0 _0 ... 0 ..
Ly =gy +2bigg — + -+ (1) nabﬁn + for p=>1.
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5.2. Integration of % ft( ) = L_ f1(2) for positive integer k

We treat the cases k: = 1 and k£ = 2, the method extends to arbitrary k. If
f(z) =2+ b12% +b223 + -+, we have Lof(2) = 2f'(2) — f(2),

Lif(z) =22f(2) and  L_1f(2)=f'(z) —1—2a1f(2) (5.9)

Lof(2) = 23f'(2) and L_of(z) = f/iz) - %—3@14—( —4as)f(z) (5.10)
‘Z:f’(z)i ! 74(117(12 az) — (6ag — 2a1a2) f(2
Loaf(m) =L - i - f5(‘;2 ~ (a} + 6a2) g5 — (Tas + daray — a?)

— (8as — 2a1a3 — 2a%as + ai) f(2).
We see that fi(z) = f(lJrLtz) is solution of %ft = L1 f: and the solutions of
%ft = Ly f for positive k are given in [10], [1], [11],

z

fe(z) = A thA)E (5.12)

On the other hand, for L_y, the function f(z) = flz+t) - f(t) is a solution of

f(t)
d / 1
S /1(2) = fi(2) =1 = f(0) fe(2). (5.13)
The function g; associated to f; asin (5.2) is given by %gt(z) = —1— f7:(0)ge(2).
i
Since f{'(0) = ‘S;((t)) we obtain
9(z) — f(t)
z y 5.14
Let v be a homographic transformation, e?(?) = () = fi%‘g = v(z) with
e
z=¢e" then foy= g with f(z) = —%— and g(z) = & 240 When ¢ varies,
1—bz 1—bb
z(1 — bt)
z)= ———— 5.15
70 = 5 (5.15)
4 u(1 — bt) (1 —bt)? (b—1t)(1 —bt)
= - 7 = = that =
fi (u) T r— 9¢(2) = 2T - - We see that v =
ft_1 o0 g¢ is the homographic transformation ~;(z) = % but ~; does

not transform the unit circle to itself.
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" 2
The example k = 2. Since P = 3b; = 3f”( 0), P§=4by—b3 = %f”’(O) - f—%%,
see [1] (A.1.9), we have to integrate

PP C B T WS (R
G =1 - o S+ (BPE - Sr0) e

where f{, f/’, f{"" are the derivatives with respect to z of f;.

For any k > 1, the fi(2) defined by

o(1 +2%) — ¢(7) Lk ¢"(7) 2k
¢'(7) 2¢/(7)

is a solution of % fit = L_yfy if 7 = kt. It is not difficult to find other solutions of

ft(z)k =

this equation. For example,

Lemma 5.3. Let fi(2) = 2z + a1(t)2? + az(t)23 + - -+ such that

fe(2)F = kay (t) fi(2)F 1 = 2. (5.16)
If a1(t) satisfies the differential equation
%al( t) = [(k + Day ()] (5.17)

then fi(z) is a solution of Eft(z) = L_pfi(z) for k> 1.

Proof. By identification of the coefficients of equal powers of z, the other coeffi-
cients an(t),>2 are uniquely determined by f;(2)* — kay(t)fi(2)**! = 2zF. With
(2.1), KF.; = ka1 Kkt for n > 1. Thus fi(z) depends only on a;(t). To prove
that f;(z) is a solution of < 5Jt(2) = L fi(2), it is enough to verify that

(kfe(2)"~" — k(k + 1)a1ft(2)’“)aft(2) = (kfe(2)*™" = k(k + Das fr(2)") Lor f(2).

(5.18)
We have (kfi(2)" ! = k(k + 1)ar fi(2)") & fu(2) = kfi(2)" Sy (1) and
(kfe(2)" 1 = k(k + Dar fi(2)*) fi(2) = k="
Thus (5.18) is the same as
d
R Zat) =k = (Rfu)* 7 = Rk + Darfuz Z Pejfi(z)
By identifying equal powers of f(z) in this last equation, it is satisfied if
(k+ VD) P{ ; =Pk, ; for 1<j<k (5.19)

This is a consequence of 2" % f/(2) f(2)*' =143, Pff(2)7, see Lemma 2.5.
Also %al(t) = (k+ 1)a1 PF. O
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Lemma 5.3 extends to a more general class of solutions. According to (3.16),
for p > 1, one can find differential equations for the coefficients aq(t), az(t), ...,
ap(t) such that a solution of

p
Eo _
ft(z)lc + Z ij (k+])ft(z)k+J — k (5.20)
j=1

is a solution of & f,(2) = L_y fi(z) for k > 1.

5.3. Integration of %ft =(L_p—Li)ft for ke Z

There exist numerous solutions of % ft = (L—x — Li)ft. One may think that
some of those solutions interact with boundaries of Schlicht regions as studied
n [15]. We shall prove in the last section that the Koebe function f satisfies
L_if = Lif for any integer £k > 1. However we obtain the Koebe function as
solution of f(2)*¥ = flu(z)) = f(r) only when k = 1. Below, we give some examples

(1=79)f'(7)

of solutions.

Lemma 5.4. The differential equation %ft = (L_1 — L1)f+ can be written as

G = (1= i)~ 1 FO) (). (5.21)
Let 7(t) such that % =1—17% and let
FEED) - 1)
hi(z) = =70 (5.22)
The function hi(z) satisfies %ht(z) = (L1 — Li)h(2). If f(2) = a —Zz)2’ then

hi(z) is equal to ﬁ, thus it is independent of t. Conversely if hy(z) is inde-

pendent of t, then f is a Koebe function or f(z) = %ln(% i‘ 2)

Let k> 1,

L f(z) = 227K (2) = f(2) K —2karf(2) if f(z) = z+arz" T +agpz® 14 .
(5.23)

Proposition 5.5. For k integer, k > 1, %ft = (L_k — Li) ft is of the form

d 1- 22 ¢ b .
@l = T gl T P (524)
For k=2, %ft = (L_o — Lo) f; is the same as
d _ 1724 / 1 3 " 4 " f”(O)Z
GO =00 - 15 - 50 = (0 - EPE) o). )
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Let u(z) = lzlj_t;k For any function ¢(u) having a Taylor expansion at u = T
such that ¢' (1) # 0, then fi(z) given by
K _ Ou(z)) — o(7)
fe(2)" = 1= D7) (5.26)
is a solution of %ft = (L_x — Li)ft if g dT =k(1—72%).
For ¢(u) = ﬁ, then fi(z) = (1_#)% and for ¢(u) = u?, f,(z) is given by

(14 72)22k 4 272F
27(1 + 72%)?

g eee e

fi(2)F =

Proof. We obtain (5.24) since %ft = (L_y — Lg) ft is of the form

d — 2% g b
Eft = T —ft — filz ZO
With (2.4), 8 PFfI xS0 Kn "V = 1 PEL 4 terms in f9, >
kzk_l(]. — 7_2) and du _ 1— Z2k
(14 72%)2 dr — (1+12F)%
The expansion f;(z) in powers of z is obtained as follows

o)~ 6(r) = (P —7) + LA w72 4 -

u:7<1+?) (1+7'zk)_1=7'(1+<%—7')zk - (7'2—1)22k+~-~>

u—7=(1-72)(2% - 72% +... thus

k + 2. Now, we prove (5.26). We have % =

1— 2\ 41
fe(2)F =28 + [—7- + %] 224 = 2P+ kag T )
2\
This gives fi(z) = z + apz®! + .-+ with kap, = —7 + % Taking
logarithmic derivatives, we verify that
1-k ok J¢(2) 1 1 d
1-— — — 2kay = — . |
We give another example of solution,
Lemma 5.6. Let f:(z) be a solution of
2
z .
ft(2)2 — 2al(t)ft(2’)3 = W with QQ = 2&2 — 50,% (527)

We assume that %i(t) = —2(1 - Q2(t)?) and a)(t) = 2a1Q2 + 27a3, then fi(2)
is a solution of %ft = (Lo — La)f:.
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Proof. We have fi(2)2—2a1(t) fi(2)3 = 22+Q2(t)2*+- - -, compare with (3.16). Let
2

J = ——~%——— we do a verification by replacing f3 in terms of J and f2. O
1-— Q2 (t)Z
54. fi(z) = W belongs to two different integral manifolds
7(t)z
Let fi(z) = ﬁ and k integer, k > 1, then if 7(¢) = — kt, according to

1+ 7(t)(2%)
(5.12), fi(2) is solution of 4 f,(z) = Ly f(z). On the other hand, with Proposition
5.5. taking ¢(u) = u, we see that f;(z) is a solution of & f,(2) = (L_j, — L) fs(2) if
dr(t)

T = (1 — 72). We explain this as follows: In the infinite-dimensional manifold

M of functions f such that f(z) = z4a1224 a9z 4+ FapzFtt + , we consider
the one-dimensional submanifold Ny of functions fi(z) = W for fixed

k > 1. This manifold is parametrized by 7. On M, define the functional ¢, by
oe(f) = kz2ai. Then on Ny, the two vector fields L_j and L are proportional, it
holds L,k = ¢k Lk

5.5. f and g are like in (I). Generating functions for the Kirillov vector fields

Let A(¢)(u,y) as in (1.1) and fg( 227r JA(fe)(u, 2) (%'yf)(’ye’l(u))du as
in (4.4)—-(4.5). For k€ Z, |z| < |u|

1 w, 2)u*du u*ldu
1) = g [ Ao = L [ LW g,
(5.28)
e deduce z))u" " = wf () f(2)? ince = 1y
We ded ZkeZ(ka( )) F f(u)2(f(u) — f(Z)) Si Lk?f( ) et f( )
for k > 1,
Zk21 Lif(2)u* _Zk>1 Rk = 1Z_ZU '(2)
fE? T zuf(z) (5:29)

g urf(u)? - z
D Lo (@0 = Tgep X )~ gy~ wez G

6. The vector fields (7})

Let g(z) = 2+b1 + %+ andge(z):erbl(e)Janzlb”;i}l(c).LetkEOand

%%u) (%7&)( u) = x(u) = u'**. Then L = Ly + L, as in (4.4)—(4.5) and (2.7).

L _ [ (1 )}1+k _ lerk 1 +ZV k ]‘ (61)
(97 ()
) 14k k _
L, = <%g) ; +ky - _ [( (ZJ)?}( ) L jz::lvj—kywkﬂ
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1 d 1+k
L= L 4 9 (12] >
(fe ) (y)  de (¢ ) ()
(6.3)
Let z = g¢(y) in (6.2), then (%gs)(z) = zl‘*'kg’(z)—g(z)l'*'k—Zf:l ‘/'J-_kg(z)1+k_j.
The vector fields induced by (% ge)(z) are different from the right vector fields on
g in [10].
Definition 6.1. We put T}, g(2) = 2'P¢'(2) — >20_, V; Pg(2)P*'~7. This defines
the vector fields (T},) with
Z _Hg P ifp>0 and T ,g(2)=2"P¢(z) if p>0.
j>1
Then Tog(z) = 2¢'(2) ~9(2), Trg(2) = 2%¢'(2) = 9(2)* + 219 (=), T-19(2) = ¢'(2),
Tog(z) = 9/ (2) = g(2)* + Bbig(=)? + (4ba = 3)g(2), Tagle) = L2, .

6.1. Generating functions for the vector fields (T} )xcz

Let B(¢)(u,y) as in (1.2). We split L with the normalization (II), see (4.9). In L,
the powers y™, n > 1 correspond to f and powers y™, n < 0 correspond to g. Let

x() = iy % () ), then (o) (07 (2)) = o5z u(uﬁ(ggﬁ;%wdu'

With z = ¢g(y) and u = g(v),
d 1

f-'(y) = y x the polynomial part of <— X
Y

&ge(y) = 5 B(g)(v,y)x(v) dv. (6.4)
When y(u) = u!"?,
ao L [ g oz g~
B0 =55z [ Sty oy ™ = 3 ) w69
oW wP(2)
2L = ot = o) (60
We deduce
Zp>1T—pg( Z)u”? = UZZ_ 1 g'(2) 6.7)
o = g We(z)  ug'(z) :
2 TN = Gayiga) = gy~ wa -1 I

6.2. The Schwarzian derivative of g and the operators (7},)
The Schwarzian derivative of g(z) = z + by + %2 + .- is given by

1 1 1

So(a) = (5)" = 5(57)7 = > Qua

9 n>2

1 1 1 1
= —6by— — 24bs— — 12(b3 + 5bs) — — 24(3babs + 5b5)— — - - . (6.8)
4 z z z



Cases of Degeneracy 17

On the manifold of coefficients, with a%g(z) = Zn—l_l and (6.8), we define

0
T ,=— (n—1)b,=—— Vp>0. (6.9)
SR

Lemma 6.2. Tfp(én) = —(p® = p)dnp — (n er)@nfp
Proof. Since T_,g(z) = z'7P¢'(z) if p > 0, we have T_,(S;) = p(p + 1)(1 —
p)z—(P+2) 4 zl’p(Sg)/ + 2(1 —p)z~P S,;. We identify equal powers of z. a
The coefficients of the Schwarzian derivative S, in terms of (b;) are calculated in
[7] with the method of [6]. All the polynomials @Q,, have negative coefficients. We

can take advantage of that to obtain majorations of @n, for all n > 2. This kind
of argument was used in [17] and [5] to obtain majorations of derivatives of the

Faber polynomials of f(z) = ﬂ It differs from the methods in [18].

7. Degeneracy of the vector fields L, and T}

7.1. Degeneracy of (Lyj)rcz. The condition L = L_y,
The condition L1 f = L_1f gives (i) (1 —22)f'(z) = 1+ f”(0) f(2). The condition
Lof = L_of gives (ii) (1 —2%)f'(z) = ﬁ +3a1z + (4ag — a?) z f(2) with 2a; =
£7(0), 6az = f"(0).
Proposition 7.1. The only solutions f of the system

Lof(z) =L-2f(z) and L1f(z) = L-1f(2) (7.1)
are f(z) = ﬁ withe =1 or e = —1.
Proof. The solutions of (i) are f(z) = Q}Tl [(% + 2)‘11 — 1] if a1 # 0 and f(z) =
% ln(%) if a1 = 0. Assume that a; # 0, the condition f”/(0) = 6a implies that
3az = 1+ 2a?. In (ii), we put u = %i‘; and h(u) = f(z) = %l[u‘“ — 1], it gives

2
%h’( )= h(lu) +3a1 + (4az — a?)h(u); we replace h(u) by its expression
and make u — 0 or u — oo, we obtain 3a3 = 4as. We deduce from 3as = 1 + 2a?
and Sa% = 4ay that ao = 3 and a1 = 2 or a; = —2. Assume that a; = 0 and

consider f(z) = 7ln(%ﬁ) =z + Z"3?—) + %Ei + ---. We have f"/(0) = 2. In that

case, (ii) transforms into wh’( ) = + 8h(u), it is immediate that

i) 1
h(u)
h(u) = 3 In(u) is not a solution of this last equation. O
Theorem 7.2. The function f(z) = z+a122 + -+ + a2zt + -+ is a solution of

(%) (i-e., Lpf = L_rf) if and only if f(z) = constant x (1_%2)2 with e = 1 or

e = —1. In particular as = 2a1a2 — a‘I’, daia9 = 3a‘rf, 3as =1+ Qa%,
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Proof. First, to x(u) = v**! —u'=% &k > 1, we associate Lpf — L_jf. Then
Zk21[ka(Z) — L i f(2)]wF

[ AP 2w |, w? f'(w)? f(z)?
e EC R Rl e I
and the condition Lif = L_gf for any k > 1 is the same as (x) or
z(1—2%) ] oy W f(w)? f?
(e ren KACREC R i ey = R
If % = %2 or equivalently f(z) = constant X ﬁ, then it is not

difficult to verify that f is a solution of (x). Conversely, if f is a solution of (%),
then for any k& > 1, we have Ly f(2) = L f(z). From Proposition 7.1, we see that
f(2) is a Koebe function. O

7.2. Degeneracy of the vectors (T%)kcz, (Thg =T-1rg, Vk € Z)
The condition T1g(z) = T_19(2) gives (iii): (1 —22)g'(z) = — g(2)? + 2b1g(z). We
put v(z) = ﬁ = 2 —b12%+ . We have (1—22)v'(2) = 1—2b1v(z) and v (0) =
9I\z
—2b;. This shows that v(z) satisfies (i). The condition Tog(z) = T_2g(2) gives (iv):
_ 4 )
%9'(2) = —g(2)3 +3b1g(2)% + (4by — 3b?)g(z). We put v(z) = (11) in (iv),
9\z
it gives (1 —24)/(2) = ﬁ — 3b1z — (4by — 3b3)2 v(z). This is the same equation

as (ii) where we put a; = G1(by) = —b; and ag = Ga(b1,b2) = b — ba. According
to Proposition 7.1, the common solutions of (iii) and (iv) are v(z) = 5. It
1

gives g(z) = z — 2e + 3.
Proposition 7.3. We have Tg = T—_1g for any k € Z if and only if g(z) = Z*QE#*%
with e =1 or e = —1.
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Poincaré—Steklov Integral Equations
and Moduli of Pants

Andrei Bogatyrev

Abstract. Various physical and mathematical settings bring us to a bound-
ary value problem for a harmonic function with spectral parameter in the
boundary conditions. One of those problems may be reduced to a singular 1D
integral equation with spectral parameter. We present a constructive repre-
sentation for the eigenvalues and eigenfunctions of this integral equation in
terms of moduli of explicitly constructed pants, one of the simplest Riemann
surfaces with boundary. Essentially the solution of the integral equation is re-
duced to the solution of three transcendental equations with three unknown
numbers, moduli of pants.
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Keywords. Spectral parameter, Riemann surface, pair of pants, branched com-
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We introduce the new type of constructive pictorial representations for the
solutions of the following spectral singular Poincaré—Steklov (PS for brevity) inte-
gral equation

A V.p./% dt — V.p./ _ult) dR() =const, ze€l:= (-1, 1), (0.1)

I

where X is the spectral parameter; u(t) is the unknown function; const is indepen-
dent of z. The functional parameter R(¢) of the equation is a smooth nondegenerate
change of variable on the interval I:

d
ZRO A0, te[-L1] (0.2)
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1. Introduction

H. Poincaré (1896) and V.A. Steklov (1901) were the first who put the spectral
parameter to the boundary conditions of the problem for an elliptic operator. Later
it became a popular technique for the analysis and optimization in diffraction
problems [1], (thermo)conductivity of composite materials, simple 2D model of oil
extraction etc.

1.1. Spectral boundary value problem

Let a domain in the plane be subdivided into two simply connected domains
and Q9 by a smooth simple arc I'. We are looking for the values of the spectral
parameter A\ when the following problem has a nonzero solution:

AUl =0 ian; U1 = 0011891\1—‘;
AU, = 0 inQy; Uz = 0on o0 \T;

U = Uy only (1.1)
U
on  On ’

Spectral problems of this type naturally arise, e.g., in the justification and
optimization of a domain decomposition method for the solution of a boundary
value problem for Laplace equation. It is easy to show that the eigenfunctions and
the eigenvalues of the problem (1.1) are correspondingly the critical points and
critical values of the functional (the so-called generalized Rayleigh ratio)

fQ2 \grad U2‘2 dQQ

F pr—
(U) le \grad U1‘2 dQl7

U e H(D), (1.2)

where Uy is the harmonic continuation of the function U from the interface I" to
the domain g, s = 1,2, vanishing at the outer boundary of the domain.

The boundary value problem (1.1) is equivalent to a certain Poincaré—Steklov
equation. Indeed, let V; be the harmonic function conjugate to U, s = 1,2. From
the Cauchy—Riemann equations and the relations on I' it follows that the tangent
to the interface derivatives of V4 and V4 differ by the same factor —\. Integrating
along I we get

AVi(y) + Va(y) = const, yeTl. (1.3)
The boundary values of conjugate functions harmonic in the half-plane are related
by a Hilbert transformation. To reduce our case to this model we consider a con-

formal mapping ws(y) from 4 to the open upper half-plane H with normalization
ws(T) =1, s = 1,2. Now equation (1.3) may be rewritten as

Ui ( Us(
V / 1w1 /2w2 dt’:const, yel.

tfwl
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Introducing the new notation = := wy(y) € I; R := woow;': I - T — I;
u(t) := Uy (wy (t)) and the change of variable ¢ = R(t) in the second integral we
arrive at the Poincaré—Steklov equation (0.1). Note that in this context R(t) is the
decreasing function on 1.

1.2. Some known results

The natural way to study integral equations is operator analysis. This discipline
allows to obtain for the smooth nondegenerate change of variables R(x) the fol-
lowing results [2]:

e The spectrum is discrete; the eigenvalues are positive and converge to A = 1.
® D hesp A — 1|2 < oo (a constructive estimate in terms of R(x) is given)

e The eigenfunctions u(z) form a basis in the Sobolev space H)? (I).

1.3. Goal and philosophy of the research

The approach of complex geometry for the same integral equation gives different
types of results. For quadratic R(x) = z + (2C)~1(22 — 1), C > 1, the eigenpairs
were found explicitly [3]:

(C+x)/(C-1)
Up () = sin nr / (52 — 1)*1/2(1 _ k2s2)71/2d8

An=14+1/cosh2rmn, n=1,2,...,

where 7 = K/K’ is the ratio of the complete elliptic integrals of modulus k =
(C —1)/(C +1). Now we are going to give constructive representations for the
eigenpairs {\,u(z)} of the integral equation with R(z) = R3(z) being a rational
function of degree 3. Equation (0.1) itself will be called PS-3 in this case.

The notion of a constructive representation for the solution should be however
specified. Usually this means that we restrict the search for the solution to a certain
class of functions such as rational, elementary, abelian, quadratures, the Umemura
classical functions, etc. The history of mathematics knows many disappointing re-
sults when the solution of the prescribed form does not exist. Say, the diagonal of
the square is not commensurable with its side, generic algebraic equations cannot
be solved in radicals, linear ordinary differential equations usually cannot be solved
by quadratures, Painlevé equations cannot be solved by Umemura functions. Na-
ture always forces us to introduce new types of transcendent objects to enlarge
the scope of search. The study of new transcendental functions constitutes the
progress of mathematics. This research philosophy goes back to H. Poincaré [4].
From the philosophical point of view our goal is to disclose the nature of emerging
transcendental functions in the case of PS-3 integral equations.
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1.4. Brief description of the result

The rational function R3(x) of degree three is explicitly related to a pair of pants
in Section 2.2. On the other hand, given a spectral parameter A and two auxiliary
real parameters, we explicitly construct in Section 2.3 another pair of pants which
additionally depend on two integers. When the above two pants are conformally
equivalent, X is the eigenvalue of the integral equation PS-3 with parameter Rs(x).
Essentially, this means that to find the spectrum of the given integral equation
(0.1) one has to solve three transcendental equations involving three moduli of
pants.

Whether this representation of the solutions may be considered as construc-
tive or not is a matter of discussion. Our approach to the notion of a constructive
representation is utilitarian: the more we learn about the solution from the given
representation the more constructive is the latter. At least we are able to obtain
valuable features of the solution: to determine the number of zeroes of the eigen-
function wu(t), to find the exact locus for the spectra and to show the discrete
mechanism of generating the eigenvalues.

2. Description of the main result

The shape of the two domains €7 and Qo defines the variable change R(x) only
up to a certain two-parametric deformation. One can easily check that the gauge
transformation R — Lo o R o Ly, where the linear fractional function Ls(x) keeps
the segment [—1,1], does not affect the spectrum of equation (0.1) and induces
only the change of the argument for its eigenfunctions: u(x) — w o Li(x). For
this reason we do not distinguish between two PS equations with their functional
parameters R(z) related by the gauge transformation.

The space of equivalence classes of equations PS-3 has real dimension 3 =
7—2—2 and several components with different topology of the functional parameter
Rs3. In the present paper we study for brevity only one of the components, the
choice is specified in Section 2.1.1.

2.1. Topology of the branched covering

In what follows we consider rational degree three functions Rs(x) with separate
real critical values different from +1. The rational function Rg(z) defines a 3-
sheeted branched covering of a Riemann sphere by another Riemann sphere. The
Riemann-Hurwitz formula suggests that Rs(x) has four separate branch points
as, s = 1,...,4. This means that every value as is covered by a critical (double)
point bs, and an ordinary point c;.

Every point y # a, of the extended real axis R := RU {00} belongs to exactly
one of two types. For the type (3:0) the pre-image Rz ' (y) consists of three distinct
real points. For the type (1:2) the pre-image consists of a real and two complex
conjugate points. The type of the point remains locally constant on the extended
real axis and changes when we step over the branch point. Let the branch points



Poincaré Integral Equations and Moduli of Pants 25

as be enumerated in the natural cyclic order of R so that the intervals (a1,a2) and
(as,aq) are filled with the points of the type (1:2). Later we will specify the way
to exclude the relabeling a; < as, as < a4 of branch points.

@ ®

0, A ~ ay a2 a3 Q4

=

F1GURE 1. The topology of the covering R3 with real branch points

The total pre-image R3 1(]R) consists of the extended real axis and two pairs
of complex conjugate arcs intersecting R at the points by, ba, bz, by as shown at the
left side of Fig. 1. The compliment of this pre-image on the Riemann sphere has
six components, each of them is mapped 1-1 onto the upper or lower half-plane.

2.1.1. The component in the space of equations. The nondegeneracy condition
(0.2) forbids that any of critical points bs be inside the segment of integration
[—1,1]. In what follows we consider the case when the latter segment lies in the
annulus bounded by two ovals passing through the critical points bs. Possibly
relabeling the branch points we assume that [—1,1] C (ba, b3).

Other components in the space of PS-3 integral equations are treated in [11].

2.2. Pair of pants

For obvious reason a pair of pants is the name for the Riemann sphere with
three holes in it. Any pair of pants may be conformally mapped to C:=Cu {0}
with three nonintersecting real slots. This mapping is unique up to the real linear-
fractional transformation of the sphere. The conformal class of pants with labeled
boundary components depend on three real parameters varying in a cell.

Definition To the variable change R3(x) we associate the pair of pants
P(Rs) := Closure (C \ {[~1,1] U a1, as] U [as, a4}}) . (2.1)

Closure here and below is taken with respect to the intrinsic spherical metrics
when every slot acquires two sides. Boundary components of the pair of pants are
colored (labeled) in accordance with the palette:

[—1,1] - “red”,
[a1,a2] — “blue”,
[as,as] — “green”.

The conformal class of pants (2.1) depends only on the equivalence class of
integral equations. To simplify the statement of our result we assume that infinity
lies strictly inside the pants (2.1) which is not a loss of generality — we can always
apply a suitable gauge transformation of the parameter R3(z).
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2.2.1. Reconstruction of R3(x) from the pants. Here we show that the branched
covering map Rs(x) with given branch points as, s = 1,...,4, is essentially unique.
A possible ambiguity is due to the conformal motions of the covering Riemann
sphere.

Let L, be the unique linear-fractional map sending the critical values aq,
as, asz, aq of R3 to respectively 0, 1, a > 1, co. The conformal motion L; of the
covering Riemann sphere sends the critical points by, ba, b3, by (unknown at the
moment) to respectively 0, 1, b > 1, co. The function LaoRgoLb_1 with normalized
critical points and critical values takes a simple form

R3(z) = 2 L(x)
with a real linear fractional function L(x) satisfying the restrictions:

L(1)=1, L'(1) = -2,
L(b) =a/b? L'(b) = —2a/b>
We got four equations for three parameters of L(z) and the unknown b. The first
two equations suggest the following expression for L(z)
—1 —1
L(z) =1+ ple=Dl@—-1)
x—c
Another two are solved parametrically in terms of parameter c:
3c—3 (3¢ —3)3

T T T
Both functions b(c) and a(c) increase from 1 to oo when the argument ¢ €
(1/3,1/2). So, given a > 1 we find the unique ¢ in just specified limits, and there-

fore the mapping Rs(x). Now we can restore the linear fractional map L. The

inverse image R3  of the segment L,[—1, 1] consists of three disjoint segments.
For our case we choose the (unique) component of the pre-image belonging to the
segment [1,b]. The requirement: L, maps [—1, 1] to the chosen segment determines
Rs(x) up to a gauge transformation.

2.3. Another pair of pants
For real A € (1,2) we consider an annulus « depending on A bounded by 5@,
e := exp(2mi/3), and the circle
3—A c (1
2A 2’

Another annulus bounded by the same circle C' and 2R is denoted by @. Note
that for the considered values of \ the circle C' does not intersect the lines e*'R.
We paint the boundaries of our annuli in the following way:

C . ttred”’

eR - “green”,

2R — “blue”.

Ci={peC: p-—p'P=p2-1}, = ). (22
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Given A in the specified above limits, real h;, he and nonnegative integers
mq,ma, we define three pairs of pants Pg(A, k1, ho|mi, ms) of different fashions
s=1,2,3.

Fashion 1:
,Pl()\,hl,hg‘ml,mg) = mia + moa +

"red"
— green"

The operations ‘+’ here stand for a certain surgery. First of all take two
annuli @ and @ and cut them along the same segment (dashed red line in the
figure above) starting at the point h := hy + iho from the interior of o N'@ and
ending at the circle C'. Now glue the left bank of one cut to the right bank of
the other. The resulting two sheeted surface (called Uberlagerungsfliche in the
following) will be the pair of pants P; (A, h1, h2]0,0). It is possible to modify the
obtained surface sewing several annuli to it. Cut the annulus « contained in the
pants and my more copies of this annulus along the same segment (shown by the
dashed green line in the figure above) connecting the boundaries of the annulus.
The left bank of the cut on every copy of « is identified with the right bank of
the cut on another copy so that all copies of the annulus are glued in one piece. A
similar procedure may be repeated for the annulus @ (cut along the dashed blue
line). The scheme for sewing together fashion 1 pants from the patches o, @ when
mi1 = 3 and mo = 2 is shown in Fig. 2.

Fashions 2 and 3:
772()\,h1,h2\m1,m2) = 'P3()\,h1,h2‘m1,m2) =
mia + meoa + mia + meoa +
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The pair of pants Pa(\, k1, h2]0,0) (resp. Ps(A, k1, h2]0,0)) by definition is
the annulus o (resp. @) with removed segment —e2[hy, ha| (vesp. —¢g[hi, ha]), 0 <
h1 < hg < 00. As in the previous case those pants may be modified by sewing in
several annuli «, @. The scheme of cutting and gluing is shown in Fig. 3

FIGURE 2. The scheme for sewing pants Py (A, hi, ha|3,2). Asterisk is
the critical point of p(y).

Rl

FIGURE 3. The scheme for sewing pants Pa(A, hi, hol4,1) (left); and
Ps(A, hi, ha|l,3) (right). Asterisks are the critical points of the mapping
p(y)

2.3.1. Remarks on the constructed pairs of pants. 1. The limiting case of the first
fashion of the pants when the branch point hq + ihs tends to e*!'R coincides with
the limiting cases of the two other fashion pants when hq = hy > 0:

’Pl()‘v 7Re(€2h)7 7Im(€2h)|m17 m?) = P?()‘7 ha h|m17 mg + 1)7
P1(A, —Re(eh), —Im(ch)|mi,ma) =  Ps(A h, hlmy + 1, ma),

where parameter h > 0. We denote those intermediate cases as Ps(\, hlmi, ma),
s = 12,13 respectively.

2. The surgery procedure of sewing annuli, e.g., to the pants (known as graft-
ing of projective structures) was designed by B. Maskit (1969), D. Hejhal (1975)
and D. Sullivan-W. Thurston (1983), see also W. Goldman (1987).

3. Every pair of pants Ps(\, h1, ha|mi, m2) may be conformally mapped to
the sphere with three real slots, i.e., pants of the type (2.1). Let p(y) be the
inverse mapping. We observe that p(y) has exactly one critical point in the pants
P(R3), counting multiplicity and weight. For the fashion s = 1 this point lies
strictly inside the pants and is mapped to h = hy + ihs. For the case s = 2 (resp.

(2.3)
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s = 3) there will be two simple critical points of p(y) on the blue (resp. green)
boundary component of the pants which are mapped to the points —e2hy, —2hs
(resp.—ehy, —chg). Finally, for the intermediate case (see Remark 1) there will
be a double critical point on the boundary. The multiplicity of the critical point
on the boundary should be calculated with respect to the local parameter of the
double of pants P(R3):

M = {w2 = -]~ as)} : (2.4)

s=1

e.g., at the endpoint a = £1, a1, ..., a4 of the slot this local parameter is \/y — a.
We consider the critical points on the boundary with the weight %

2.4. Main theorem
Later we explain that real eigenfunctions of the integral equation PS-3 are split

with respect to the reflection symmetry into two groups: the symmetric and the
antisymmetric. In the present paper we consider only the second group of solutions.

Theorem 2.1. When A # 1,3 the antisymmetric eigenfunctions u(zx) of the PS-3
integral equation with parameter Rs(x) are in one to one correspondence with the
pants Ps(\, hi, ho|lmi,ma), s = 1,2,3,12,13, which are conformally equivalent to
the pair of pants P(R3) with colored boundary components.

Let p(y) be the conformal map from P(R3) to Ps(A, h1, ha|lmi, ma), then up
to proportionality

(y—y)y —w2) py™) —ply")
p'(yH)p' (™) w(y)

u(z) = ) (2.5)
where x € [—1,1]; y := R3(x), y* := y£1i0. For s = 1, y1 = ¥ is the critical
point of the function p(y); for s = 2,3 the real y1 and ya are critical points of the
function p(y).

The proof of this theorem will be given in the remaining two sections of the
article.

2.5. Corollaries

The representation (2.5) cannot be called explicit in the usual sense, since it com-
prises a transcendent function p(y). We show that nevertheless the representation
is useful as it allows us to understand the following properties of the solutions.

1. The “antisymmetric” part of the spectrum is always a subset of [1,2)U{3}.
2. Every A € (1,2) is the eigenvalue for infinitely many equations PS-3.

Proof. Any of the constructed pants may be transformed to the standard form: a
sphere with three real slots. Normalizing the red slot to be [—1, 1], the end points
of the two other slots will give the branch points ay, ..., as. We know already how
to reconstruct the branched covering R3(x) from its branch points. g
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3. Eigenfunction u(x) related to the pants Ps(...|m1,me) has exactly mq +
mz + 2 zeroes on the segment [—1, 1] when s = 2,3 and one more zero when s = 1.

Proof. According to the formula (2.5), the number of zeroes of eigenfunction u(z)
is equal to the number of points y € [—1,1] where p(y*) = p(y ™). This number in
turn is equal to the number of solutions of the inclusion

S(y) == Argp(y™) —u™'] = Arglp(y®) — 7] €27Z,  ye[-1,1. (26)
Let the point p(y) go m times around the circle C' when its argument y
travels along the two sides of [—1,1]. The integer m is naturally related to the
integer parameters of the pants Pg(...). The function S(y) strictly increases from
0 to 2mm on the segment [—1, 1], therefore the inclusion (2.6) has exactly m + 1
solutions on the mentioned segment. O

4. The mechanism for generating the discrete spectrum of the integral equa-
tion is explained. Sewing an annulus to the pants Pg(A, k1, ho|...) changes the
conformal structure of the latter. To return to the conformal structure specified
by P(Rs3) we have to change the real parameters of the pants, one of them being
the spectral parameter A.

If we knew how to evaluate the conformal moduli of the pair of pants

Ps(A, hi, halmy, ma)

as functions of its real parameters, the solution of the integral equation would
be reduced to a system of three transcendental equations for the three numbers
A, b1, ha. This solution will depend on the integer parameters s, my, ms.

3. Geometry of integral equation

PS integral equations possess a rich geometrical structure which we disclose in this
section. The chain of equivalent transformations of PS-3 equation described here
in a somewhat sketchy fashion is given in [10, 11] with more details.

3.1. A nonlocal functional equation

Let us decompose the kernel of the second integral in (0.1) into a sum of elementary
fractions:
RY(t) d i 1 Q'

Tl @ o s(®) — Rale)) = ; o il UM CRY
where Q(t) is the denominator in an irreducible representation of R(t) as the ratio
of two polynomials; z1(x) = x, za(x), x3(x) — are all solutions (including multiple
and infinite) of the algebraic equation R3(zs) = R3(x). This expansion suggests
to rewrite the original equation (0.1) as a certain relationship for the Cauchy-type
integral

u(t) , -
D(x) = /—dt + const®, xe€C\[-1,1]. (3.2)

t—=x
I
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The constant term const® in (3.2) is introduced to compensate for the constant
terms arising after substitution of expression (3.2) to the equation (0.1).

For a known ®(z), the eigenfunction u(f) may be recovered by the Sokhot-
skii-Plemelj formula:

u(t) = (2mi) "1 [®(t +140) — d(t —i0)], tel. (3.3)

Function ®(x) generated by an eigenfunction of PS integral equation satisfies
a nonlocal functional equation:
Lemma 3.1. [10] For X\ # 1,3 the transformations (3.2) and (3.3) imply a 1-1 cor-
respondence between the Hélder eigenfunctions u(t) of the PS-3 integral equation
and the nontrivial solutions ®(x) of the functional equation which are holomorphic
on a sphere with the slot [—1,1]

O(z +1i0) + ®(x — i0) = 5(@(332(@) + @(mg(m))) , xel, (3.4)

d=2/(A-1), (3.5)
with Holder boundary values ®(x £ i0).

3.2. The Riemann monodromy problem

The lifting R3 ' (P(Rs3)) of the pants associated to the integral equation consists
of three components Oy, s = 1,2,3. We number them in the following way (see
Fig. 1): the segment [—1, 1] lies on the boundary of O1; the segment [cq4, c3] is on
the boundary of Oy and the boundary of O3 comprises the segment [co, ¢1].

3.2.1. Let the function ®(z) be related to the solution u(z) of the integral equa-
tion (0.1) as in (3.2). We consider a 3-vector defined in the pair of pants:

W(y) = (Wh Wa, W3)t = ((I)(xl), @(1‘2), (D(x?)))t? y e P(RS)’ (36)

where x5 is the unique solution of the equation R3(xs) =y in O,. Vector W(y) is
holomorphic and bounded in the pants P(Rs3) as all three points x4, s = 1,2, 3,
remain in the holomorphicity domain of the function ®(x). We claim that the
boundary values of the vector W (y) are related via constant matrices:

W(y +i0) = D.W(y — i0), when y € {slot.}. (3.7)
The matrix D, assigned to the “green” [ag, a4], “blue” [a1,az], and “red” [—1,1]
slot respectively is
0 0 1 01 0 -1 46 9
Dy:=|0 1 0]; Dsz:=||1 0 0|; D:=| 0 1 0. (3.8)
1 0 0 0 0 1 0 0 1

This in particular means that our vector (3.6) is a solution of a certain Riemann
monodromy problem. The monodromy of vector W (y) along the loop crossing only
“red”, “green” or “blue” slot is given by the matrix D, D2 or D3 correspondingly
— see Fig. 4.

Indeed, let ¥ := y + 10 and y~ := y — i0 be two points on opposite sides of

the “blue” slot [a1, ag]. Their inverse images x3 = x5 , 2 =z lie outside the cut
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uredu

——  green"

FIGURE 4. Three loops on a sphere with six punctures +1, aq,..., a4

[~1,1]. Hence W(y*) = D3gW (y~). For two points y* lying on opposite sides of
the “green” slot [as, a4], their inverse images satisfy relations m;r =25, xli =3,
which means W (y*) = DaW (y~). Finally, let y* lie on both sides of the “red”
slot [~1,1]. Now two points x7 = x, and 3 = z; lie in the holomorphicity
domain of ®(x) while ] and x] appear on the opposite sides of the cut [—1,1].
According to the functional equation (3.4),

O(zf) = —®(27) + 6(R(zy) + B(23)),
therefore W (y*) = DW (y~) holds on the slot [-1,1].

3.2.2. Conversely, let W (y) be the bounded solution of the Riemann monodromy
problem (3.7). We define a piecewise holomorphic function on the Riemann sphere:

O(x) := Wy(R3(x)), when z € Oy, s=1,2,3. (3.9)

From the boundary relations for the vector W(y) it immediately follows that the
function ®(z) has no jumps on the lifted cuts [a1, as), [as, a4], [—1, 1] except for the
cut [—1,1] from the upper sphere. Say, if the two points y* lie on opposite sides
of the cut [a,az], then W3(yt) = Wa(y~) and Wi(y*) = Wa(yT) which means
that the function ®(z) has no jump on the components of R; '[a1,as]. From the
boundary relation on the cut [—1,1] it follows that ®(z) is the solution for the
functional equation (3.4). Therefore it gives a solution of Poincaré—Steklov integral
equation with parameter Rs(x). Combining formulae (3.3) with (3.9) we get the
reconstruction rule

u(z) = (2mi) ! (Wl(Rg(x) +1i0) — W1 (Rs(z) — i0)>, ze[-1,1. (3.10)

We have just proved the following

Theorem 3.2. [3] If A # 1,3 then the two formulas (3.6) and (3.10) imply the one-
to-one correspondence between the solutions u(x) of the integral equation (0.1)
and the bounded solutions W (y) of the Riemann monodromy problem (3.7) in the
punctured sphere C \{-1,1,a1,a2,as,a4}.

3.2.3. Monodromy invariant. The following statement is proved by direct compu-
tation.
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Lemma 3.3. All matrizes (3.8) (i) are involutive (i.e., D> = Dy? = D3 = 1) and
(ii) conserve the quadratic form

3 3
JW) =Y WZ =35> W;W.. (3.11)
k=1 j<s

The form J(W) is not degenerate unless —2 # ¢ # 1, or equivalently 0 #
A # 3. Since the solution W (y) of our monodromy problem is bounded near the
cuts, the value of the form J(W) is independent of the variable y. Therefore the
solution takes values either in the smooth quadric {W € C*: J(W) = Jy # 0},
or the cone {W € C3: J(W) = 0}.

3.3. Geometry of the quadric surface

The nondegenerate projective quadric {J(W) = Jp} contains two families of line
elements! which for convenience are denoted by the signs ‘+’ and ‘—’. Two different
lines from the same family are disjoint while two lines from different families must
intersect. The intersection of those lines with the ‘infinitely distant’ secant plane
gives points on the conic

C:={(Wy: Wy :W3)t €CP?: J(W)=0} (3.12)

which by means of the stereographic projection p may be identified with the Rie-
mann sphere. Therefore we have introduced two global coordinates p* (1) on the
quadric, the ‘infinite part’ of which (= conic C) corresponds to coinciding coordi-
nates: pT = p~ (see Fig. 5).

The natural action of them pseudo-orthogonal group O3(J) in C3 conserves
the quadric, the conic at infinity C, and the families of line elements possibly
interchanging their labels ‘+’. The induced action of the group Os(J) on the
stereographic coordinates p* is a linear fractional with a possible change of the
superscript ‘+’.

3.3.1. Stereographic coordinates. To obtain explicit expressions for the coordinate
change W « p* on the quadric we bring the quadratic form J(W) to the simpler
form Jo (V) := V1V3 — V2 by means of the linear coordinate change

W =KV (3.13)
where
11 1 0 pwt o
K:=(30+6)"1 & ¢ |00 1], (3.14)
1 & &2 10 0
0—1 3—-A
€ := exp(2mi/3), ni=y 5 = \/T

IThis property of quadric is sometimes used in architecture. The line generators of the hyper-
boloid serve as construction elements, e.g., for the Shukhov tower in Moscow.
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+

Plane at infinity

FIGURE 5. Global coordinates p*™ and p~ on quadric

Translating the first paragraph of the current section into formulae we get

+ i/ g
prwy = 22 B (3.15)
Vi Vo F iV Jo
and inverting this dependence,
Lo 2T, b
Wptp)=—"T-K|[ (" +p7)/2 | . (3.16)
pt—=p pTp~

The point W (p™,p~) with coordinate p* (resp. p~) being fixed moves on the
straight line with the directing vector K(1 : p* : (pT)?) (resp. K(1:p~ : (p7)?))
belonging to the conic (3.12).

3.3.2. Action of the pseudo-orthogonal group.
Lemma 3.4. There exists a (spinor) representation x : Os(J) — PSLo(C) such
that:

1) The restriction of x(-) to SO3(J) is an isomorphism to PSLy(C).

2) For coordinates p* on the quadric the following transformation rule holds:

p*(TW) = x(T)p™ (W), T € SO5(J),

pE(TW) = x(T)pT (W), T ¢ SO3(J). (3.17)



Poincaré Integral Equations and Moduli of Pants 35

3) The linear-fractional mapping xp = (ap + b)/(cp + d) is the image of the
matric:
d? 2cd c?
K| bd ad+bc ac||K™'eSO;sJ). (3.18)
b2 2ab a®

. 1
" ad—be

4) The generators of the monodromy group are mapped to the following elements

0fPSL2
X(Ds)p = 6178/177 s = 17273;
p—1 3.19
xD)yp="2"—. (8:19)
p—p

Proof. We define the action of the matrix A € SLs(C) on the vector V € C? by
the formula:

A = (3.20)

c d

cal

V2 Wi

It is easy to check that (3.20) gives the faithful representation of a connected
3-dimensional group PSLy(C) := SLy(C)/{£1} into SO3(Je) and therefore, an
isomorphism. Let us denote by Xe the inverse isomorphism SOs3(.J,) — PSLy(C)
and let x(£T) := xo(K~'TK) for T € SO3(J). The obtained homomorphism Y :
Os3(J) — PSLy(C) will satisfy statement 1) of the lemma.

To prove 2) we replace components of the vector V' in the right-hand side of
(3.20) with their representation in terms of the stereographic coordinates p:

iv'Jo

L

AP D) )+ (D (ph1)] A

pt—p-
=Z'\/J_O(Cp+ ;d)(ciﬂrd) [(xp™, D) (xp™, 1)+ (oo, DF - (op™, 1)]
=ﬁ[< D00 + (. - ()]
Va(xp™, xp™)

)

:‘stp S XP™
Valxp™,xp™) Vilxp™,xp™)

where we set xp := (ap +0)/(cp + d). Now (3.17) follows immediately for T €
SO3(J). It remains to check the transformation rule for any matrix T from the
other component of the group Os(J), say T = —1.

Writing the action (3.20) component-wise we arrive at conclusion 3) of the
lemma.

And finally, expressions 4) for the generators of monodromy group may be
obtained either from analyzing formula (3.18) or from finding the eigenvectors
of the matrices D, D which correspond to the fixed points of linear-fractional
transformations. |

For convenience we collect all the introduced objects related to the boundary
components of the pair of pants P(R3) in Tab. 1
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TABLE 1. Slots, their associated colors, matrices and linear-fractional maps

slot [-1,1] [a1, as] [as, a4]
color “red” “blue” “green”
-1 6 9 010 0 0 1
matrix D, | D:=| 0 1 0 D;:=||1 0 O Dy:=||0 1 0
0 0 1 0 0 1 1 00
pp —1 2
x(D.)p e/p e°/p
(D.) P / /

3.4. Entangled projective structures

Definition 3.5. A branched complex projective structure [5, 6, 8, 9] on a Riemann
surface M is a meromorphic function p(t) on the universal covering M which
transforms fractionally linear under the cover transformations of M. The appro-
priate representation x : (M) — PSL2(C) is called the monodromy of the
projective structure. The set of all critical points of p(t) with their multiplicities
survives under the cover transformations of M. The projection of this set to the
Riemann surface M is known as the branching divisor D(p) of projective structure
and the branching number of the structure p(t) is deg D(p).

Examples. The unbranched projective structures arise in Fuchsian and Schottky
uniformizations of the Riemann surface. Any meromorphic function on a Riemann
surface is a branched projective structure with trivial monodromy.

3.4.1. Projective structures generated by eigenfunction. Every bounded solution
W (y) of the Riemann monodromy problem (3.7) generates two nowhere coincid-
ing meromorphic functions p*(y) in the sphere with three slots. Those functions
are stereographic coordinates (3.15) for the vector W (y). The boundary values of
functions p*(y) and p~(y) on every slot are related by linear-fractional transfor-
mations:
p*(y+i0) = x(D)pT(y —i0),  y € {slot.} (3:21)

where the matrix D, = D, D3, D3 stand for the ‘red’, ‘green’ and ‘blue’ slots
respectively.

Relations (3.21) allow us to analytically continue both functions p*(y) and
p~ (y) through any slot to the second sheet of the genus 2 Riemann surface

4
M := {w2 =0 -1]Jw- as)} : (3.22)

s=1

and further to its universal covering M. Thus obtained functions p* (t),te M, will
be locally single valued on the Riemann surface since all matrices D, are involutive.
However varying the argument ¢ along the handle of the surface M may result in a
linear-fractional transformation of the value p* (¢). Say, the continuations of p* (y)
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from the pants through the red and green slots will give two different functions on
the second sheet related by the linear-fractional mapping x(DDs).

3.4.2. Branching of the structures p*. The way we have carried out the continua-
tion of functions p* (y) suggests that the branching divisors of the arising projective
structures are related via the hyperelliptic involution H (y,w) := (y, —w) of the
surface M:

D(p") = HD(p"). (3.23)
The condition p™ # p~ allows to determine the branching numbers of the struc-
tures which is done in the next theorem.

Theorem 3.6. [11] When A & {0,1,3} the solutions u(x) of the integral equation
PS-3 that have invariant Jo # 0 are in one-to-one correspondence with the cou-
ples of not identically equal functions meromorphic in the pants P(R3) p*(y) with
boundary values satisfying (3.21) and two critical points in common. The corre-
spondence u(x) — p*(y) is established by the sequence of formulae (3.2), (3.6) and
(3.15); the inverse dependence is given by the formula

(0+2)Jop" (yp~(y) —p@* @) +r () +1
3 pH(y) —p~(y)
where x € [—1,1] and y := Rs(z) + 0.

2nu(x) =

: (3.24)

Remark: The number of critical points of the structures in the pants is counted
with their weight and multiplicity (see Remark 3 on page 28): 1) the branching
number of p*(y) at the branch point a € {#1,ay,...,a4} of M is computed with
respect to the local parameter z = \/y — a, 2) every branch point of the projective
structure on the boundary of the pants should be considered as a half-point.

Proof. 1. Let u(x) be an eigenfunction of the integral equation PS-3, then the
stereographic coordinates pT(y) of the solution of the associated Riemann mon-
odromy problem inherit the boundary relationship (3.21). What remains is to find
the branching numbers of the entangled structures p*(y). To this end we consider
the Kleinian quadratic differential on the slit sphere

dp™*(y)dp~ (y) .
e  YEC (3.25)

This expression is the infinitesimal form of the cross ratio, hence it remains un-
changed after the same linear-fractional transformations of the functions p™ and
p~. Therefore, (3.25) is a well-defined quadratic differential on the entire sphere.
Lifting Q(y) to the surface M we get a holomorphic differential. Indeed, p* # p~
everywhere and applying suitable linear-fractional transformation we assume that
pT = 1+ 2™+ + {terms of higher order} and p~ = ¢z™- + --- in terms of lo-
cal parameter z of the surface, my > 1, ¢ # 0. Then Q = cmym_zm+T7m-=2 ¢
{terms of higher order}. Therefore

D(p*)+D(p7) = ().

Qy) =
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Any holomorphic quadratic differential on a genus 2 surface has 4 zeroes and taking
into account the symmetry (3.23) of the branching divisors, we see that each of
the structures p* has the branching number two on the curve M. It remains to
note that the pair of pants P(R3) are exactly “one half’ of M.

2. Conversely, let p™(y) and p~(y) be two not identically equal meromorphic
functions on the slit sphere, with boundary conditions (3.21) and total branching
number two in the pants (see remark above). We can prove that p™ # p~ every-
where. Indeed, for the meromorphic quadratic differential (3.25) on the Riemann
surface M we establish (using a local coordinate on the surface) the inequality

D(p*)+D(p7) > () (3.26)

where the deviation from equality means that there is a point where p™ = p~.
But the degree of the divisor on the left of (3.26) is four and the same number is
deg(Q2) = 4g — 4. Therefore this pair of functions p* will give us the holomorphic
vector W (p*(y),p (y)) in the pants which solves our Riemann monodromy prob-
lem. We already know how to convert the latter vector to the eigenfunction of the
integral equation PS-3. g

3.4.3. Remark about the non-smooth quadric. It is shown in [11] how to incor-
porate the exceptional case Jy = 0 into the above scheme. In the latter case the
functions p*(y) coincide, however the boundary relations (3.21) survive. The total
branching number of the function p™ = p~ in the pair of pants is either zero or
one. The solutions to the PS-3 integral equation and the associated Riemann mon-
odromy problem may be recovered up to proportionality from the unified formulae
(true whatever Jy)

u(z) = %(pﬂy)p‘(y)—u(p*(y)+p‘(y))+1)’ (3.27)
W) =29 g1 o) )2 e 0) (3.28)

dp*(y)dp~(y)

(dy)?
where Q(y) = (y —y1)(y —y2) 5 ”
the Riemann surface M with zeroes at the branching points of the possibly coin-
ciding structures p* and p~ [or with two arbitrary double zeroes when the struc-
ture p™ = p~ is unbranched, further analysis however shows that the required
unbranched structures do not exist].

is the holomorphic quadratic differential on

3.5. Types of the mirror symmetry of the solution

The eigenvalues of the integral equation are the critical values of the positive
functional (1.2) — the generalized Rayleigh ratio. So we may consider only real
eigenfunctions u(x) without loss of generality. Real solutions of the PS-3 equation
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give rise to exactly two types of mirror symmetry for the entangled structures:
Symmetric () =1/p*
ym . pi(g) - P2 p(Ry),
Antisymmetric p*(g) =1/pT(y)

depending on the sign of the real number (§ + 2).Jy. In what follows we restrict
ourselves to the case of antisymmetric eigenfunctions. In this case:

p*(y£i0) = 1/p~(y Fi0) = 1/x(D)p*(y £40),  y € slot.,
and hence we know where the boundary components of the pair of pants P(R3)
are mapped to. In particular,

“green” boundary — eR

“blue” boundary — £2R (3.29)
“red” boundar _ C — see (22) Whel’l 1 < )\ < 3 )
Y 0 when A <1 or 3 <A

We see that the above geometrical analysis of the integral equation gives the
universal limits for (the antisymmetric part of) the spectrum.

The branching divisor of the projective structure p* has the mirror symmetry:
D(p*) = HD(p") where H(y,w) := (3, —w) is the anticonformal involution of the
surface M leaving boundary components (ovals) of pair of the pants P(R3) intact.
Therefore exactly three situations may occur: p*(y) has one simple critical point
strictly inside the pants, or there are two simple critical points on the boundary of
pants or there is one double critical point of p™(y) on the boundary of the pants.

4. Combinatorics of integral equation

For the antisymmetric eigenfunctions we arrive at the essentially combinatorial
Problem (about putting pants on a sphere). Find a meromorphic function p :== p™
defined in the pair of pants P(Rs) mapping boundary ovals to the given circles
(3.29) and having exactly one critical point (counted with weight and multiplicity)
in the pants.

The three above-mentioned types of the branching divisor D(p) will be treated
separately in Sections 4.1, 4.2. When the branch point of the structure p is strictly
inside the pants we show that the solution of the problem takes the form of the
Uberlagerungsfliiche P1(...) with certain real and integer parameters. The case of
two simple branch points belonging to the boundary gives us the pants Pg(...),
s = 2,3 and the unstable intermediate case with double branch point on the
boundary brings us to the pants P;(...), j = 12, 13 described in (2.3).

Let p(y) be a holomorphic map from a Riemann surface M with a boundary
to the sphere and the selected boundary component (O.M). be mapped to a circle.
The reflection principle allows us to holomorphically continue p(y) through this
selected component to the double of M. Therefore we can talk of the critical points
of p(y) on (OM).. When the argument y passes through a simple critical point,
the value p(y) reverses the direction of its movement on the circle. So there should
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be an even number of critical points (counted with multiplicities) on the selected
boundary component.

4.1. The branchpoint is inside a pair of pants

4.1.1. Construction 1. Using otherwise a composition with a suitable linear-frac-
tional map, we suppose that the circle p((0M).) is the boundary of the unitary
disc

U:={peC: |pl <1}, (4.1)

and that a small annular vicinity of the selected boundary component is mapped
to the exterior of the unit disc. We define the mapping of a disjoint union M U U
to a sphere
o py),  yeM,

where the integer d > 0 is the degree of the mapping p : (OM). — OU, and where
L(y) is an (at the moment arbitrary) linear fractional mapping keeping the unitary
disc (4.1) unchanged. The choice of L(:) will be fixed later to simplify the arising
combinatorial analysis.

Now we fill in the hole in M by the unit disc, identifying the points of (OM).
and the points of OU with the same value of p (there are d ways to do so). The
holomorphic mapping p(y) of the new Riemann surface M U U to the sphere will
have exactly one additional critical point of multiplicity d — 1 at the center of the
glued disc.

4.1.2. Branched covering of a sphere. We return to the function p(y) being the
solution of the problem stated in the beginning of section 4. Suppose that the
point p(y) completes turns on the corresponding circle d,, d, and d; times when
the argument y runs around the ‘red’, ‘green’ and ‘blue’ boundary component
of P(R3) respectively. We can apply the just introduced construction 1 and glue
the three discs U, Uy, Us, to the holes of the pants. Essentially, we arrive at a
commutative diagram:

’P(Rj) inclision (CPl

p(y) p is branched
covering.

cp! (4.3)

Applying the Riemann—Hurwitz formula for the holomorphic mapping p with
four ramification points (three of them are in the artificially glued discs and the
fourth is inside the pants) we immediately get:

dr +dg+dy, =2N, N :=degp. (4.4)
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4.1.3. Intersection of circles.

Lemma 4.1. The circle C does not intersect the two other circles e¥'R. Therefore
the spectral parameter 1 < X\ < 2 when the projective structure p(y) branch point
is inside the pants.

Proof. We know that the point 0 lies in the intersection of two of our circles: eR
and £2R. The total number #{7(0)} of the pre-images of this point (counting the
multiplicities) is N and cannot be less than d, + d, — the number of pre-images
on the blue and green boundary components of the pants. Comparing this to (4.4)
we get d. > N which is only possible when

d =dy+d, = N. (4.5)

Assuming that the circle C' intersects any of the circles e¥'R we repeat the
above argument for the intersection point and arrive at the conclusion d = d,- +
dg = N or dy = d, + dy = N which is incompatible with the already established
equation (4.5). O

Remark 4.2. In Section 3.4.3 we promised to show that any meromorphic function
p mapping the boundaries of the pants to the circles (3.29) has a critical point.
Indeed, the inequalities d + d; < N and d, < N remain true whatever the
branching of the structure p is, while (4.4) originating from the Riemann—-Hurwitz
formula takes the form dy + dy + d, = 2N + 1 for the unbranched structure which
leads to a contradiction.

4.1.4. Image of the pants. Let us investigate where the artificially glued discs are
mapped to. Suppose for instance that the disc U, is mapped to the exterior of the
circle C'. The point 0 will be covered then at least d, + dgy + dy = 2N times which
is impossible. The discs U, and U, are mapped to the left of the lines eR and 2R
respectively, otherwise points from the interior of the circle C will be covered more
that N times. The image of the pair of pants P(Rj3) is shown on the left of Fig. 6.

Point  Branching type

C o:>Cdg
—=
. ==— 4
ES - @
y
9

FIGURE 6. a) Shaded area is the image of pants (b) Branching type of
the branch points
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We use the ambiguity in the construction of the gluing of the disks to the
pants and require that the critical values of p in the discs Uy, U, coincide. Now
the branched covering p has only three different branch points shown as e, o
and * on Fig. 6a). The branching type at those three points for d, = 2,d, = 3,
d = N =5 is shown on Fig. 6b). The coverings with three branch points are called
Belyi maps and are described by certain graphs known as Grothendieck’s “Dessins
d’Enfants”. In our case the dessin is the lifting of the segment connecting white
and black branch points: T' := p~1[e, o].

4.1.5. Combinatorial analysis of the dessins. There is exactly one critical point of
p over the branch point *. Hence, the complement to the graph I'" on the upper
sphere of the diagram (4.3) contains exactly one cell mapped 2 — 1 to the lower
sphere. The rest of the components of the complement are mapped 1 — 1. Two
types of cells are shown in figures 7 a) and b), the lifting of the red circle is not
shown to simplify the pictures. The branch point * should lie in the intersection
of the two annuli « and @, otherwise the discs Uy, Uy glued to different boundary
components of our pants will intersect: the hypothetical case when the branch
point of p(y) belongs to one annulus but does not belong to the other is shown in
Fig. 7 ¢).

(a) (b) (c)
FIGURE 7. (a) Simple cell (b) Double cover (c¢) Impossible double cover

The cells from Fig. 7 a), b) may be assembled in a unique way shown in
Fig. 8. The pants are colored in white, three artificially sewed discs are shaded.
Essentially this picture shows us how to sew together the patches bounded by our
three circles C, e1R to get the pants conformally equivalent to P(R3). As a result
of the surgery procedure we obtain the pants Pi (A, hq, ho|dg — 1,dp — 1).

4.2. Simple branch points on the boundary of the pants

Our strategy remains the same: to fill in the holes in the pants and to convert p(y)
into a branched covering with a simple type of branching.

4.2.1. Construction 2. Let again p(y) be a holomorphic mapping of a bounded
Riemann surface M to the sphere with the selected boundary component (OM),
being mapped to the boundary of the unit disc U. Now the mapping p(y) has two
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— 'red"

——  "green"

FIGURE 8. Dessin for dy = 3, d, = 2; the pre-image of the branch point
x is at the infinity

(OM),
p(y)
M

FIGURE 9. Mapping of the boundary component (OM), with two sim-
ple branch points * on it and winding indices d* = 1,d~ = 2.

simple critical points on the selected boundary component (the case of coinciding
critical values is not excluded). Those two points divide the oval (M), into two
segments: (OM)} and (OM); . Let the increment of arg p(y) on the segment
(OM) be 2rdt — ¢, 0 < ¢ < 27, and the decrement on the segment (M), be
2md~ — ¢, the point y moves around the selected oval in the positive direction and
d* are positive integers. We are going to fill in the hole in the Riemann surface
M with two copies of the unitary disc (4.1): Ut and U™.

We define the mapping from the disjoint union MU UTU U~ to the sphere:

ply),  yeM,
ply) =< L~ (y*), yeU, (4.6)
Lt(y=4"), yelUt,

where L*(-) are the (at the moment arbitrary) linear fractional mappings keeping
the unitary disc (4.1) invariant. The choice of L*(-) will be specified later to
simplify the combinatorial analysis.

Identifying the points y with the same value of p(y) we glue the segments
(OM*)T of the selected boundary oval of M to the portions of the boundaries of
the discs U* respectively. The remaining parts of the boundaries of U* are glued
to each other as shown in Fig. 10a).
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FIGURE 10. (a) Filling in the hole bounded by (9M). (b) The shaded
area is the image of P(R3).

4.2.2. Branched covering of a sphere. At the moment we do not know which of
the three boundary ovals of the pants P(R3) contains the critical points of p(y).
Therefore we introduce the ‘nicknames’ {1,2,3} for the set of colors {r,g,b} so
that the critical points will be on the oval number 3. The usage of construction
2 from Section 4.2.1 allows us to glue two discs Ugh to the latter boundary. The
usage of construction 1 from Section 4.1.1 fills in the remaining two holes with two
discs U; and Us. Positive integers arising in those constructions are denoted by
d::f, dy, dsy respectively.

Again, we split the mapping p(y) from the pants to the sphere as in the
diagram (4.3): p = po inclusion with the branched covering p. The latter mapping
has six critical points: two simple ones inherited from the pants and four at the
centers of the artificially glued discs and multiplicities dgt —1,dy—1,dy — 1
respectively. The Riemann—Hurwitz formula for this covering gives

dy +dy +df +d3 = 2N, N :=degp. (4.7)
Lemma 4.3. The images of the ovals with numbers 1 and 2 do not intersect.

Proof. Suppose the opposite is true and a point Pt lies in the intersection of the
images of the first two ovals. Then N > #p~1(Pt) > d; + dz. On the image of the
third oval there is a point (e.g., in the right side of Fig. 9 this is a point i) with
d; +d; < N pre-images. Comparing the last two inequalities to (4.7) we get the
equalities

di+de=di +d3 =N

and Pt is covered at least dy + dz + min(dy,d;) > N times. O

Corollary 4.4. Two circles IR intersect, therefore the critical points of p(y) lie
either on the blue or on the green boundary of pants. Moreover, the circle C' —
the image of the red boundary oval — does not intersect the two mentioned circles
which may only happen when p € (%, 1), or equivalently X\ € (1,2).
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Convention: We assume that both critical points of p lie on the blue oval. The
remaining case when they belong to the green oval is absolutely analogous to the
case we consider. Now the notations Ubi, U,, Uy, d;—L, d., dg have the obvious
meaning.

4.2.3. The Image of the Pants. Let us show that the the image of the pants remains
the same as in Section 4.1.4.

Lemma 4.5. The image p(P(R3)) of the pants lies in the intersection of annuli a
and & — see Fig. 10b).

Proof. We refer to the four sectors: C \ e*'R as to ‘top’, ‘down’, ‘left’ and ‘right’.
It is a matter of notation to say that the disc Ulf is mapped to the ‘top’ and ‘left’
sectors while the disc U, is mapped to the ‘down’ and ‘right’ sectors.

The disc U, covers either the ‘top’ or the ‘left’ sector and both are covered
by the disc U;. Therefore, dg + alb+ < N. In a similar way we get d. +d, < N.
The obtained inequalities and the Riemann-Hurwitz formula (4.7) — which in our
notations becomes d, + dg + d;’ +d, = 2N — give us

dr +d, =dg+df =N.

If the disc U, is mapped to the exterior of the circle C', then either ‘left’ or
‘top’ sector is covered d, + dg + d;r > N times. If the disc U, is mapped to the
right of the line R, then the interior of the circle C is covered d, +dy +d,” > N
times.

We see that the ‘left’ sector and the interior of the circle C' are covered by
the artificially inserted discs only. O

Corollary 4.6. Both critical values of p(y) lie on the ray —%(0,00).

Corollary 4.7. The integer d, is equal to 1, since the point 0 is covered at least
dg—l—d;—i—db_ — 1< N times.

Let us recall that the constructions of attaching discs to the pants allow us
to move branch point (= the critical value of p(y) in the inserted disc) within the
appropriate circle. In particular, the critical values of p(y) in the discs Uy, Ulf
may be placed to the same point in the ‘left’ sector, say to p = —1 (point o in
Fig. 10b) while the critical values in the discs U,, U,” may be placed to the same
point inside C, say to p = 1 (point e in Fig. 10b). Now we lift the segment [o, o]
connecting the branch points to the upper sphere of the diagram (4.3) and analyze
the arising graph I" := p~1([o, o]).

4.2.4. Combinatorial analysis of the graph. The restriction of p to every compo-
nent F' of the compliment C\T to the graph is naturally continued to the branched
coverings over the disc? Closure(C\ [o, o]). We can list all flat surfaces F' covering a

2 Closure here has the same meaning as in the formula (2.1)
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TABLE 2. Flat surfaces F' covering the disc with the branching number

B<2
number of sheets ‘ B ‘ surface F’ ‘ picture
1 0 disc Fig. 7(a)
2 1 disc Fig. 11(a)
3 2 disc Fig. 11(b)
2 2 | annulus | Fig. 11(c)

(a)

FiGURE 11. Flat surfaces F' covering the disc with the branching num-
bers B =1, 2.

disc with the branching number B < 2. To this end we use the Riemann—-Hurwitz
formula for the branched coverings of the bordered surfaces:

2+ B = ${0F} + deg p|F

which relates B — the total branching number of p in the selected flat surface F'
covering a disc; #{0F} — the number of its boundary components and degp|F —
the degree of the restriction of the covering p to the component F. Taking into
account that §{0F} < degp|F we obtain the list shown in Tab. 2.

The combinatorics of the green and blue circles lifted to the listed covering
surfaces F' is shown in Fig. 7a) and Fig. 11a—c). Let us denote the centers of the
four artificially glued discs U,., Ug, U;j‘ U, as respectively O, (black vertex of
graph I' with valency d,.), Oy, O; (white vertexes with valencies d,, dJ) and O,
(dangling black vertex). Their mutual positions in the graph I' are subject to the
following restriction:

Lemma 4.8. The vertices Oy and O, are not neighbors in I'.
Proof. The disjoint discs U, and U, of the upper sphere in the diagram (4.3)

would intersect otherwise — see Fig. 12. O

Corollary 4.9. The vertices on the border of the triply covering disc F' — see Fig.
11b) - appear in the following order: Oy, Oy, O;r, O, , O;r, O,.
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o> \\ .0,

FiGure 12. If O, and O, were neighbors, the discs U, and U, would intersect.

i Ed
oy 0, 0, O,
o, O, (o)
(0) g
b 1 . b *
(b)

(a)

FIGURE 13. Graph I for the basic mappings with d, = 1, d;r =d, =2,
N =3 (a)and d, = d =d, =1, N =2 (b). Artificially inserted discs
are shaded.

They may be uniquely ascribed to the vertices in the picture after the obser-
vation: the blue line divides the vicinity of any critical point x into four quadrants,
two of which belong to the pair of pants, one belongs to the disc U, , and the rest
is contained in the disc Ub+.

Corollary 4.10. The complement to the graph I' cannot contain two doubly covering
discs F.

Indeed, the point O, lies on the boundary of one of those discs. Both neigh-
boring vertices on the boundary of the disc F should be O;’ according to the
lemma. But this contradicts the above observation: two quadrants of this covering
disc belong to U;r —see Fig. 11a).

4.2.5. Assembly scheme. We see that there remain only two possibilities for the
complement to the graph T'. It consists either of (a) one disc mapped 3-1 and
N — 3 simple cells mapped 1-1 or (b) an annulus mapped 2-1 and N — 2 simple
discs mapped 1-1. The graphs I' with compliment containing no simple cells are
shown in Fig. 13. They correspond to the pants Ps(...|0,1) (a) and Ps(...|0,0)
(b). The graphs with simple cells in the complement are obtained from those two
basic pictures as a result of the surgery. We cut the graph along the edge 0,0,
and insert dy — 1 simple discs in the slot as in Fig. 8. The graph on the left side of
Fig. 13 admits another surgery: we cut the graph along the edge OrOb+ and sew
in d;‘ — 2 patches shown in Fig. 7a) in the slot. The arising graph corresponds to
the pair of pants Pa(...,dy — 1,d; —1).
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4.3. Remaining cases

If the branch points of the projective structure p := p™ belong to the green oval
of the pants we arrive at the pair of pants Py of fashion s = 3. Finally, when the
branch points merge the limit variant of construction 2 may be applied for the
analysis and we arrive at the pants of intermediate types s = 12, 13.

5. Conclusion

A similar analysis based on the geometry and combinatorics may be applied to
obtain the representations of the solutions of the PS-3 integral equation in all the
omitted cases. Much of the techniques used may be helpful for the study of other
integral equations with low degree rational kernels.
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Step Two Nilpotent Lie Groups
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Abstract. We study geometrically invariant formulas for heat kernels of sub-
elliptic differential operators on two step nilpotent Lie groups and for the
Grusin operator in R?. We deduce a general form of the solution to the
Hamilton—Jacobi equation and its generalized form in R™ x R™. Using our
results, we obtain explicit formulas of the heat kernels for these differential
operators.
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1. Introduction

Let us start with the Laplace operator on R™,

1 n 2
=1 9%
It is well known that the heat kernel for A is the Gaussian:
1 [x—xg|?2
P, = ———¢e 2t
1% x0) = e

Given a general second-order elliptic operator in n-dimensional Euclidean space,

1 n
Ax = 3 E:Xj2 + lower-order term,
j=1
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where the {X3,...,X,} is a linearly independent set of vector fields, the heat
kernel takes the form

Pt(X7XO) -

1 _d%(x,%q)

—e 2t a+at+at2+~~~.
i) (a0 + a1t + az )

Here d(x,%¢) stands for the Riemannian distance between x and xo induced by
a metric such that vector fields X1,..., X, are orthonormal with respect to this
metric. The a;’s are functions of x and xg. Note that

n

2 2
S A (o)

i.e., g is a solution of the Hamilton—Jacobi equation.

Now let us move to subelliptic operators. We first consider the famous exam-
ple: Heisenberg sub-Laplacian on Hjy

1,0 oN2 1/ 0 0\2
A :—(— 2 —) _(_72 —). 1.1
X7 9 8x1+ m2(‘3y Jr2 0xo $18y (1.1)
We shall try to find a heat kernel in the form
1 s
—e t ... N
ta

where h = % is a solution of the Hamilton—Jacobi equation

Oh 1/ 0h OhN2 1/ 0h Oh\ 2
ot 5(371”%—@) +5 (50 - “a—y) =0
In other words,
Oh + H(x,Vh) =0 (1.2)
ot % - ‘
where . .
H=g [(61 +220m)” + (& — 23:177)2} =5 (¢ + &3] (1.3)

is the Hamilton function associated with the sub-elliptic operator (1.1) and &, &2
and 7 are dual variable to z1, zo and y respectively. Using the Lagrange-Chapit
method, let us look at the following equation:

F(x,y,t,h,&n,7) =7+ H(x,y,§n) = 0.
We shall find the bicharacteristic curves which are solutions to the following Hamil-
ton system:

1 = Fg, =& + 220m = (1,
Lo = Fey = &0 — 201m = (o,
Yy = F, = 2&1x9 — 22129,

t=F, =1,
1= —Fyy — &1Fy = 20,
o = —F,, — &Fy = —2niy,
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n=—Fy,—~F,=0,
¥=—F —~F, =0,
h=¢& VeF +nFy +yF, =& a+ny— H
since f = 1 and v = —H. With 0 < s < ¢, one has
~(s) =v = constant,

n(s) =n = constant,

t(s) =s.
Here “constant” means “constant along the bicharacteristic curve”. Furthermore,
1., 1.,
H = 3% + g¥2 = E = energy.

Another way to see that E is constant along the bicharacteristic, note that

i1 =&+ 2nde = +dnda,

L : . (1.4)
X9 :fg — 27]%‘1 = —477.’E1.
Therefore, 141 + 242 = 0, and E =constant.
We need to find the classical action integral
t
S(t) = / (& -%+ny—H)ds.
0
Let us find £ and x from the Hamilton system. We obtain
T+ 1607, =0, To4 1607y =0
from (1.4). Hence
. . Z1(0) .
#1(s) =21(0) cos(4ns) + e sin(4ns)
=1(0) cos(4ns) + #2(0) sin(4ns) (1.5)
=(1(0) cos(4ns) + (2(0) sin(4ns)
and
&2(s) =x2(0) cos(4ns) + ng;)) sin(4ns)
=1i2(0) cos(4ns) — 1(0) sin(4ns) (1.6)
= — (1(0) sin(4ns) + ¢2(0) cos(4ns),
which yields
sin(4ns 1 — cos(4ns
21(s) = 21(0) + GO 4 o) =) (1.7
and
1 — cos(4ns sin(4ns
ra(s) = 2(0) — 1 (0) ) ¢, g FI) (1.9

4n
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At s =t one has z1(t) = z1 and z2(t) = z2, so

%Cl (0) sin(4nt) + %CQ(O) (1 — cos(477t)) = 277(x1 - xl(O)),
1

fECl (0)(1 — cos(477t)) + %CQ(O) sin(4nt) = 277(302 — xQ(O)),

277(:81 - xl(O))
sin(2nt)

27] (.TQ — T2 (0))
sin(2nt)

+G1(0) cos(2nt) + 2 (0) sin(2nt) =

)

(1.9)
—(1(0) sin(2nt) + ¢2(0) cos(2nt) =
Hamilton’s equations give
&a(s) = — 2nz1(s) + (£2(0) + 2121 (0))

= —2nx1(0) — %Cl(o) sin(4ns) — %Cg(O)(l — cos(4ns)) + ¢2(0) + 4nz1(0)

=2nz1(0) — % {Cl (0) sin(4ns) — ¢2(0)(1 + COS(4775))},
and
&1(s) = —2nx2(0) + % [(1 (0) (1 + cos(477.s)) + ¢2(0) sin(4ns)} .
The above calculations imply
§131 + Eada = — 201 (5)22(0) + 2021 (0)d2(s) + %(C%(O) +¢3(0)) (1 + cos(4ns))
= — 2n(&1(s)22(0) — 21(0)d2(s)) + (1 + cos(4ns))E,

and

| 6= H)ds = nfy = 500) + 201 (0)22 — r(0)) +

sin(4nt) E] .
4n?

To find F we square and add the two equations in (1.9),

1 1 |x — x¢]?
E = —C3(0) + =¢2(0) = 2> ———.
2C1( ) 2C2( ) =27 sin?(2nt)

Hence,
t
S(t) :/O (& -%+ny—H)ds

=7 [y —y(0) + 2(331 (0)xg — .’L’ll'g(O)) +|x— X0|2 cot(2nt)|.

We note that
X, Y, tv X0 and n= 77(0)

are free parameters while

y(0) = y(0;x,X0,y,71;t)
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is not. Therefore, we need to introduce one more free variable h(0) such that
h(t) = h(0) + S(t) is a solution of the Hamilton—Jacobi equation (1.2).

It reduces to find h(0). To find it we shall substitute S into (1.2). Straight-
forward computation shows that

O b H ey, €00 m(1)) =
where
h(t) = n(0)y(0) + S(t), i.e., h(0)=n(0)y(0). (1.10)

This yields
oh oh
s H( » S xh7 _) =y
ot + H(x,y,V 3y 0
We have the following theorem.

Theorem 1.1. We have shown that

h =n(0)y(0) +/0 (5 X4y — H)ds
=ny + 2n(z1(0)x2 — 2122(0)) + n|x — x0|* cot(2nt)

is a “complete integral” of (1.2) and (1.3), i.e., a solution of (1.2) and (1.3) which
depends on 3 free parameters x1(0), £2(0) and 7.

(1.11)

Before we move further, let us consider a more general situation.

2. Generalized Hamilton—Jacobi equations

In this section we study the Hamilton—Jacobi equation which is crucial in the con-
struction of the heat kernel associated with elliptic and sub-elliptic operators. We
deduce a general form of the solution to the Hamilton—Jacobi equation and its gen-
eralized form. We consider an (n+m)-dimensional space R x R™. The coordinates
are denoted x = (z1,...,2,) ER" and y = (y1,...,¥m) € R™ with dual variables
(&1,...,&,) and (n1,...,mm) respectively. The roman indices i, j, k,... will vary
from 1 to n and the Greek indices «, 3, ... will vary from 1 to m. As usual, the
Hamiltonian function H(x,y,&,n) is a homogeneous polynomial of degree 2 in the
variables (§,7n) and has smooth coefficients in (x,y).
We have the following nice generalization of a result from [11].

Theorem 2.1. Set
h(t:;%,y,6m) =Y 1a(0)ya(0) + S(t;x,y, &,m), (2.1)
a=1

where

xj:xj(s;x,y,ﬁ,n;t), J=1...,m ya:ya(&Xv}’vf,??%t)» a=1,...,m
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and

S(tx.y. &) = [ (€000 500 + 1000 700 = Hx(w), y{a). ) ) )

Then h satisfies the usual Hamilton—Jacobi equation:

oh
EwLH(x v, Vih, V h) —0.
Proof. In order to prove the theorem, we first calculate the partial derivatives of
the function S with respect to all variables explicitly. For j =1,... n,
S
= (¢
8:1:]( ’X7y7£’77)
0o L axj ds ds Ox;
(o Ay d aya(s X, it OH 9, OH Ona
i ; 9z, ds T 1"ds ) Z « 9 Oz, Z ‘ e, O,
72”2 OH Oxx(s;x,y, & m5t) zm: OH 9ya (8;x,y,£,n;t)}d8

8— al‘j % al‘j

?S‘

&|& I,
M:

Oxe(s;%,y,E,m1) | ~~  Oyals;X,y, & ;)
81’j +Zn0¢ 81’j )dS

I

3

Oz (s;%,y,&,m;t) 5= Yo (s;%,y,&,m;5t) |51
— S e(s) k( 8;6?7 t) IEDILRD Yo axyfn ) -
k=1 J S J 5=
It follows that
as S Iya(0;x,y, &, 13 t)
= (t; =50 =Y 1740 .
a.’ﬂj( 7XaYa§?77) g]( ) a:177 ( ) axj
Similarly, for 3 =1,...,m,
s S Iya(0;x,y, &, 15 t)
a t;x7y7£7 = t) — o 0 .
55 1) = ns(t) ;n (0) B
Moreover,
85

+Zna(t;-~-)ya(t;-~-)—H(X,y,é(t;~-~),n(t;--~))

+Z§k(5;.. )M
k=1
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Differentiating 1 = z1(¢;x,y, &, n; t) yields
81’1 (S; X, Y, g, 5 t)

d .
0= —x(t;x,y,§m;t) =d1(t;---) +

dt ot s=t
On the other hand, one has
81' 8- s=t .
gk(s;...)% = — &ty )it -, k=1,...,n,
and
aya(s;-~-) s=t . 8ya(0;. )
a\S; ), = —7Nalt all; — 1a(0; ’
a(si ) =g | _, = Ml )alt;-+) = 1a (0 ) =2
Q= 17 y 1y
therefore,
aS 8ya( )
ot Zna ot

It follows that if we set as in the statement of the theorem
h(t;,y,€m) Z"]a )ya(0) + S(t;x,y, €, n),

then it satisfies

oh

= = ; ; =1,...
81']<; gk(t7X7Ya£an7t)a k ) ,
%:na(tﬂ(,y,fan;t)a azla"'vmv

and
oh

E—i—H(X,y,f(t),n(t)):O = %-l-H(X,y,Vxh,Vyh):O

This completes the proof of the theorem.

95

O

We note that the derivation that (2.1) satisfies the Hamilton-Jacobi equa-

tion was complete general, not restriction to H(x,y, Vxh, Vyh) being (1.3). In

particular we did not assume that 7,(s) =constant for a = 1,...,m. The action
integral S is not a solution of the Hamilton—Jacobi equation because some of our
free parameters are dual variables 7,(0) instead of y,(0). For the Heisenberg sub-

Laplacian or the Grusin operator, 1(0
know, y = 2(&122 — x142). From (1.5)—(1.8), one has

) =
@
L(G0) + Gy L]

y':Q[s'clwz(O) —21(0)d2 + 2n

and

y(s) = 2(z1(s)22(0) — 21 (0)22(s)) + LLE‘? (4ns — sin(4ns)) + C.

= 7 cannot be switched to y(0). As we
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At s =t, one has z1(t) = x1, x2(t) = z2 and

+ £ (4nt — sin(4nt)) + C.

y = 2(2122(0) — z1 (0)) ppe

Hence, one has
y(s) = y = 2[ (w1 = 21(5)22(0) = 1(0) (w2 — w2(s)) |
- % [4n(t — s) — (sin(4nt) — sin(4ns))].
At s =0,
y(0) =y +2(21(0)x2 — 2122(0)) + |x — xo|*p(2nt),

where we set

__9 _
(o) = sin? ) cot ¢.

To replace n by y(0), one needs to invert ,

y—y(0)+ 2($1(0)x2 — .’L’ll'g(O))
|x — x0/? '

p(2nt) =

This is impossible since for most of the values on the right-hand side p~' is a

many-valued function [2]. Therefore we must leave 7 as one of the free parameters
which does not permit S to be a solution of the Hamilton—Jacobi equation.
Before we go further, we present a scaling property of the solution to the

Hamiltonian system

dv; OH dy, OH d§; — OH dn, — OH

ds — 0&° ds  One’ ds  Ox;  ds  Oys

€ [0,¢] with the boundary conditions
x(0) =xo, x(t)=x, y(t)=y, n(0)=n0).

Lemma 2.1. One has the following scaling property

‘rj(S;XaXOaY?gan(o);t) = Ty (AS;X?XOaYaga— /\t)a .7 = -~-7n
ya(S5XaX07y75a77(0) ()‘8 X XO?Yag, a)‘t)a “wm
?0 (2.2)
fj(SEXaXO,Y»faU(O) t = )‘gj (AS X XO?Yag, h\ a)‘t>7 .7 ...,TL
. _ ( ).
na(S7XaX0,y?£?n(0) - Ana AS X,X0,Y, ga )‘t 1a"',m

for A > 0, if the two sides of (2.2) stays in the domain of unique solvability of the
Hamiltonian system.
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Proof. Denote the curve on the right-hand side of (2.2) by {%(s),¥(s),£(s),7(s)}.
Note that s € (0,¢). Then for j =1,...,n

5, e (o, 20
Ag—g<x1<As X,Xo,y, &, 2 ( ) )\t),@()\s;x,xo,y,g,@;)\t),..)
- 5e (xls >,y<s>,£<s>,ﬁ<s>),
since 2 @, j=1,...,n, are homogeneous of degree 1 in &1,...,&, and n1,..., M-
Similar calculations and homogeneity of degree 2 of % and % in &,...,&, and

nla"'anmyield
Oha _OH O _ OH  0n_ oM

ds  Ong’ 0Os z;’ s Oya
Clearly,

z;(0) = (0 X,X0,y, &, —= ( ) /\t) = z;(0),
iﬂ(t) = Ty ()\t;X, X0,Y,¢&, %7)‘t) = Ty,

forj=1,...,n and

~ 0
Ua(t) = Ya (x\t;x,Xo,y,& #; /\t) = Yo,

A

for « = 1,...,m. The bicharacteristic curves are unique, so the two sides of (2.2)
agree. O

7ia(0) = Ao (o; . x0.3.€, 1. At) _ 2O o

Corollary 2.2. One has
h/(xax()ay’gvn(o);t) =Ah <X X0,Y, g? ( ) )‘t>

Proof. In the case of the Heisenberg group, the corollary is a direct consequence
of the explicit formula (1.11) and in this case, n(0) = n is a constant. Here we
would like to give a proof which applies in more general case. We know that for
j=1...,m,

. dx;
ij(S;X, XOaY?&vn(O);t) = d—sj(S;X, XO?Yagvn(O);t)

dx; 0
= d_Sj ()‘87X7 XOaYagv #7 At)

:)\xj <)‘S;X7 XOvyvga @7)‘t> .
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Similar result holds for g, for a = 1,..., m. Therefore,
t
/0 [E(s) -x(s) +n(s) - y(s) — H(x(s;...),.. .)]ds
t
:/ {Ag <)\s x xo,y,g,ﬁ )\t) +Z)\na ) Ma(Ass )
0

— N H(x(Xs;...), .. )} ds

= %/0 [/\QZ&()\s;...):'ck()\s;...)+/\22na()\s;...)ya()\s;...)

= N H(x(Asi. ), )| d(2s)
:A/O [5<5 xxo,y,”(f), t)'X(S’;~-~)+n(s’;...)~y(s’;...)

_H(x(s;...),...)]ds
:)\S<x,x0,y,£,@,)\t).

Also,
Z"]a )Ya (05 %, X0, ¥, &, n(0) Zna (OXXan £ ( ) At)
a=1
and the proof of the corollary is therefore complete. O
Set
f(xa X0,y ga 77(0)) = h(Xa X0,Y 57 77(0)’ t) ‘t:l-
Then

Theorem 2.2. f is a solution of the generalized Hamilton—-Jacobi equation

Z UL (O)

Proof. By homogeneity property of the function h, one has

h(x,x0,y,&,n(0),t) = %h(x, x0,¥,&,tn(0),1) = %f(X>Xo,y,§7tn(0))’

fo) + H(x,y,fo, vyf) ~ f. (2.3)

S0,
it o) (2.4)
t2 t azlna 0) '

on one hand. On the other hand,

oh
5 —H(x,y, Vxh, Vyh) (2.5)

from Theorem 2.1. Since (2.4) agrees with (2.5) for all ¢ so we may set ¢t = 1 which
yields the proposition. O
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At the rest of the section we present some examples that reveal the geomet-
rical nature of functions h and f.

2.3. Laplace operator

We start from the Laplace operator A = %Zzzl %; in R™. The Hamiltonian
k
function H() is

1 n
H(E) =5 &
k=1

and hence we need to deal with F'(£,v) = H + v = 0. The Hamilton’s system is

x=¢  £=0,  §=0
with initial-boundary conditions x(0) = xq, x(t) = x. Since £ = 0, it follows that
&(s) = £(0) = constants, is a constant vector. Then

¥x=¢(=0 = x(s) =£(0)s + xo.

Moreover,
X — X

x=x(t) =£0)t+x0 = £(0)=— 0
and

L e e I St 1

=2 E=) o =

k=1 k=1
or,
|x — %02 +|xfx0\2'

h(x,xq,t) = h(0) + t = h(0)

2t2 2t
Since this is a translation invariant case, we may assume that h(0) = 0. Therefore,

2
X — X
f(x,%x0) = h(x,x0,1) T %

gives us the Euclidean action function.

2.4. Grusin operator
We are in R? now and the horizontal vector fields X, X, are given by

0 0
_ Y — .2
X, = = and Xo==x ”

2 2
The Grusin operator is given as follows: Ax = %(%) + %x2 (d%) . It is obvi-

ous that Ax is elliptic away from the y-axis but degenerate on the y-axis. Since
(X1, Xo] = %, hence { X1, Xo,[X1, X2]} spanned the tangent bundle of R? every-
where. By Hormander’s theorem [12], Ax is hypoelliptic.

The Hamiltonian function H for the Ax is

1 1
H(%yagﬂ?) = 552 + 5352772~ (26)
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The Hamilton system can be obtained as follows;

T =He =¢,

y=H, =nz’,

£ = — H, = -1z,

n=—H,=0,

S =¢&i+ny— H.
With 0 < s < t,

n(s) = n(0) = no = constant,
here “constant” means “constant along the bicharacteristic curve”. Next,
fé:é:f:mf, SO i+ n?z=0.

It follows that

x(s) = Acos(ns) + Bsin(ns) = x(0) cos(ns) + ino) sin(ns)
=z cos(ns) + ? sin(ns).
Hence,
§(s) = (s)
yields
§(s) = £(0) cos(ns) — nwo sin(ns).
We also have
x = z(t) = xo cos(nt) + % sin(nt),
" £(0) ()
0) = —xgcos(nt
n sin(gt) 27)
Consequently,
x(s) = z(0) cos(ns) + %cnots)(nt) sin(ns).

The singularities occur at n = 19 = —’T when z = +x; they are n = w if
x =xg and g = 2’“—“ if x = —ug. Next

§(s) = nz®(s)

=1 [xo (% + % cos(2ns)) + 21‘0% sin(ns) cos(ns) + (#)2 (% - % 005(2773))}

d 2 in(2 £0) | 1 /£(0)\2 in(2
- L) 2t (-
d 0 1 0 0
= £{g {x% + (%)2}8 +7 {x% - (%)2} sin(2ns) + %%(1 - cos(2773))}.
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We replace @ by (2.7) and collect terms with x3:

x2 1. cos?(nt)  1cos?(nt) . cos(nt)
70{775 + 3 sin(2ns) + ns 2 (1) G o) sin(2nt) — Sn () (1- cos(2ns))}
_ ns 1 cos?(nt) — sin®(nt) cos(nt)
= Eo{sirf(nt) -5 S () sin(2ns) — Sn(t) (1- cos(?ns))}
= 25%29(770{775 - % [ cos(2nt) sin(2ns) + sin(2nt) (1 — cos(2ns))] }
2

_ Lo

= m{?ﬂs — [sin(2nt) — sin (2n(t — s))] }

The terms containing z2 are:

1 22
——5——(2ns —sin(2ns)),
4sin2(77t)( K (21 ))
and the terms with xgx are the following:
1 2zxg {1 . .
—————1{ = |sin(n(2s —t)) +sin(nt)| — n scos t}.
> 5] 5 [sin (n(2s — 1)) +sin(nt)] —n s cos(nt)

So,

y(s) = i{#;(m) [2778 — [(sin(Znt) — sin (277(t — s))])}

x? .
+ 48T2(77t) (2ns —sin(2ns))
%ﬁj&t) E(sin (n(2s —t)) +sin(nt)) —ns cos(nt)} }

The action function has the form

t t
o . - _ . 2
5= [ (€ i~ s = nty — () + [ (€~ Myas.
We find €2 as follows

2
£ (s) = ET(O) (1 + cos(2ns)) — £(0)nzo sin(2ns) + %,723% (1 — cos(2ns))

DN | =

[€2(0) + a3 +5[€7(0) — 3] cos(2ns) — nmot (0)sin(2ps).

—H(0)

|

Since H is constant along the bicharacteristic, one has

H = H(0) = 3[€%(0) + a3).
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Continuing, we obtain the action function

S =afy—yO)+ [ (€0 - ) = - pag(0)sin(zns)]ds
=iy = (0 + 5 (€0~ ad) 2 o pane0) =L,

We simplify this

772
S —n(y —y(0) = 5(

x — xg cos(nt) )2 sin(2nt) 1 5 ,sin(2nt)
e g it 24

sin(nt) 2n 2170 oy
e x — xg cos(nt) cos(2nt) — 1
t 2
() . .

n{(x—acocos (nt)
T 1

ont) — 2 sin(2nt
ntn) )&Mn)mwMU)

x — xg cos(nt)
sirti(int) (1 — cos(2nt)) }

In the bracket {---} of (2.8), terms involved x3 are

22 Kcos ‘() 1) sin(2nt) + 2008(7775) (1— cos(277t))}

— 2z

sin?(nt) sin(nt)
. (cos(27'7tg sin(2nt) n 2C?S(nt) B cos(2'{7t3 s1n(277t)> — 222 cot(nt),
sin®(nt) sin(nt) sin®(nt)
terms involved x? are
in(2nt
2 smgin) = 222 cot(nt),
sin”(nt)

and terms containing xgx are

- ( ~ cos(nt) sin(2t) — 1- cos(277t)> — oy (2 cos?(nt)

+2 Sin(nt)>

sin?(nt) sin(nt) sin(nt)
_ dxxg
- sin(nt)’
Hence,
dxxg
Y =9(g2 2\ cot(nt) —
{ } (.’E + .’170) Cco (77 ) SiIl(’I]t)

(z +20)* — (z — x0)?
sin(nt)

— [(a+w0)? + (2 — w0)?] cotlt) —

1
=(z+ :co)2(cot(77t) - sin(nt)) + (z — x0)2<cot(nt) + sin(nt))
—(z 4+ pcos(nt) — 1 - ycos(nt) +1
=(@+w0) sin(nt) *+ 0) sin(nt)

= — (z+ ) tan (%t) + (z — 20)% cot (%t)
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Thus S has the following form:

S =n(y —y(0)) — g[(x + 20)? tan (%t) — (x — x0)? cot (%t)}

By Theorem 2.1, we know that

h(t; z, zo0,y,m) =ny(0) + S(t;2,y,7)
—ny(0) + 1y — y(0)) ~ 3@+ z0)*tan (1) = (&~ 20)? ot (7 )]
N 2 nty _ p2 nt
=ny 4{/1 tan(2) Bcot<2>}

is a solution of the Hamilton—Jacobi equation. Here A = x + 29 and B = = — xg.
Now by Theorem 2.2, the function

=3

s = hemso )], = $2 (- () 57 (1)
is a solution of the generalized Hamilton—Jacobi equation
WL H (2,20,9.0.1,0,1) = 1.
Ui
We set
5 =

where 7 € R yields the domain of intngration and 7 is a fixed complex number.
Lemma 2.5. Suppose f is a smooth function of T € R and
lim_Re(f)(r) = o0
off the canonical curve z3 + 2% = 0. Then 1] is pure imaginary.
Proof. Let 1 =11 +in2. An elementary calculation yields
sin(2m 7)[(B? — A?) cosh(2n27) + (B? + A?) cos(2m17)]
cosh?(2ny7) — cos?(2m,7)
sinh(2n27)[(B? + A?) cosh(2ne7) + (B? — A?) cos(2m:7)]
! cosh?(2mo7) — cos? (2, 7) }

DN | =

f==(m +inz)7{4y+

(i) ;1 =0, i.e., n € iR. When 7 = +o00,

1
f= 52'7727{43/ —i2(xd + 2?) tanh(27727)},
and

1
Re(f) = Z(x% + 2%)2ne7 tanh(2ne7) — 400

as 7 — o0 as long as a3 + 2% # 0.
(i) 2 = 0, that is n € R. Then
27717’

1
=2 -0 B2 A4+ (B?>+ A7 2
f Ty + 4 sin(2m17) [ + (B + A7) cos( an)}
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is singular in 7 € R when 3 + 22 # 0, otherwise

Re(f) = f=2mry — =+(sen(y))oe.

T—+o00

(iii) m # 0, 2 # 0. Here
f= %(771 + in2)7{4y — i(A2 + Bz) tanh(QngT)}
as T — oo, and
Re(f) =2mty + (2§ + 2°)|na7]
= |7][2(sgn(m))my + (aF + 2) 2]
and choosing xg, x,y so that

2my > (x5 + 2%)|n2|

we have
lim Re(f)=+o0
T—ZFo0
which we do not want. This complete the proof of Lemma (2.5). g

Following the tradition, we shall choose

i
nm=-5
Then

fZ—iTy-i-%(l‘g-i-l‘z)TCOthT— 770t

2.6. Sub-Laplace operator on step 2 nilpotent Lie groups

sinh 7"

Let M be a simply connected 2-step nilpotent Lie group G equipped with a left
invariant metric. Let G be its Lie algebra and it is identified with the group G by
the exponential map:
exp: G — G.
We assume
G=[G6.61®G.G]"* =Ca[G,GI" =CaH,
where H and C are vector spaces over R with an skew-symmetric bilinear form
B:HxH —C

such that B(H,H) = C. The group law is given by

HelC)x (HeC) - HaC
with 1

(x,¥) % (x,y) = (x+x,y +¥'+ 5B(x, X))

and then the exponential map is the identity map. Let {X1,...,X,} be a ba-
sis of H and let {Y1,...,Y:n} be a basis of the center [G,G] = C. We assume

{Xi1,...,X,} and {Y1,...,Y,,} are orthonormal, and introduce a left invariant
Riemannian metric on the group G in an obvious way.
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We write the vector fields Xj, j=1,...,n by:

where the afj are real numbers and form skew-symmetric matrices [a}xk] i.e.,

gk’
a?k = —agj. We are interested in the sub-Laplacian Ax which can be defined as

follows:
I o
D) Z X;
=1

It is easy to see that
(X, Xi] ’QZZ%@ (2.9)
k=1a=1 Ya

Lemma 2.7. The operator Ax is hypoelliptic if and only if the rectangular matriz
of order w X m with element [ jk]{( is of rank m (which implies that
n(n—l))
—5).

Jj<k),a}
m <

Proof. The operator Ax is hypoelliptic when the vector fields {X] ', satisfy
the “first” bracket generating condition. This implies that we can recover all the

% from the % relations (2.9). If we consider [a?k] as a matrix with indices
a = 1,...,m and the couples (j,k) where j < k, this means that this matrix
should have rank m. O

We may define a Lie group structure on R™ x R™ with the following group
law:

(x,y) o (x',y") (2.10)

n n
/ / / 1 . / m ./
= (331 + 2,0 2,01 F Y+ g A TiThy - - s Ym T Yy + g ajkxjxk)
Jrk=1 Jik=1

It is easy to see that the X; are left invariant vector fields such that

(Xjf) (Xv Y) =

9
a7 @ Loey)) (X ¥)
J

x'=0,y’'=0
where
Lixy)(x,y) = (xy) o (x,¥)
is the left translation by the element (x,y). In particular, Ay is a left invariant
operator for this group structure (see [1] and [16]).

Let &1,...,&, be the dual variables of x and 71, ..., 7, be the dual variables
of y. We define the symbols (; of the vector field X; by

5] + Z Z a’jkxkna

=1a=1



66 0. Calin, D.-C. Chang and I. Markina

We shall try to find a solution of the following equation:
oh Oh & oh
E—’— Z( ZZa]kxk ) =0.
j= k=1a=1
Thus we start with
0z

5 TH(Vz) = (2.11)

where H(x,y;&,n) is the Hamiltonian function as the full symbol of Ax,

H(x,y;&,n) = Z(§]+Zza]kxkna)2:%Zi:(gj‘f'zn:ftkj(n)'l'k)z.

k=1a=1 j=1 k=1
(2.12)
Here

Ap;i(n Zakﬂ?a

We shall find the bicharacteristic curves Wthh are solutions to the corresponding
Hamilton’s system. The solutions define a one parameter family of symplectic
isomorphism of the (punctures) cotangent bundle 7*(R™ x R™)\ {0}. Since Af(n) =
—A(n), the Hamilton’s system can be written explicitly as follows:

&> Al ap=¢, for j=1,....n

n n
Yo = Hy, :ZZa?‘kkaj, for a=1,...,m

j=1k=1 (2.13)

§=- ZAJk ckuAkj ) Cr, for j=1,....n

Na = — Hy, :0, for a—l,...,m
with the initial-boundary conditions such that
x(0) =0
x(t) =x=(x1,...,2n)
y(t) =y =1, ym)
n(0) =it =i(71,...,Tm),

(2.14)

where t € R, x and y are arbitrarily given. With 0 < s <,
N (8) = o = constant, for a=1,...,m.
Again, “constant” means “constant along the bicharacteristic curve”. Also

Ien., 1
H:§Z$?:§ZCJ2:E:energy'
i=1 ;
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Another way to see that E is constant along the bicharacteristic, note that

B=G =8> A dn=—Y_ A G- A -G
k=1 k=1 k=1

N (2.15)
=2 Z Aj(n) - G
k=1
for j =1,...,n. Hence
% =(=E4+ Ak = —2A()C. (2.16)
Therefore,

X-x=-2A(n)C- (=0

since A is skew-symmetric. It follows that

|~

- 1
Zm? = §xx = F = energy.
j=1

Since x(s) = e~ 25AM¢(0), by integrating the equation
A(m)x(s) = A(n)e”>AM¢(0),

one has

1
Almx(s) = =5 (7240 — )¢ (0)
where I is the n x n identity matrix. Since 7, = 1(0) = i, is pure imaginary, the

matrix A(7) is self-adjoint. It follows that the matrix

isA(T) A . -1
Smh(itA(T) % /7 EMNGY (A—itAm) ar

is well defined and invertible for any ¢ € R and 7 € R™. Here « is a suitable
contour surrounding the spectrum of the matrix it.A(7). The matrix

%Lm(/\—it.,él(ﬂ)ld)\

1 sinh(A)

omi ), X

has an inverse:

()\ - it.A(T))d)\.

We write it as
sinh(iA(1)) i (1A(T))?*
iA(T) — (2k+ 1)1
Then for any fixed ¢t € R, we have one-to-one correspondence between the initial
condition £(0) and boundary condition x:

_itA) A
€Oy =™ Ay O
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Now we may solve the initial value problem:

tj(s) = o =& iy Dot A5kTTa = & 1 305y Ak (T)zk,
Ei(s) = —G =—id, (fk +i AM(T)W) - Ajr(7)

with the initial conditions
{X(O) =0
_ LitA(T iA(T)
£(0) = AT sinI‘f(itA(T))X'

Straightforward computations show that

i(t—s)A(r) Sinh(isA(7))
sinh (it A(T))

x(s) =x(s;x,7,t) =€

§(s) =&(s%,7,1)

- X

_ (efisA(T) cosh(iSA(T))) . (am(ﬂ@?%)x

= (740 cosh(is A(r)) ) - £(0).

Hence we obtain solutions for the initial-boundary problem (2.13) under the con-
dition (2.14). We also have the following solutions for y(s):

ba(s) = 3(0) Jr/ Z <(672WA(T)£(0))}€ . Za?ﬁdu))du, a=1,...,m.
0 k=1 =1
Again by Theorem 2.2, the function
foxy,7) = hixy, b

is a solution of the generalized Hamilton—Jacobi equation. In our case, the function
f can be calculated explicitly.

f(x,y,7)=h X,ymt)‘

=3 1 (0)yal0) +/0 (€ %tn-y— H)ds

m

1
:nozmya+/0 (&-%— H)ds.

a=1

Here 79 is a pure imaginary number. This choice can be motivated by Lemma 2.5.
Since

€%~ H = (6,0~ (G, A%),
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then
2s.A(7') A(T)
(¢, Ax) < 2A<r> X>_ <C’ G2A(T) _ 1X>
1 2A( )e2sA(T) A(r)
=360~ < A _ T 62A<r>71X>'

It follows that

2A(7)e25A(M) A(7) ~ /2A(7) cosh(2s.A(T)) A(r)
$x—H = < e2A(T) — T X’ e2A(T) — IX> - < e2A(T) — T * e2A(T) — IX>'

The second equality due to A is skew-symmetric. Now we can integrate from s = 0
to s = 1 to obtain

/0 (¢-%x—H)ds = %<(A(T) coth(A(7)))x, x>.
It follows that

fx,y,7) = —zZTaya —< A(r )coth(A(T)))x,x>. (2.17)

Using equation (2.17), we may complete the discussion in Section 2.

Ezample 2.8. When

ag 0 - 0
0 . . .

A= 2 € M2n><2n7 with aj = Qj+n, J = 1...n,
0 0 --- a9

i.e., the group is an anisotropic Heisenberg group. In this case, m = 1 and
n
fxy,7)=—ity+71 Z ay coth(2ayT) (mi + :fo_k).
k=1

Example 2.9. In R*, the basis of quaternion numbers H = {a + bi + ¢j + dk :
a,b,c,d € R} can be given by real matrices

1 0 0 0 01 00
010 0 -10 0 0
Mo=1\¢o o1 0| M= 00 o0 11
00 0 1 00 —1 0
00 0 -1 0 0 -1 0
00 -1 0 0 0 0 1
M=\ 1 o of Ms=|1 o oo
10 0 0 0 -1 0 0
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We have
a b —d —c
| @ - — aMo + bM, + My + dM:
q= d c a b = aMp 1T CM2 3.
c —d —b a

The number « is called the real part and denoted by a = Re(gq). The vector u =
(b, ¢, d) is the imaginary part of q. We use the notations

b=1Imi(q), c=1Imz(q), d=1Ims(gq), and Im(q) =u= (b,c,d).
We introduce the quaternionic H-type group denoted by Q. This group consists
of the set
H x Rg - {[va] P XE Ha y = (y17y27y3) € Rg}

with the multiplication law defined in (2.10) with [a$}] = Ma, o = 1,2,3. The
horizontal vector fields X = (X1, X2, X3, X4) of the group Q can be written as
follows:

0 0 0
X V ‘|'2(]\41Xa ‘i‘]\42Xa +M3Xay3)

with x = (21, z2, 23, 24) and
0 0 0 0
Vx = (—a a. a9 —)
81’1 31’2 31’3 31’4
In this case, the solution for the generalized Hamilton—Jacobi equation is
Ix 2
f(x,91,Yy2,Y3, 71, T2, T3) = —i ZTaya + —|7'| coth(2|7|)
a=1

See details in [6]. In general multidimensional case, the matrix A can be defined
as follows:

S af M, 0 0
3 a
A= 0 Do as My ... 0
0 0 S L a® M,

In this case we obtain the so-called anisotropic quaternion Carnot group considered
in [7]. The complex action is given by

I~
= —4 § — E th(2
f(fU,yﬂ') ? ; TalYa + B - ‘xl‘ |T|lCO ( |T|l)’

where |72 = Z?:Oxil_j, = (22_ (af)? 2)1/ Ifall af, 1 = 1,...,n are
equal, we get the example of multidimensional quaternion H-type group. More

information about H-type groups can be found in [5, 13, 14, 15].
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3. Heat kernel and transport equation

Let us return to the heat kernel. We consider the sub-Laplacian

n m
Zxk with  Xj, = — +ZZ%%3
j=1a=1
Assume that {X3,..., X, } is an orthonormal basis of the “horizontal subbundle”

on a simply connected nilpotent 2 step Lie group. The Hamiltonian of the operator

AX is
n m

sy = 53 (63 S atn)
j=1la=1
By Theorem 2.2, the function f associated with H is a solution of the generalized
Hamilton—-Jacobi equation:

" 0
H(Xv}ﬂvxfavyf)jLZTa% :f(X7Y;7717"'a77m)~
a=1 @

As we know, the function f depends on free variables 7,, a = 1,...,m. To this
end we shall sum over 7,, or for convenience 7, = tn,, o = 1,...,m; an extra t
can always be absorbed in the power ¢ which can be determined after we solve the
generalized Hamilton—Jacobi equation. Thus we write heat kernel of Ax — % as

following
fxy,7)

K(x,y;t) = Ki(x,y) = th/ et V(r)dr. (3.1)

Here V is the volume element. To see whether (3.1) is a representation of the heat
kernel we apply the heat operator to K and take it across the integral.

PN CE2 R R o L)
(Ax—5;) = = " (HOy. Vaf, Vs ) =) = (Ax () =),
and the eiconal equation (2.3) implies that
(A B 2) P V(7)
Y ta
e (xytyﬂ') m 1 8f e f(xvt}’vr>
= e Z:ITQ< - EE)V(T) - th(AXf —q)V(7)

f(xyT)

Assuming




72 0. Calin, D.-C. Chang and I. Markina

as T, tends to the ends of an appropriate contour I'y, for « = 1,...,m, one has
(A - Q)K (x,y)
X~ )t y

= (AX - %>{th/um . eiMV(T)dT}

=gt [, T[Sy, + (O e mvi]ar =0
Um
if t # 0 and

N OV

S Tao (1) + (Axf — g+ m)V(r) = 0. (3.2)

a=1

Equation (3.2) is called the first-order transport equation.

Remark 3.1. Here we have made a crucial assumption on the volume element, i.e.,
V' does not depend on the space variables x and y. That simplify the transport
equation significantly. Under a more general situation a function V will found
among co-dimension one form

m —

Vdr = Z(—l)z_lngTl A~ ANdtp A -~ Ndr,

=1

which satisfies a so-called “generalized transport equation”:

df NAx(V +ZX4 )Xe(dV) +D(dV) — (Axf+n—m—1)dV =0,
where D(V) is defined by
V):;Tka—m(V):ZZ(_n “ dﬁA CANdTg A Ady.

Detailed discussion can be found in Furutani [9] and Greiner [11].

With f given by (2.17), one has

Axf = Sir(A(r) coth(A()) = 5r(5 /C )\Z:EE;)) (A —iA(r) 'dr). (33)

Then (3.2) becomes

S r it r) + (Axf — gt m)Vr) =0 e
est (3.4)

pES 37‘2 () = (4= m = S(AG) coth(A(r)) ) V-

Fix 7 and define for 0 < A <1
W) =V ().
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Hence, (3.4) reduces to

)\% = {q —m— %tr()\A(T) Coth()\A(T)))] w.

Here we are using the fact that A(7) is linear in 7. It follows that
W _(a=m_1

= = (457 - gu(Am) coth()\A(T)))>d>\.

Hence,
logW = (¢ —m)(log A+ log C) — % log(sinh(A(AT))).
Therefore,
(det A(r))1—™ -
\/( det sinh(A(7)))

If we propose the volume element V is real analytic and non-vanish at 0, then we
have ¢ = 5 +m.
Consequently,

V(r) =

A

_ fxy,T)
P= Gt / e” "+ V(r)dr, (3.5)

where f is given by (2.17) and
(det A(1)) %
\/( det sinh(A(7)))

where the branch is taken to be V' (0) = 1. Finally we can write down the second
main results on this paper.

V(r) =

)

Theorem 3.2. The equation

A _ fey,T)
Pi(x,y) = Gt / e & V(r)dr,

represents the heat kernel for Ax if and only if ¢ = § +m, in which case A= 1.

We clearly have
oP
— —AxP=0 t>0
ot X ) >

and
lim P(x,y,t) = 6(x)é(y).

The calculation is long but straightforward. Readers can find the proof of this
theorem in many places, see, e.g., [1, 2, 3, 4, 8, 10]. We skip the proof here.
Instead, we list some examples.
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N2
Ezxample 3.1. The Heisenberg sub-Laplacian: Ax = %(8%1 + 2128%) + %(8%2 -

2
211 d%) which is defined as (1.1). The action function is f(x,y) = —iTy + (22 +
x3)7 coth(27). The volume is V(1) = =27 —. In this case n = 2, m = 1 and (3.5)

sinh(27) "
has the following expression:

2 T e T
P, = — - —dr. 3.6
1(x,9) (27t)? /,OO © sinh(27) g (36)

2 2
Ezxample 3.2. The Grusin operator: Ag = %(%) + %xz ((%) . There is no group
structure in this case. However, this operator has connection with the Heisenberg

sub-Laplacian. Let H; be the Heisenberg group whose Lie algebra has a basis
{X1, X5, T} with the bracket relation [X7, X3] = —47T. As in (1.1),

Ax = —5 (X7 + X3)

1
2
is the sub-Laplacian on H;. Let Nx, = (X2) = [{aX2}qer] be a subgroup gener-
ated by the element X5. The map p : H; — R? defined by
p:Hy —>R2gh99:l‘1X1 + a9 X9+ 22
:(1'171'27 Z) = (U7U) € Rz
where

1
U =1, U=Z+§l‘1$2

realizes the projection map
H, ~R® — Ny, \ H; =R
In fact, this is a principal bundle and the trivialization is given by the map
Ny, x (Nx, \ H}) 2R x R? 3 (a;u,v) — (z1,72,2) € R3 = H;
where
(a;u,v) — (u,a,v - 1au).

2
So the sub-Laplacian Ax on H; and Grusin operator Ag commutes each other

through the map p:
Agop" =p*olg.
The heat kernel Pi(x,y) € C*° (R4 x Hy) is given by (3.6). Hence,
oo 1 1
/_OO Pt ((xlax%y)? (uaaav - 5“'(1)) = PtG((xl +y+ §$1.’£2>, (U,U))

that is, the fiber integration of the function P:(g,h) along the fiber of the map p
gives the heat kernel of the Grusin operator.

1 oo fz,20,y,7) ‘7“
P ((0,0), (2,9)) = [ e
! (2mt)2 /- sinh |7

Nl
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Ezxample 3.3. Step 2 nilpotent Lie group: Ax = 7% Z?=1 XJ2 where
) )
0= § (o)
1= g, * 2 (2 ) 5

with Ag-z) = [a}xk]j . 1s a skew-symmetric and orthogonal matrix. The heat kernel
is

1 2iy-7— (A(7) coth(A(7))x,x) A(T)
P, =— - 20 det ———~——dr.
1) (2nt)3tm / W  Sinh(A) T
Here Aji(t) = >, a$y 7. In particular, if Ag-z) satisfies further assumption:
A;z)AE-Z) + AE-Z)AE-‘,:) =0, i.e., the group in a H-type group. Then the heat kernel
has the following form:

| R
P(xy)= —F5— B ( i ) "
(X, Y) 2rt)5+Tm / ¢ sinh |7] !

w3
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Bergen Lecture on 0-Neumann Problem
Der-Chen Chang

Abstract. Let Q CC C"*! be a bounded, pseudoconvex domain of finite type
with smooth boundary. We assume further that the Levi form of 02 is diago-
nalizable. In this article, we give detailed discussion of recent progress of the

0-Neumann problem. Using this result, we obtain solving operator for inho-
n+1

mogeneous Cauchy-Riemann equation OU = f in Q. Here f = ol fiw is
a given (0, 1)-form. Then we discuss the “possible” optimal estimates of the
solution.

Mathematics Subject Classification (2000). 32A20.

Keywords. Cauchy-Riemann equation, d-Neumann problem, Heisenberg
group, Carnot-Carathéodory distance, Calderén operator, Cauchy-Szeg6 pro-
jection, pseudo-differential operators, singular integral operators.

1. Introduction

This article is based on a series of lectures presented by the author at the Matem-
atisk Institutt, Universitetet i Bergen, May 2007. The purpose of this article is to
give an exposition of some recent progress in the O-Neumann problem.

Given a bounded domain Q CcC C**! with smooth boundary 92, i.e., there
exists a real-valued function p € C°°(£2) such that

N ={zeC": p(z) =0}

with dp(z) # 0, Vz € 9§ One of the basic problems in several complex variables
is to solve the inhomogeneous Cauchy-Riemann equation

oU=f in Q (1.1)

with “good” bounds on 2, where f is a given (0, 1)-form f = Z?:ll fi@;. Obvious,
the right-hand side of (1.1) has n + 1 data but the left-hand side of (1.1) has

only one function. Therefore, the equation (1.1) is over-determined. It follows that

The author is partially supported by European Science Foundation Networking Program HCAA,
a Hong Kong RGC competitive earmarked research grant #600607 and a competitive research
grant at Georgetown University.
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the equation (1.1) is solvable only when f satisfies a consistence condition, i.e.,
df = 0. Moreover, solution for the equation (1.1) is highly non-unique. Suppose U
is a solution of (1.1), then U+ F is also a solution whenever F' € H(2) where H(2)
is the set of all holomorphic functions defined on Q2. Denote A?(Q) = L?(Q)NH(Q)
the Bergman space. Then we can find a “canonical solution” which satisfies an
extra condition:
U L H(Q) in A*(Q).

It is also called the Kohn solution of (1.1) which minimizes the L?-norm among all
solutions. In order to find the Kohn solution, let us consider a first-order differential
operator D and p, v € C™(Q), then the formal adjoint D* of D can be defined as
follows

/Q (Dp)dV = /Q w(D*v)dV + /a . 1(Atv)do,

where A is a Oth-order operator defined on 9. In our case D = 0 is the Cauchy-
Riemann operator. Hence,

dom(9*) = {v € C®(Q): Afy =0 on o0}
Note that with U = 0*u, then
(0*u, F) = (u,0F) = 0, for all F e H().
This means that if we solve the equation
00*u = f, wu € dom(d*), (1.2)

then we solve (1.1) with a canonical solution.
In fact, problem (1.2) is equivalent to the case 9f = 0 of the system

Ou = (90* + 0*0)u = f,

T _ (1.3)
u € dom(9*), Ou € dom(9%).

To see that,
0= df = 3(93" + 5°0)u = 35" du,
and so
0 = (Ou, 00*0u) = (0*0u, 0*Ou) = 0*0u = 0.
For general u € B9 (Q), the system (1.3) is called that “O-Neumann problem”.
Here B(%9)(Q) is the collection of all (0,¢) forms defined on Q. The formalism of

the 0-Neumann problem was introducing by D.C. Spencer in the early 1950’s. The
first result was obtained by Kohn (see [25], [26]):

lullzz, @) < O(Ifllz@) + llullz2), k€ Zs.

k+1

This estimate is sharp in L2. Unlike the elliptic case, the solution u does not gain
two in all directions. Therefore, the system (1.3) has great interests from the point
of view of partial differential equations.
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There are essentially three aspects to this problem:

1. Existence of solutions;
2. Find the solving operator N (and hence 9*N) for the system (1.3) (and hence

the system (1.2));

3. Sharp estimates for N and 9*N.

It is well known that although the given (0,1)-form f satisfies the consist
condition, the equation Ju = f is not necessary solvable. The solvability of in-
homogeneous Cauchy-Riemann equation heavily rely on the geometry of Q. This
is a significant difference between analysis in one and several complex variables.

Before we go further, let us recall some basic tools in several complex variables
(see e.g., Folland-Kohn [20] and Fefferman-Kohn [19]).

Definition 1.1. Let M be a (2n + 1)-dimensional manifold. Then a CR structure
on M is given by a subbundle T1%(M) of the complex tangent bundle CT'(M)
satisfying the following properties:
(1) THO(M) NTHO(M) = {0};
(2) The fiber dimension of T1:%(M) is n;
(3) If Z and Z' are local vector fields with values in T1%(M), then the commu-
tator
2,2)=27 - 7'Z
also has values in T1%(M).

In general, a manifold M with a fixed CR structure is called a CR manifold.

Definition 1.2. Let Z1,...,Z, be C'* vector fields on an open set U C M which
are a local basis of sections of T9(M) on U. Let T be a local vector field on
U such that {Z;, Zj, T}j=1,. n forms a basis of the complex tangent bundle. The
vector fields [Z;, Zx] in terms of this basis is given by

n n
[Zj, Z}g} = CjkV —1T + Za?ng + Z bﬁkZ[
=1 =1

The Hermitian form (cjx) is called the Levi form. M is called pseudoconvex if
each point of M has a neighborhood on which the vector field T' can be chosen so
that (cjx) > 0. The Levi form is said to be diagonalizable on U if the local basis
Z1,...,2Zy can be chosen so that

Cij(Sjk)\j on U.
Remark 1.1.

1. M is strongly pseudoconvex if the Levi form (c;z) is positive definite.
2. If M is a hypersurface in C**! then it has the CR structure induces by C*+!
where

THO(M) = TH(C™"™H NCT(M);
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that is, the fiber Tpl’o(./\/l) consists of vectors of the form

e
J
= 0z;

which are tangent to M at p.

3. When the Levi form (¢;z) of M is diagonalizable, “finite type” means the
horizontal subbundle of the tangent bundle T(M) satisfies the Chow’s con-
dition [16], i.e., the vector fields {Re(Z1),Im(Z1),...,Re(Z,),Im(Z,)} to-
gether with their brackets generate the tangent bundle of M.

Let g be a smooth Hermitian metric on C"*!. Then there is an open neigh-
borhood U of 0f2 such that if p denotes a signed geodesic distance in the metric g
to €2, then

QO =0nNU={2€U: p(z) >0}

vp(z) #0 forall zeU.
We choose a smooth orthogonal basis for (0,1)-form on U, given by @1,. .. ,0nt1
with

‘DnJrl = \/55/7
We let Z1,...,Z,41 be the dual basis of antiholomorphic vector fields on U. Then
Zyyeiis Zony 21y 2

are tangential to 0. If % is the vector field dual to the one form dp, then

1 0 |
Lpy1 = Ea—p + T

is the complex normal.
Because the vector fields split into “tangential” and “normal” part, we may
consider a (0, 1)-form u as follows:

n+1

U = g u;jw; = g UjW;5 + Unt1Wnt1-
Jj=1

Then the 9-Neumann problem is the following boundary value problem:
Ou=f in Q
Up4+1 =0 on o0
Zn1(uj) = [S(W)]jnt1 =0 on 09
for j=1,...,n. Here

jn+1 ZS]"+1u3’ j:1,...,n
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and the matrix S is defined by the equations

_ o
Oy = g 5,05 N\ W

i<k
Then
4 0 - 0 0
0 Oy --- 0 0
Uy = |- U
0 0o --- 0O, 0
0 0 -+ 0 0Oupp

+ (hn1Lngr + ) (Zps1u) = (S(Znsru) + (2, Z)u + (u)

where h,, 41 is a smooth function which comes from the volume element. £(Z, Z)u
represents terms of first derivatives of u along horizontal directions and e(u) rep-
resents terms of w multiplying by smooth functions. Here
1 n n
Ov = =3 (2,25 + 2;2)) = Zua Zoir + (Do —2x)ir

Jj=1 Jj=1

for{=1,2,...,n and

1N, 5 - _ LN
Dn—i—l = —5 Z(ZJZJ + Zij) — Zn-‘rlZn—i-l + (ZAJ)ZT
j=1 j=1
We shall construct a solving operator for the d-Neumann problem according to
the geometry of 012, i.e., construct N = (Ny,...,N,,41) such that modulo smooth
error u; = N;(f;) for j=1,...,n+1.

2. n > 2 and () is strongly pseudoconvex

When (2 is strongly pseudoconvex, the Levi form is positive definite. In this case, Q2
has a foliation by a result of Chern and Moser [15]. Locally, {2 can be approximated
by the “upper half-space” in C"*!, holomorphically equivalent to the unit ball.
Readers can consult Stein’s book [35] for background of Heisenberg group and its
connection with analysis in several complex variables. The domain consists of all
z € C"tl n > 1, so that

n
0= {(zl, ey Znt1) - Im(zpg1) > Z |zj\2}.
j=1
Its boundary is the “paraboloid”

90 = {Im(zn_H) - Zj: |zj\2}. (2.1)
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The domain 2 is bi-holomorphic to the unit ball in C**!:
n+1

B = {(wl,...,wn_H) 2> Juwyl? < 1}
j=1

via the generalized Cayley transform
. 9
Wpy1 = ﬂ, Wk = ,A, k=1,...,n.
1+ Zn41 1+ Zn41
In this correspondence the boundary (2.1), together with the “point at co” maps
onto the unit sphere in C**!. The Heisenberg group H,, gives the translation of
the domain Q:
H,=C"xR={(¢: ¢€C" £cR}.
The action of an element (¢, €) on 2 is given by
(2, 2ng1) — (24 Co2ngr + €+ 202" - C+i|¢)?)
where 2’ = (z1,...,2n).
Multiplication on H,, is given by
((1,61)  ((2,8) = (G + ¢, & + & +2Im(G - ().

The group H,, acts on 9 in a simply transitive manner. The mapping of H,, to
(CnJrl

(¢,6) — (¢E+il¢?) (2.2)
identifies the group H,, with 0. In this case, the vector fields Z; can be written as

0 ._ 0 .
ija—zj—f—zzja, j=1,...,n

and the complex normal 7, is

7o L(EHT) _ L(QHQ)
T a\ap V2\ap ot
where p = Im(z,41) — Z?Zl |2 is the “height” function and T = 2 is the
“missing direction”. On the model domain, the system is split in an obvious way.

The “normal” component u,4+1 of u is the solution of a Dirichlet problem of the
complex Laplacian:

Dﬁun_H :fn—i-l in Q
Up41 =0 on 0N
Recall that

1< . 162 10

Denote
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So,
ot = L Lo a=n
27 29p? T
Taking the partial Fourier transform in p-variable, one has
2 (2, ;)
Foocu)(z, t;6) = ——==.
( pP—< )( ) Aoc + §2

It follows that

i(p— p)c o etlp—pIVAL o
u(z,t; p) 27T// (z,t;p)dpds = | ———=—=—[(2,t;p)dp.

83

Aa+5 2/ VAs
Plugging in the boundary condition, one has
o0 o—|p+ilvV AL o o0 o—(p=p)VAa o

u(z,t;p) = ; Tf(zat;p)dp - Tf(z,t;p)dp-
Since we want to find the kernel G* of the Green’s function for the operator Of,
we let

f(z,t:p) = 0:(w) @ 0e(s) @ 65(0)-
Then
e—lp—elVAn e—(p+e)VA.
Gz, t;p) = —————(0:(w) @ 64(s)) — —————(02(w) ® 5 (5)).

VAo VAa

Let 0(Aqs) be the symbol of A,. Then it is easy to see that

0(Ay) = A% + 201 = 22\0 )+ 72+ 2ar

where 7 = 0( 157 ) Hence we have

e—PVAL
Nzl (62 (w) ® &:(s))

(6%

e rVAa W2, a4t
N (2m)ntl /Rzn+1 U( VAq )’F((sz(w) ®6t(5))e (2 watstt )dng

1
)
1 e~ PR 2n
- Z(Z 2i(xi—yi)&+
o (271')”"‘1 /Rzn-H A ” " dng

- (2@%/ e (g + gy )¢ TSI dedr
R2n+1

+ terms with weaker singularities = I 4+ I] + t.w.w.s.

After length calculation, we have

Chn
1= ith =
Bl T (=5t 2 o) "~ Cn

ﬂ-n+1

2711 (n)
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and

—Cy 1
2(n —1) 2]z —w|2 + (t — s+ 2Im(z - w))2 + p2]n—1"
Therefore, the kernel for the normal component N, 1 can be written as

1l =

Cn
GH((2:t50), (0:5:0)) = G- or =3 T oI DT =T (23
Cn
— — +tw.w.s.

2z —wP+(t—s+2mm(z-0)2 + (p+0)7]
Here “t.w.w.s” stands for “terms with weaker singularities”. It is easy to see that
the “normal component” N, 1 of -Neumann operator N gains two in all direc-
tions, i.e.,
Noy1: L(Q) — LZ+2(Q)
for all k € Z4 and 1 < p < oo. Now we are left with solving the following sub-
elliptic boundary problem: Given f on ), find a function u on Q such that

O'u=f inQ,

~ (2.4)
Znp+1u=0 on 09
where N
19 1 - 102
b 7. 7N _ 2 _ _ ;
V=39 e L BL T4~ gpe (o

(In general, the operator O° should be a matrix. But on the model domain, O° can
be written as a scalar operator multiply by an identity matrix. Here we omit the
index j.)

In order to solve the problem (2.4), we may assume the solution u is given by

u(a,t,p) = G*(f) + Pluy) (2.5)

where uy, is the “boundary value” of u which we need to determine. Here G is
the Green’s function for the Dirichlet problem which is similar to (2.3) and P is
a pseudo-differential operator Poisson type. More precisely, we are interested the
following coercive boundary value problem

{p(:c, D)u=0 in R

2.6
Q;i(z,D)u =g,, on R" j=1,....m 26)
J j

where p(z, D) is a strongly elliptic differential operator of order 2m with coefficients
smooth up to boundary, and g; are given functions on the boundary. By a result
of Phong [31], operators Pj, j = 1,...,m mapping C®(R") to C=(R’}"") can be
constructed such that

m
U= ij(gj) + S oo(u)
j=1
which satisfies (2.6). Here S_ is an infinity smoothing operator. The operators
P;, 7 = 1,...,m play an analogue role to the Poisson kernel in the case of the
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Dirichlet problem for the Laplacian. Operators P; j = 1,...,m, originally defined
on C*°(R™) can be written as follows:

1 1T ~
Pa)(wr) = s [ e i )
Here p;(z,p;&) € C°(R™ x [0,1] x R™) is a symbol of Poisson type of order k
which satisfies

1. pj(z, p; €) has compact support in the (z, p) variables;
2. For all multi-indices o, 8 and integers v, d there is a constant Cy g,~,5 S0 that

pé(%)v(%)ﬁ(%)apj(x,p; 5)‘ < Capryo(L+[E)Flol=2,

In the case of (2.6), P; will have order —k; id Q;(z, D) has order k; as a differential
operator. -
Plugging in the 9-Neumann boundary conditions on u in (2.5), i.e.,

RZ,11(u) =0, j=1,...,n
where R is the restriction operator to the boundary. Therefore,
0= RZpi1(u) = RZ,1G’(f) + RZp i1 P(us)
ice.,  Oy(up) = RZpy1P(up) = —RZni1G°(f).

The operator [0, is called the Calderén operator associated to the 0-Neumann
problem. This is a 1st-order pseudo-differential operator defined on 9€2. Hence, in
order to solve the 0-Neumann problems reduces to invert the operator [ly.
The principal symbol of the operator [y is
1 1 T
ol0y)=—4(T—-A)——=(2—-—n)—.
Q0= -8 - Z@-ng
where A = \/2 > i1 lo(Z;)? + 2. Obviously, Oy is a 1st-order pseudo-different-

ial operator which is elliptic when 7 < 0 but doubly characteristic on half of the
line bundle

St ={(z,t;¢,7): 7> A}
on the cotangent bundle T%(05).
So far, we have dealt exclusively with the 9-Neumann problem on the domain
QF. However, we may also construct the Calderén operator C_ of the 9-Neumann
problem on
QO ={z€U: p(z) <0}.
Similar calculus gives us the principal symbol of OJ_ is

o(0_) = %(T—FA) + %(2 )%
This is a lst-order pseudo-differential operator characteristic on the half of the
line bundle
ST =A{(zt&1): T<-A}
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but elliptic on the characteristics of (. Let us try to look the compositions
Oy o0 and O_ oy
The important phenomenon is that

04 oO_ = —[p + zero-order terms

and
O_ o4 = —[p + zero-order terms.

Here [, is the Kohn Laplacian on (0, 1)-forms defined on the boundary 9S2. More
precisely,

0, 0 --- 0
/ e
o=
o o0 --- 0

with
1 - - n
Oy =52 (%2, + 2,2)) iD= 2A)T
j=1 k=1
for £ =1,...,n and A = [A,g] of the form

n n
A= Sk a3
k=1 k=1

Now we are ready to write down a parametrix for the 9-Neumann problem.

By a result of Folland and Stein [21] (see also Beals-Greiner [1] and Beren-
stein-Chang-Tie [4]), O, has an inverse K (for (0, ¢)-forms, 1 < ¢ < n — 1) such
that

[y o K = I + smoothing operators.

The kernel for K has the following form:

I'(n-—1) 1
22-2ngntl (|2]2 — jt)n—a(|z|2 +it)e’
Summarizing the above discussion, for n > 2 and £ =1,...,n we have

Ny =G+ P(-KO_RZ, .1G”) + 5_ o

K(z,t) = (2.7)

where S_,, is a smoothing operator. Hence we have the following theorem, see
Greiner-Stein [23] and Chang [9].

Theorem 2.1. Let Q CC C"*! be a smoothly bounded, strongly pseudoconvex
domain. Then the following operators are bounded on the indicated spaces, for
l<p<oo, k>0, and a > 0:
1. N :LZEQ) — L} 4 (Q); )
2. P(Z;,Z;)N : LY(Q) — LY(Q). Here P(Z;,Z;) is any quadratic monomial
in “horizontal” vector fields;
3. N AL(Q) = Aat1(2) NTo42(Q).
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Corollary 2.1. Let Q CC C" be a smoothly bounded, strongly pseudoconvez do-
main. Then the solving operator O*N of the Kohn solution for the inhomogeneous
Cauchy-Riemann equation satisfies the following estimates.

1. *N : LY (Q) — LL_JQ);

— 2
2. XO*N : LP(Q) — LY(Q) for any “good” vector fields X ;
3. N 1 Aa(Q) — Ay 1 () NTas1().

3. n=1 and (2 is pseudoconvex of finite type m

In this case, we just have one holomorphic tangential vector field Z = X + Y.
Here finite type condition means X and Y satisfying Chow’s condition, i.e.,

{X,Y,[X,Y],[X,[ X, Y], [\, [ X,Y]],...}
spans the tangent bundle of 7*(9€2). In this case

Oy=--(22+22) - %AT =-ZZ.

| =

However,

Zu=f
is the Lewy’s equation which is not in general locally solvable. However, by a result
of Greiner and Stein [23], there exists an operator K defined on the Heisenberg
group whose kernel equals

~ 1 1 z|? — it
Rt =onnr— H2I2 + it}’ (3.1)
such that L
(—-ZZ2)K=K(-ZZ)=1-8S.
Here

S: L*(09Q) — H?*(09)
is the Cauchy-Szego projection (see Stein [35]) whose kernel equals

O P

n+1"

Let us consider Oth-order pseudo-differential operators: I't and I'™ with sym-
bols in the class S%O such that the principal symbol of I'" equals to 1 on the set

1
{A < ZU(T)}
and whose principal symbol equals 0 on the set
1
{A > 5a(T)}.
Denote '™ =1 —I'". Now we define
K"=Qpr +T"KO_,
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where Qr- is the parametrix for O, in the support of I'™, i.e.,

Qr-Oy=1-TT+5 .
Then we have

K+|:]+ == QF— D+ + F+KD_D+

=I-TH+TTK(O, +Tp) + 5o

=I-TT+TTI-S)+5 «

=I-TTS+5_.
It can be shown that T'tS € mg;ls{io by using microlocal analysis where Sfo is
the class of order k pseudo-differential operators of type (1,0). Therefore, we have
for the C? case

N, =G+ P((—Qr- +ITTKO_)RZ,G) + S_. (3.2)

For higher step cases, the projection operator is not S but we still can construct
a projection operator T such that (-ZZ)K = K(—ZZ)) = I — T (see Section
7). Then we may obtain a parametrix for the Neumann operator similar to (3.2).
Hence we have the following theorem, see Chang, Nagel and Stein [14].

Theorem 3.1. Let Q CC C? be a smoothly bounded, pseudoconvex domain of finite
type m. Then the following operators are bounded on the indicated spaces, for
l<p<oo, k>0, and a > 0:

1. Ny : LE(Q) — LZ+%(Q);

2. P(Z1,Z1)Ny : LY(QY) — LY(QY). Here P(Zy1,Z1) is any quadratic monomial

in Z1 and Z1;

3. N1 : Au(Q) — Aa+%(Q) NTot2(2).

Corollary 3.1. Let Q CC C? be a smoothly bounded, pseudoconvex domain of finite

type m. Then the solving operator 0*N of the Kohn solution for the inhomogeneous
Cauchy-Riemann equation satisfies the following estimates.

1. *N : L (Q) — Li+#(Q);
2. XO*N : L3(9) — Ly(Q) where X = Zy or Zy;
3. "N 1 Aa(Q) — Ay 1 () NTay1(9).

4. €): decoupled domain of finite type

A domain Q C C™*! and its boundary M are said to be decoupled if there are
sub-harmonic, nonharmonic polynomials P; with P;(0) = 0 such that

0= {(z1,...,zn,zn+1) : Im(zpy1) > ij(zj)};
j=1

M= {(21, ey Zny Zn1) - Im(zpyr) = ZPj(zj)}.

j=1
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We call the integer m; = 2+ degree(AP;) the “degree” of P;. We identify M with
C™ x R so that the point

n

<zl,...,zn,t+i(z7’j(z))> eM

corresponds to the point (z1,...,2,,t) € C" x R.
We define the “type” of € is

m = max{ma, ..., my}.

Remark 4.1. The actual degree of P; may be larger, but the addition of a harmonic
polynomial to P; does not affect our analysis, and can be eliminated by a change
of coordinates.

Examples. 1. The Siegel upper half-space:
Q= {(217 s Zng) - Im(znga) > Zaj|zj|2}
j=1

with a; > 0 for j = 1,...,n. This domain is decoupled and strongly pseudoconvex.
2. Decoupled and finite type:

n
Q= {(21,...,Zn+1) s Im(zpg) > Z|Zj|2mj}'

Jj=1

3. The domain

n

1= (e I > (551

j=1

is finite type but not decoupled.
4. The domain

Q= {(21,22,23) : Im(z3) > |zl\2 +exp(f\22|72)}

is decoupled but not finite type.
Without loss generality, one may concentrate on a model domain

Q= {(21, oy Zng1) s Im(zpgr) > 2™ 4+ |Zn|2m"'}
with mq,...,m, € N and m; < mg < -+ < m,. Then 99 can be identified with
{(z,t) = (#21,...,2n,t) € C" x R}, and
= . _ 0 , _ 0
7, = N imy |z )2 1)z1§, - FEN M| 2 |2 1)2"5
form a basis of the tangential Cauchy-Riemann vector fields. The eigenvalues
Al,..., An of the Levi form at a point (z1,...,2,,t) are essentially |z;|2(™1 =1,

ce |zn\2(m"_1) and are not comparable unless m; = --- = m,,.
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We begin by considering separately the component domains
Qj:{(zj,wj)€C2: Im|wj‘>‘zj‘2mj} o~ {(Zj,tj,pj)e(CXRXR+}
M; = {(zj,w;) € C*: Im|w;| = |2|*™ } = {(z;,t;) € C x R},

IR

where p; = Im |w;|—|z;|>™ . We denote by M the Cartesian product My x- - -x M,,
and we let 7 be the projection of M to 09 by

7 (21,t1) X o0 X (Zn,tn) — (21, 0y 2n,t1 + -+ tn).

The idea is to deduce the results about regularity of [, on 92 from corresponding
results on M.

5. Geometry on M;

Recall that Z; = X +iX,,+; where {X;, X4} are real vector fields on M; and
satisfy the bracket generating condition. By Chow’s theorem [16], given A, B €
M, there exists a piecewise C! curve « : [0,1] — M; such that v(0) = A and
~(1) = B, and such that for s € [0,1]:

Y(s) = () X;(7(5)) + anp; () Xng (7(s))-

As we know, for j =1,...,n,
40
X; = 8—% +mjl'n+j(l'? +x?+n)mj 15,
X .—L_ . ,(2+2 )mj—l_
n+j — 8$n+g myri\Ty Ljtn ot’
Then

1 i — 2 — 2
H= 3 [(é’j + Mg (2 + 25,,)"70)" + (Eng — mya;(aF +23,,)™ 1) }

is the Hamiltonian function of the sub-Laplacian on the cotangent bundle 7M.
A bicharacteristic curve (z;(s), Tn+;(5),t(s), &ant4(s),0(s)) € T* M, is a solution
of the Hamilton’s system:

t(s) = H97 0(3) = 7Ht7 :L'J(S) = H£j7 gj(s) = 7H1j7 én+j(s) = 7Hzn+ja

with boundary conditions,

0 0
10) =10, ;0 =2\, 2,500 =),
t(T) = ta € (T) =Ty, l’n_t,_j(T) = Tn+j-

The projection (z;(s), xn4;(s),t(s)) of the bicharacteristic curve on M; is a geo-
desic.

By results of Calin, Chang and Greiner [5,6,8], there are finitely many geo-
desic that join the origin to (z;,t;) < z; # 0. In particular, there is only one geo-
desic connecting the point (z;,0) and the origin. These geodesics are parametrized
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by the solution 6 of

o 2'771.]
it - 9 0(sz DO n i1 (v)dv

|z;]2m pi(0) =
j

(5.1)

2m; — 1 g
J sin 2mj —1 (6)

If 0 < 6y < --- < Oy are the solutions of (5.1) (see [2,3,7,8]), there are exactly N
geodesics, and their lengths are given by

@2 = v (00) (18] + |2;*™), k=1,...,N

where
. _2mj—2 2m;
[ 0(sz DO gin ™ 2m =1 (U)dv}
Vj(e) = . 2m; .
w2 (14 iy (6)) sin ™57 ((2m; — 1)9)
If |zj| = 0, then there are uncountably infinitely many geodesics join the
origin to a point (0, t;). Their lengths are dgj),d(;), ..., where
. k 2m;—1 ) [2m;
d9y2m; _ ( ) ts
e -l

where the constants M and @ expressed in terms of beta function B:

11 dm;—1 1
M:B(i,—), :23(37,—).
dm; — 2’2 @ dm; — 22

In order to do analysis on M, we combine the ideas in [8], [28] and [30] to quantize
the Carnot-Carathéodory distance. Define d; on M, as follows:

d;(p,q) = inf {length(y): v horizontal, «:[0,1] — M;, v(0) =p, (1) = q}

where

1

tength(1) = [ /las (&) + fanss(o)ds.

0
The corresponding non-isotropic ball is
Bj(p,0) = {a € M; : dj(p,q) <5}
Write the commutator
(X5, Xnt] = X (P)T + a;(p) X + an+j(P) Xn+j-

For k > 2 set

M) = Y XarXa X)),

ar+-+a<k—2
where X, = Xj or Xpppj, 0 =1,..., ¢ Set

Aj(p,0) = AT ()",
k=2
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Now it is easy to see that there are constants C;, Cy depending only on m; so
that for p € M; and § > 0

C16%A;j(p.d) < | B;(p,8)| < C20°A(p, 9).

Note that for 6 > 0, 6 — A;(p,d) is a monotone increasing function. Hence there
is a unique inverse function o;(p, ) such that for § > 0 :

Aj(p,oj(p,6)) = o;(p, Aj(p,0)) = 0.

‘We have
= {/A;(p)
oi(p.0) =Y 5i :
k=2 F

For every 0 < 6§ < 1, every p € M, we have
1
67 < o;(p,8) < C5™

and for every 0 < X < 1, there are constants C7, Cy depending only on m; so that
forpe Mj and § >0

This allows us to define a pseudometric on M as follows. For p,q € M,

de(p,q) = inf {5 > 0 : 3 piecewise curve C! v:[0,1] — M,~(0) = p, v(1) =g,

n

Y(8) =D (a;()X; + any;(8)Xnps), la;(s),

j=1
@t ()| < 05 (p,), de(p.q) < 8}

Here d.(p, q) is the Euclidean distance between p and g.

6. Fundamental solution for operators [];

We shall construct the fundamental solution for the Kohn-Laplacian on M; (see
Beals-Gaveau-Greiner [2] and Chang-Greiner [11]). Tt reduces to consider the fol-
lowing operator:

A = — %(zmzm _ %)\[Z,Z]

)

0” om—20 (0 9 o) 1am—2 0° 2y 2zm—2 0
_ . m—2 Y T N m—2"Y - A m—2 Y
5o A g (2~ 7gs) - YR g AP
where
0 0 - 0 0
Z=—+imz|z"m V= Z= = —imz|z)PmD =

0z ot’ 0z ot’
with m € N and A ¢ I'. Here I' is an exceptional set. We need to calculate the
fundamental solution K ,, for the operator Ay ,,.
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We shall look for a K, in the form (see Beals-Gaveau-Greiner [2,3] and
Chang-Tie [13]):

oo E o0
K)\m:/ )‘(Z’w’T)V)‘(Z’w’T)def/ V)\d(log gm),
’ gm(z, W, t —8,7)

— 00 — 00

where g¢,,, is the action of the complex Hamiltonian problem which satisfies the
Hamilton-Jacobi equation

agm 1 2 2
-+ 5[(X59m)* + (Xarjgm)’] =0,
and F = f% is the associated energy, the first invariant of motion. The volume

element V), is the solution of a second-order transport equation
0
Axm(EXVA) + 7 [T(V/\) + (A/\,mgm)v)\} =0,

where

0
T= or + (ngm)Xj + (Xn-‘rjgm)Xn—i-j

is the differentiation along the bicharacteristics.
Theorem 6.1. For —1 < Re(\) < 1, the fundamental solution Ky ., for the sub-
Laplacian Ay ., has the following closed form:

1 F)\,m

K)\,m(zawvt - S) = CAma2 AA-N/2 AQ+N) /20

(6.1)

where )
A= 3 (|z|2m + |w|2m +i(t— s)) .
and
F(1A>F<1+)\)F>\m
2 2 ’
U [l = )] R (1 — )] 1= (s0) 5 PP
B (e (e S B L P
o Jo (1—738ﬁ)(1—730'ﬁ) 1*50‘7)‘7“
with

V22w :
P _ 7% ) Zf w % 0
0, if w=0.
Remark 6.2. We can show that [P| <land P =1 < (z,¢t) = (w, s). Hence, Ky,
has a unique singularity at (w, s). Moreover, one can show that

Cd(p7q)2
K,m P, q SJ—
BP0l < 15 ]

Hence Ky, € Li, . (R3) and
Ay mEKxm =0(z,w,t —s).

From Theorem 6.1, we obtain the fundamental solution for the operator A ,,
as a corollary.
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Corollary 6.1. Assume (z,t) # (w, s). Then the fundamental solution Ko, for the
sub-Laplacian Ag ., has the following closed form:

1m—1

KOmZ4m7r5|A‘/ / H 1—6 m

dsdo
s(1—s)o(1 —0)(1 —Psw)(1—Pom)

In particular, when m = 1, one has

PP(so) )

Ko

1 /1 ds /1 do
CAmdlAl Sy /s(1—s)(1—Ps) Jo \/o(1—0)(1 —Po)
1

1
2

:%[|z—w|4+ (t—s—l—QIm(z-u’)))ﬂ

This coincides with the Folland-Stein formula (2.7) for ¢ = %.
When m = 2, one has
Koo(z,w,t —s) = ﬁ + 27:—211 log[h(P,P)],
where
d= \/|z2 —wt+ (t—s+ QIm(22w2))2
and

11— P —i(P+P)

hP,P) = 1+ |P|?

This recovers a result of Greiner [22].

7. Kernel K ,, and projection operators

If [Re(A)] > 1 = the integral in formula (6.1) will be divergent. However, we may
consider analytic continuation in A. In fact,

Theorem 7.1. The function Ky ., has a meromorphic extension in A\ with simple
pole at the exception set I':
2k
F:{i (E+1+%)’ k=0,1,...,m—1, £ez+}.
IfFAXET, Kxm € CY(M; x M;\T) and
Ax mEKxm =0(z,w,t —s).

The limiting case A — =£1 can be evaluated by a residue calculation: for
m > 1,

Koot =)= gl hon g + 5 s (1)

P s emi 1 (1—em ’P‘z>}
_ _ oo [ —— 1= 1
1*734117625:7) g 1_e TE

(7.1)
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For m = 1, we recover the formula (3.1) of Griener and Stein [23]. As we mentioned
before,

A171K171(z,w,t — 8) =1—- Sl.

where S; is the Cauchy-Szegd projection.
On M, the operator

1, - = 1.
Apm=—=(ZZ+22)-=Z,Z
1,m 2( + ) 2[ ’ ]
- 27
which is not solvable in general. However, from (7.1), one has
A1,mI(1,m =1-T

where T is a projection operator, see, e.g., Christ [17], Fefferman-Kohn [19], and
Chang-Nagel-Stein [14]. In general, T; # S; (except m = 1).
However, one can show T; = T1S;. It follows that

Ay K1 (I —S1)=I—-T1)({—-S1)=1-8;.
Using (7.1) again, one has
Theorem 7.2. Let
K; = ker(K1,m(I — S1)) = K1,n — ker(K1,,S1)

1 1 A1
= _{— 1 - _ ] 1— 2m
47r2mA{1—7> 08 3+ 15 losl —IPI™)

! do
- mp/ (=PI - am|7>|2m) J

mp2m oy —
x{l % wer )?} rdrds’
A Adw,s)
Then
Al,m/@- =0(z,w,t —s) —S1(z,w,t — s).
Here
1
Ay = 5 (2P + P + it = ),
1 m m
Ay = 5 (Il + [/ + i(s = ).
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8. Descent to M

The operator

K=K @Ks
on M turns out to be a product-type singular integral on M7 x Ms. Using results
on M, we have

K(z,w,t) = - K(z,w,Q)d¢ = (K)(z,w,1),

where dg is the volume element on the surface

() ={¢= (¢, G) s G+ =t].
It is easy to check that IC is the relative fundamental solutions for [ = [y + Oy
in the sense that

KO=0OK=I-S1®S,=1-S.
Here S = S; ® Ss is the orthogonal projection onto the intersection of the null

spaces of the operators {{J;,2}, which is the same as the projection onto the null
space of the operator

0= 7(Z121 —+ ZQZQ) =0y + Os.

Since [ is translation invariant along the missing direction ¢, we may take partial
Fourier transform of [J with respect to that variable:

fzw,7) = %/Re_mf(z,w,t)dt.

The support of the partial Fourier transform of distribution kernel S; of the pro-
jection operator S; is supported where 7 > 0. Similarly, the support of the partial
Fourier transform of distribution kernel Sy of the projection operator Sy is sup-
ported where 7 < 0. Therefore, when 1 < ¢ <n — 1, we may invert [J. But when
q =0 and g = n, we need to invert [J in the orthogonal complements of S; or Ss.
Summarizing, we have the following theorem.

Theorem 8.1. Let ¥ = {(j1,...,Jq) : Jj1 <+ <jg 1 <js<mn, 1 <{L<gq}. For
each of the q!(n”—iq)! possible operator Oy with J € ¥,, we construct a distribution

Ky on M x M so that if Kj denotes the linear operator
(Kslel, vy = (Kj,p @),
for ¢, ¥ € C§°(M). Then
I1-Sy, ifJedy

K,0,=0,K;, =11, ifJed, 1<qg<n-1
I1-S,, ifJed,.
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Let us consider again the model domain in C3:
M = {(z1,22,23) : Im(z3) = |21|*™ + [22|*"2}.
With Z; = 2(X; + iX24;), we can construct

1
Zmg

ds =~ |z1] + [z2] + [t

the “control metric” defined by the sub-Laplacian X7 + X2 + X3 + X?2.
However, there is another natural which reflects the “flatness” of the bound-
ary in different complex directions, the “Szegd metric”:

B a7 [P
Note that if m; < mo,
ds(0,p) = |z1] + |z2| ™% + |t]7= 2 dx (0, p)

ds controls the orthogonal projection on the null-space of the operator (2121 +
Z5Z5). Some mixture of dy and dg arises in the fundamental solution of the op-
erator

Op = — (Z121 + Z2Z5) =0y + Oy

2
L 1, . 1.,
> (ZuZi+ ZiuZi) - 5121 21 + 5[ %2, Z).
k=1

1
2
Theorem 8.2. For all J € ¥, the distribution K satisfies the following size esti-

mates: let G,La’“l be a derivative of order |ay| made up of the vector fields Zi, and Zj,
in which each acts in either the variables p; or q;. Then for all ax = (o, ..., ag,,)
there is a constant Cy, such that

IICRY)

k=1

[Tie: ok(p.ds(p,q))]
|Bs(p,ds(p,q))|

< 1 [otv.dste. )™ + st )] ™
k=1

[TTr_1 ok(p,ds(p. q))] }

2
log {2 * ds(p, q)

o

The log term cannot be removed.

This phenomena was first discovered by Machedon [27]. In fact, Derridj [18]
has already shown that maximal hypoelliptic estimates are possible only if the
eigenvalues of the Levi form degenerate at the same rate. Therefore, analysis on a
domain like = {(z1, 22, 23) € C?: Im(z3) > |21|* + |22|*} is easier than analysis
on a domain like Q = {(21,22,23) € C> : Im(z3) > |21|> + |22]*}. Readers can
also read a survey article by Chang and Fefferman [10] for detailed discussion.
Moreover, mixed typed homogeneities singular integrals have already seen when
we study the Henkin solution for inhomogeneous equation. Sharp estimates for
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singular integral with kernels like Ej, H, which arise from d-Neumann on strongly
pseudo-convex domains was obtained by Phong and Stein [33], [34]. Here Ej is a
kernel with Euclidean homogeneity of degree —k and Hy is a kernel with Heisenberg
homogeneity of degree —¢. It takes sometime for mathematicians to understand
this puzzle when 0€) is a decoupled domain of finite type. However, unlike LP
estimates, it is easier to obtain Holder estimates for the kernel ;. We have the
following theorems.

Theorem 8.3. Let m = maxi<j<,{m;} be the largest of the degrees of the polyno-
mials P;. (This is the “type” of the boundary M.) Assume m > 2, and suppose
that f is a function bounded and supp(f) C Bs(p,1) C M where Bg(p,1) is the
unit ball induced by the Szegd metric centered at the point p. Then for all J € Y,
there is a constant Cy such that if ¢ € Bs(p,10~) C M, the fundamental solution
K satisfies

1
m

Ki(f)p+aq)+Ks(f)p—q) —2K;(f)(p)| < Cilg

forpe M.
In particular, when m =1, i.e., M is strongly pseudo-convex, one has

Theorem 8.4. Suppose that f is a bounded function and supp(f) C Bs(p,1) C M.
Then there is a constant C; such that if ¢ € Bs(p,1071), one has

K@+ + KD - a) = 2K )] < C[ 305, 1a)?] = Clal

9. Flag singular integral operators

There is a fundamental issue that arises at this point. Operator like K is not
pseudo-local, because as product-like operators their kernels have singularities on
the products of the diagonals of the M}, and not just on the diagonal of M. Asa
result the projection K; = (IEJ)b of such operator on M is thus in general again
not pseudo-local.

We need to obtain the appropriate differential inequalities and cancellation
properties satisfied by the kernels of K;, J € ¢ away from diagonal. This leads to
a new research direction: flag singular integral operators.

Let

RY =R™ x ... x R™",

each of which is homogeneous under a given family of possible non-isotropic dila-
tions. We denote the elements z € RY by n-tuples z = (z1, ..., ,) with z; € R™J.
On each R™ we can choose coordinates x; = (le, e ,x;nj) so that the dilation
by 6 > 0 is given by

o (sAba AT my
5.%*(5;%’,,,,5] z; )
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We denote by Q; = > 1, )\k the homogeneous dimension of R™ and |z;| a

. m; . .. .
smooth homogeneous norm on R™. If o; = (ajl, .., ”7) is a multi-index with

m; components, we denote its weighted length by |a;| = 37, Arak.

A k-normalized bump function on a space R™ is a C* functlon supported on
the unit ball with C¥-norm bounded by 1

Definition 9.1. A flag (or filtration) in RY is a family of subspaces
0=VWCcWVicC-CV,1 CV,=R".
For each j let W; be a complementary subspace V;_1 in V}, i.e.,
Vi=V,_.1 0 W;.
The family {W;} is called a gradation associated to the filtration {V;}.

Definition 9.2. A flag kernel, relative to the flag {V;}, is a distribution K on RY
which coincides with a C'"*° function away from the coordinate subspace =, = 0
and which satisfies:

(1) Differential inequalities: For each
a=(a,...,a,) € (Z4)"

there is a constant C,, so that

og1 -0 K (o)

—Q1—|au| —Qn_1—|an_1]

<Ca(lor| ++++ + [l x oo (Jna] + 2l
for z,, # 0.

(2) Cancellation conditions: These are defined induction on n.

|xn|_Qn—|0¢n|

(a) For n = 1, given any normalized bump function ¢ and any scaling
parameter R > 0, the quantity

/ K (2)$(Rx)dx

is bounded uniformly on ¢ and R;

(b) for n > 1, given any j € {1,...,n}, any normalized bump function ¢
on W;, and any scaling parameter R > 0, the distribution

Kdg’R(.Il,..., j /K ij dl‘j
is a flag kernel on @k;ﬁj Wy, adapted to the flag

0OCcwic--- Wk COLEL o Wi C v C Osjohms We
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Here are two examples of flag singular integrals.

Example 1. K; is the distribution given by integration against the function
1
z(x + 1y)

on the set where x # 0, and defined as a principal value integral.

Ki(z,y) =

Example 2. K> is defined in a similar way:

1
Ko(z,y) = P.V.—X(E), away from y # 0.
xyx

Here x is an even function with compact support.

10. Littlewood-Paley square function associated
with flag singular integrals

Let ¢! € C°(R™™) and 92 € C§°(R™) which satisfying

[P G ELE)f =1 v @e) R {0,0),

S|P =1 v cerm\ (0}
k
and the moment conditions
/ a2y ! (x, y)dwdy = / 2P?(2)dz =0
Rn+m m

for all multiindices «, 3, and ~.
Denote

W (w,y) = Pz, y — 2)9?(2)dz.

R’V'L
For f € LP, 1 < p < oo, the Littlewood-Paley square function gr(f) is

defined by
95 (£)(@,y) {szk*f z)’}

where 1/1] (@ y) = (ng,2k1/)b)(x,y). Here
(750,6,0") (w,y) = 677705 [ (01, 61y — 2))0% (622)dz.
R’V'L
Theorem 10.1. There are constants C; and Cs such that for 1 < p < oo,

Cillfllee < llge(HllLe < Col[f]lLe-

The following theorem was first proved by Nagel, Ricci and Stein [29] for LP,
1 < p < 0. Using Littlewood-Paley square functions, the result can be extended
to HP for 0 < p < o0.
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Theorem 10.2. Suppose that T is a flag singular integral operator defined on R™ x
R™ with the flag kernel

Kb(x,y): k(xayfzwz)d'z’
RWL

where the product kernel K satisfies the conditions in Definition 9.2. Then T is
bounded on LP for 1 < p < co. Moreover, there exists a constant C' such that for
fELP,1<p< oo,

IT(Hllee < ClIfl|Le-

11. HP theory associated with flag singular integrals

In this section, we just give a rough introduction to HP theory associated with
flag singular integral operators (see Han [24]). Detailed discussion will appear
elsewhere. It is well known that when 0 < p < 1, HP is a class of distributions
satisfying certain criterion. Hence we first need to introduce suitable test function
space on R™T™ x R™,

Definition 11.1. A Schwartz test function p(z,y, z) defined on R™ x R™ x R™ is
said to be a test function of product type on R**™ x R™ if

/ o(x,y, 2)z"y dudy = / p(x,y,2)27dz =0
R" x R™ m
for all multiindices «, 3, and v of nonnegative integers.

We denote Soo (R™T™ x R™) the set of all product Schwartz test functions.
Definition 11.2. A function ¢’ (z, y) defined on R™ x R™ is said to be a text function
in Sp(R™ x R™) if there exists a function ¢ € Soo (R™T™ x R™) such that

P = [ play -z (L)

If ¢* € Sp(R™ x R™), then the norm of ¢” is defined by
H‘PbHSF(Ranm) = inf {||¢|ls_ rn+mxrm) : V representations of ¢ in (11.1)}.

We denote by (Sp(R"™ x R™))’ the dual space of Sp(R™ x R™).

Since the functions ; constructed above belong to Sp(R™ x R™), so
the Littlewood-Paley square function gr can be defined for all distributions in
(Sp(R™ x R™))'.

Definition 11.3.
HY, = {f € (Sr(R* x R™)Y : gp(f) € LP(R™F™)}.
The norm of f is defined by

[f g, = lgr ()l -
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A question. Does the definition of H%. depend on the choice of functions ; x?
Moreover, one needs to discretize the norm of H%. We have

(1) to prove a Calderén reproducing formula,
(2) to prove a Plancherel-Polya inequality.

However, we are dealing with non-convolution operators here. So we need to de-
velop a local theory for Hardy spaces. Using the <p?-’ » Which was constructed above,

one has
= Z Z@?k * W?‘,k * f(2,y).
ik

The series converges in the norm of Sp and in the dual space (Sp)’.
We have the following Plancherel-Polya inequality.

Theorem 11.1. Suppose ¥, ¢! € C°(R™™) and 2, ¢* € C*(R™) and satisfy
the conditions

SRS -1 v @ erm oo,
EZW%gﬁ =1 V (eR™\{0}

EZMlﬁ’& o1V @8 e R (0,00,

S|@6n| =1 v cerm\ o
k
Define

W(%y) = 1/’1($,y—2)¢2(z)d2,

Rm

O (x,y) = [ o'z, y— 2)d>(2)dz.

R’V'L
Then for f € (Sr) and 0 < p < 0,

HEZESE sw e s} ],

j |

HESES it [ rwoPanne)
J

Lr

where
’l/);’k(l', y) :(7_21,2" l/fb) (.T, y)7
(b?',k:(m, y) :(7—23,2’C ¢b) (.T, y)?
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I and J are cubes in R™ and R™ with side length 277—N and 2=*—N 4 2=i—N
for large integer N. Here x1 and xj are the characteristic functions of I and J,
respectively.

As a consequence of the Plancherel-Polya inequality, it is easy to see that the
Hardy space HY, is well defined.

Using the Plancherel-Polya inequality, we can prove the boundedness of flag
singular integrals on H%.

Theorem 11.2. Suppose that T is a flag singular integral with the kernel K(x,y)
satisfying the same conditions as in Theorem 10.2. Then T is bounded on hY, for
Pm < p < 1. Here p,, is an index depending on the type m. Moreover, there exists
a constant C such that for 0 <p <1,

IT(H)llnz, < Cll fllne -

Theorem 11.3. There is an operator K so that, when it is applied to smooth func-
tions with compact support, there is the identity

KO, =0, K=(0O; +0;)K =1.
Moreover,
1. The four operators
772K = 1K, ZyZ,K = K,
and
2K, ZyZ:K
are bounded on LY (09Q) for 1 < p < oo, k € Zy and hl.(9Q) for pm <p < 1.
Here p,, is an index depending on the type m of the domain;

2. Let By and Bs be bounded functions on 092 and suppose there are constants
C1, Cs so that

/\1(21)31(2,75) S Cl)\Q(ZQ);
/\2(2’2)32(2’,75) S 02)\1(21).
Then the two operators
B1Z,:Z,:K = BiO1K, ByZ,7Z,K = B[, K
are bounded on LY (99Q) for 1 < p < oo, k € Zy and h%,(0Q) for pm <p < 1.
Here M (z1) = |21\2(m1_1), A2(z2) = |22|2(m2_1) are the eigenvalues of the
Levi form;

3. Let By and Bs be bounded functions on 092 and suppose there are constants
C1, Cs so that

Bi(z,t) < C1A2(z2); Ba(z,t) < CaAi(z1).
Then the two operators
BiZ1 71K, ByZsZsK
are bounded on LY (09Q) for 1 < p < oo, k € Zy and h,(0Q) for pm <p < 1;
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4. K maps L>=(09Q) to the isotropic Lipschitz space A, (0S2), where
(s
a=min{ —,— ¢.
mi Mo
This theorem shows the fundamental solution K = (K, Ka3) of [0, will not
gain two in all horizontal directions. However, the Kohn solution
u=hK($) = ~Z1Ki(¢1) — ZoKa(p2) = —~Z1Ki(d1) — Z2Ki(¢2)

for the inhomogeneous tangential Cauchy-Riemann equation dyu = ¢ = ¢10; +
Pows is well defined in LP. But, it will not gain one in all horizontal directions.

12. Further results

1. Using the method we mentioned above, construct the “fundamental solution”
N for the d-Neumann problem.

2. Obtain possible “sharp” LP and Lipschitz estimates for the Neumann oper-
ator N.

3. Obtain the Heikin-Skoda estimate:

19Ny < C(M Lo + SN2 ol o)
j=1

Then use this estimate to characterize zero sets of functions in Nevanlinna
class:

e>0

N @) = {7 e @)« sup /:E log* | /(2)|do (=) < o0 ).
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Numerical Scheme for
Laplacian Growth Models Based on
the Helmholtz—Kirchhoff Method

A.S. Demidov and J.-P. Lohéac

Abstract. The Helmholtz—Kirchhoff method is an efficient tool for analysing
bi-dimensional problems in fluid mechanics. It especially allows to transform
a free boundary problem in a fixed boundary problem by introducing a con-
venient parametrization of the free boundary.

In this paper, it will be shown how it also leads to build numerical
schemes. The case of Hele-Shaw flows will be especially studied.

Mathematics Subject Classification (2000). 76D27, 45K05, 65E05.

Keywords. Hele-Shaw flows, free boundary problems, integro-differential equa-
tions.

1. Hele-Shaw problems

The core of the Hele-Shaw device is a blob of fluid moving between two glass
plates. We are interested in the motion of such a blob when fluid is injected or
sucked between the plates. The air which surrounds the blob is another fluid with
negligible viscosity. In 1934, L.S. Leibenson gave a simplified mathematical model
for this problem when the source of the flow is punctual.

We here consider a class of free boundary problems derived from this so-called
Stokes-Leibenson problem.

Let ©Qy C R? be a bounded simply connected domain such that its boundary
Iy is smooth enough. This domain will be deformed according to the following
law: at time ¢, we obtain a domain ; =  of boundary I'y = I' such that the
normal velocity of each point s € I is given by the following kinetic condition,

s.v=0u, (1.1)
where u is the solution of some Laplace problem.

Above we denote by v the normal unit outwards vector at s € I' and by d,u
the normal derivative of u at this point. We will consider three cases (see Fig. 1).
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T T T

(1.1) (1.2) (1.3)

FIGURE 1. The three considered cases: (1.1) punctual source, (1.2) dis-
tributed internal source, (1.3) distributed boundary source

1.1. Punctual source

Here u is the solution of the following problem,

Au=qi, in Q,
{u:O, on I', (1.2)

where 6 is the Dirac distribution at some point O € 4 and g represents the power
of the source.

Observe that by an elementary computation, one can obtain the increasing
rate of the fluid domain :

/S.Vd(r:/ayudcf:q.
r r

1.2. Distributed internal source

In this case, u satisfies

Au=f, in Q,
{u:O, on I'. (1.3)

Here, the support of the right-hand side f is contained in an open set w such that
w C Q.
As well as above, the increasing rate of the fluid domain 2 can be computed

/é.l/da:/ayuda:/fdx.
N r w

1.3. Distributed boundary source

Here, u satisfies

Au =0, in Q,
—ou=g, on -, (1.4)
u=0, on I',

and we can write

/é.l/da:/&,uda:/gda.
r r ¥
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2. Helmholtz—Kirchhoff method

In each case, we consider u as an harmonic function on some subdomain Q' of €
and we introduce its harmonically conjugate function v. At every point of ', level
curves of u and v are orthogonal.

Let us set: z = 4+ 1y and: w = u + w. the function z — w is analytic and
univalent from €’ onto a fixed domain II C C.

In Fig. 2, 3, 4, we construct a way composed of level curves of u and v in €/
and its image in II.

FIGURE 2. The case of a punctual source: Q' = Q\ {O} and II =
(—00,0) x (0,q), when ¢ > 0.

FIGURE 3. The case of an internal distributed source: ' = Q\ @ and
IT C (—00,0) x (0, [, fdx), when [ fdx > 0.

<

FIGURE 4. The case of a boundary distributed source: ' =  and
IT C (—00,0) X (O,fﬂ/gda), when fﬁ/gdo > 0.
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Now, in order to simplify, we assume that

e there is a constant axis of symmetry,
e the increasing rate of the fluid domain is 2.

Then we can only consider the “upper” part of the fluid domain and we can choose
v so that

v(t,z,0) =0, if x>0, v(t,z,0) =1, if 2 <0.

FIGURE 5. The upper part of the domain in the three above cases.

The corresponding domain ITT is a simply connected subset of (—oo,0) x (0,1)
and the boundary of II'* contains {0} x (0, 1), which corresponds to I'*.

Since I't is a part of a level curve of u, it can be parametrized by the value of v
at each point. In Fig. 6, we show an example of computed level curves of v and v
(this has been obtained by using a finite elements method).

FIGURE 6. Case of an uncentered source in a circular domain: level
curves of u (left) and v (right).

Then we can define the Helmholtz—Kirchhoff function [1]:
A+:1B=1In % ,
ow

where A and B are harmonically conjugate real functions. We can write

(A+B)(t,w) = ag(t) + 7w + Y _ Br(t) exp(kmw)
k=1
and define

a(t,n) = A(t,0,n),  b(t,n) = B(t,0,n).
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This leads to a parametrization of I'",
n
s(t,n) = so(t) —|—/ exp(a(t,v)) T(t,v)dv, with 0<n<1,
0

where 7 is the tangential unit vector at some point of the moving upper boundary
't (see Fig. 7). Since a and b are linked by a Hilbert-type transform, the main
unknown of our problem becomes the function b which represents the orientation
of normal unit vector v.

—_— - - = ==lg

v = 1 V= 0
FIGURE 7. Parametrization of I't, unit vectors v and 7.

If T is regular enough, then we can write, for ¢ > 0 and 5 € [0, 1],

(e*Oyb) (t,m) = (e~ " dya) (t,n) + Opb(t,n) /0?7 (e* Bra — e Opb) (t,v) dv.

In other words, we can say that function 3 such that 3(t,n) = b(t,n) — mn, satisfies
an integro-differential equation

2(t + to) [K(B) 03] (¢, n) = [F(B)](E,m) (2.1)

where ty > 0 depends on the measure of the initial domain .
This especially leads to prove existence and uniqueness results and qualitative
results in some cases of Hele-Shaw flows with a punctual source [2, 3].

3. Numerical model

Our main idea is to restrict above computation to the case of some class of poly-
gonal domains [4].

Hence let us consider the class P,, (m € N*) of simply connected polygonal
domains such that

e cach of these domains is symmetric with respect to the x-axis and contains
the source region,

e its boundary, which we call the “quasi-contour”, is a polygonal line with
2m + 1 vertices,
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e one vertex belongs to the positive part of the z-axis.

We will compute the behavior of such domains by applying some discrete law
inspired by the law of motion of smooth curves in the classical Stokes-Leibenson
problem.

For instance, in the case of a punctual source, we obtain the approximated
problem:

Let Q" in P, be some “approximation” of g and I'j* = 00"

For t > 0, find Q™ = Q" in P, and its boundary I'* = 0Q2™ such that every
vertex p € ['"™ verifies the punctual kinetic law

pup) = | dplVuldy, (3.1)

with

Au =26, in Q™
{u =0, on I'™. (3.2)
As above, we introduce v harmonically conjugate function of v and we use it to
get a convenient parametrization of '™,

In Fig. 8, we show an example of computed level curves of u and v for some

polygonal domain.

(i

FIGURE 8. Case of an uncentered source in a pentagonal domain (m =
2): level curves of u (left) and v (right).

Here, the unknown function b is piecewise constant and can be represented by the
finite sequence N of the orientations of the m normal unit vectors with respect to
each edge of I,

An explicit computation of terms of integro-differential equation (2.1) leads to
2(t +to) [QIN)N](t) = [P(N)](t), (3.3)

where Q(N) is a m x m-matrix and P(N) belongs to R™.

Then, using initial data, we can perform an explicit Euler scheme for (3.3).

We only present here two examples of computed evolution of quasi-contours:
in Fig. 9, the computed evolution of a pentagonal quasi-contour (m = 2) and in
Fig. 10, the computed evolution of a polygonal quasi-contour (m = 4).

In addition, we have got for Hele-Shaw flows with a punctual source the
existence of an attractive manifold in the space of quasi-contours. In the case of a
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= === ==

FIGURE 9. An increasing pentagonal quasi-contour: initial shape (cen-
ter) and shapes at time 1, 2, 3 (dot-lines), 4.

FIGURE 10. An increasing polygonal quasi-contour (m = 4): initial
shape (center) and shapes at time 1, 2, 3 (dot-lines), 4.

sink, we have to reverse the time-scale. This manifold becomes repulsive and this
can explain some fingering phenomenons [4].

For the source case, it has been proved in [2, 3] that the limit of the contour
when time tends to oo is a circle centered at the source point. Here we obtain in our
numerical experiments a similar property: for a fixed m, the quasi-contour tends
to a regular polygonal contour centered at the source point when time increases.
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In the other hand, the nature of our discrete model does not allow to confirm
the property proved in [6] showing that the free boundary becomes instantaneously
smooth.

References

[1] A.S. Demidov, Some Applications of the Helmholtz—Kirchhoff Method. (Equilibrium
Plasma in Tokamaks, Hele-Shaw Flow, and High-Frequency Asymptotics). Russian
J. Math. Ph. V. 7, No. 2, 166-186 (2000).

[2] A.S. Demidov, Evolution of a perturbation of a circle in a problem for Hele-Shaw
flows. Journ. of Math. Sciences 123, No. 8, 43814403 (2004).

[3] A.S. Demidov, Evolution of a perturbation of a circle in a problem for Hele-Shaw
flows. Part II. Journ. of Math. Sciences 139, No. 6, 70647078 (2006).

[4] A.S. Demidov, J.-P. Lohéac, The Stokes—Leibenson Problem for Hele-Shaw Flows.
Patterns and Waves (Eds. A. Abramian, S. Vakulenko, V. Volpert) Saint-Petersburg,
103-124 (2003).

[5] A.S.Demidov, J.-P. Lohéac, Simulation numérique de phénoménes de digitation dans
des écoulements de Hele-Shaw (in progress).

[6] J.R. King, J.R. Lacey, A.A. Vazquez, Persistence of corners in free boundaries in
Hele-Shaw flow. Europ. J. Appl. Math. 6 (5), 455-490 (2006).

A.S. Demidov

Moscow State University,

Department of Mechanics and Mathematics,
Leninski gory

Moscow, 119992, Russia

e-mail: alexandre.demidov@mtu-net.ru

J.-P. Lohéac

Université de Lyon

Ecole centrale de Lyon

Institut Camille-Jordan

36 avenue Guy-de-Collongue

69134 Ecully Cedex, France

e-mail: Jean-Pierre.Loheac@ec-lyon.fr



Analysis and Mathematical Physics

Trends in Mathematics, 115-129
(© 2009 Birkh&auser Verlag Basel/Switzerland

Gravitational Lensing by Elliptical Galaxies,
and the Schwarz Function

C.D. Fassnacht, C.R. Keeton and D. Khavinson

Abstract. We discuss gravitational lensing by elliptical galaxies with some
particular mass distributions. Using simple techniques from the theory of
quadrature domains and the Schwarz function (cf. [18]) we show that when
the mass density is constant on confocal ellipses, the total number of lensed
images of a point source cannot exceed 5 (4 bright images and 1 dim image).
Also, using the Dive—Nikliborc converse of the celebrated Newton’s theorem
concerning the potentials of ellipsoids, we show that “Einstein rings” must
always be either circles (in the absence of a tidal shear), or ellipses.

1. Basics of gravitational lensing

Imagine n co-planar point-masses (e.g., condensed galaxies, stars, black holes) that
lie in one plane, the lens plane. Consider a point light source S (a star, a quasar,
etc.) in a plane (a source plane) parallel to the lens plane and perpendicular to the
line of sight from the observer, so that the lens plane is between the observer and
the light source. Due to deflection of light by masses multiple images Si, 53, ... of
the source may form (cf. Fig. 1). Fig. 2 and Fig. 3 illustrate some further aspects
of the lensing phenomenon.

2. Lens equation

In this section we are still assuming that our lens consists of n point masses.
Suppose that the light source is located in the position w (a complex number) in
the source plane. Then, the lensed image is located at z in the source plane while
the masses of the lens L are located at the positions z;, 7 = 1,...,n in the lens

The third author gratefully acknowledges partial support from the National Science Foundation
under the grant DMS-0701873. The first and third authors are also grateful to Kavli Institute of
Theoretical Physics for the partial support of their visit there in 10/2006 under the NSF grant
PHY05-51164.
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F1GURE 1. The lens L located between source S and observer O pro-
duces two images S1, Sz of the source S.
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FIGURE 2. Lensing of a galaxy by a cluster of galaxies; the blue spots are
all images of a single galaxy located behind the huge cluster of galaxies.
(Credit: NASA, W.N. Colley (Princeton), E. Turner (Princeton) and
J.A. Tyson (AT&T and Bell Labs).)

plane. The following simple equation, obtained by combining Fermat’s Principle
of Geometric Optics together with basic equations of General Relativity, connects
then the positions of the lensed images, the source and the positions of the masses
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FiGure 3. The bluish bright spots are the lensed images of a quasar
(i.e., a quasi-stellar object) behind a bright galaxy in the center. There
are 5 images (4 bright + 1 dim), but one cannot really see the dim image
in this figure. (Credit: ESA, NASA, K. Sharon (Tel Aviv University) and
E. Ofek (Caltech).)

which cause the lensing effect

n

_ 9j

1

where o; are some physical (real) constants. For more details on the derivation
and history of the lensing equation (2.1) we refer the reader to [19], [12], [14], [21].
Sometimes, to include the effect caused by an extra (“tidal”) gravitational pull by
an object (such as a galaxy) far away from the lens masses, the right-hand side of
(2.1) includes an extra linear term ~Zz, thus becoming

n

w:zfz 97 — vz, (2.2)

1 Z—Zj

where 7 is a real constant. The right-hand side of (2.1) or (2.2) is called the lensing
map. The number of solutions z of (2.1) (or (2.2)) is precisely the number of images

7 yz 4+, the lens

z2—2zj

of the source w generated by the lens L. Letting r(z) = >

equations (2.1) and (2.2) become

z—r(z) =0, (2.3)

where 7(z) is a rational function with poles at z;, j = 1,...,n and infinity if v # 0.
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3. Historical remarks

The first calculations of the deflection angle by a point mass lens, based on New-
ton’s corpuscular theory of light and the Law of Gravity, go back to H. Cavendish
and J. Michel (1784), and P. Laplace (1796) — cf. [20]. J. Soldner (1804) — cf. [21]
is usually credited with the first published calculations of the deflection angle and,
accordingly, with that of the lensing effect. Since Soldner’s calculations were based
on Newtonian mechanics they were off by a factor of 2. A. Einstein is usually given
credit for calculating the lensing effect in the case of n = 1 (one mass lens) around
1933. Yet, some evidence has surfaced recently that he did some of these calcu-
lations earlier, around 1912 — cf. [17] and references therein. The recent outburst
of activity in the area of lensing is often attributed to dramatic improvements of
optics technology that make it possible to check many calculations and predictions
by direct visualization.

H. Witt [24] showed by a direct calculation that for n > 1 the maximum
number of observed images is < n2+4 1. Note that this estimate can also be derived
from the well-known Bezout theorem in algebraic geometry (cf. [3,8,9,22]). In [11]
S. Mao and A.O. Petters and H.J. Witt showed that the maximum possible number
of images produced by an n-lens is at least 3n+1. A.O. Petters in [13], using Morse’s
theory, obtained a number of estimates for the number of images produced by a
non-planar lens. S.H. Rhie [15] conjectured that the upper-bound for the number
of lensed images for an n-lens is 5n — 5. Moreover, she showed in [16] that this
bound is attained for every n > 1 and, hence, is sharp. Rhie’s conjecture was
proved in full in [8]. Namely, we have the following result.

Theorem 3.1. The number of lensed images by an n-mass, n > 1, planar lens
cannot exceed 5n— 5 and this bound is sharp [16]. Moreover, the number of images
is an even number when n is odd and odd where n is even.

The proof of the above result rests on some simple ideas from complex dy-
namics (cf. [9,10]).

4. “Thin” lenses with continuous mass distributions

If we replace point masses by a general, real-valued mass distribution u, a com-
pactly supported Borel measure in the lens plane, the lens equation with shear

(2.2) becomes
d
w:zf/_u—(Qf’yZ (4.1)
0zZ—(¢
Here 2 is a bounded domain containing the support of u. The case of the atomic

mn
measure f = ) 0;0,,, 0; € R is covered by Theorem 3.1. Also, as noted in (8],
1

if we replace n-point-masses by n non-overlapping radially symmetric masses, the
total number of images outside of the region occupied by n-masses is still 5n — 5
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when v = 0, and < 5n when v # 0. The reason for that, of course, is that the

Cauchy integral
/ du(C), bzl >R
C—zl<r Z =€

for any radially symmetric measure 4 = p (|¢ — z;|) is immediately calculated to
be equal =, where c is the total mass y of the disk {¢ :|¢ — zj| < R}, hence
reducing this new situation to the one treated in Theorem 3.1.

Here is another situation that can be treated with help from Theorem 3.1.

Recall that a simply-connected domain {2 is called a quadrature domain (of

order n) if © is obtained from the unit disk D := {z : |z| < 1} via a conformal
mapping ¢ that is a rational function of degree n, Q = p(ID). Of course, all poles
Bj, i =1,...,nof p will lie outside D. Then if, say, x is a uniform mass distribution

in , i.e., 4 = const dz dy, the Cauchy potential term in (4.1) for z ¢ Q becomes

"¢ 1
> m=e(3) (12)

j=1

where the coeflicients c; are determined by the quadrature formula associated with
Q (cf. [18] for details).

Hence, substituting (4.2) into (4.1) we again obtain that for such thin lens
Q with a uniform density distribution, the number of “bright” images outside §2
cannot exceed 5n — 5 when no shear is present, or 5n otherwise.

In this general context the only previously known (to the best of our knowl-
edge) result is the celebrated Burke’s theorem [2]:

Theorem 4.1. A (finite) number of images produced by a smooth mass distribution
w is always odd, provided that v =0 (no shear).

An elegant complex-analytic proof of Burke’s theorem can be found in [19].
The crux of the argument is this. Take w = 0 and let n4, n_ denote, respectively,
the number of sense-preserving and sense-reversing zeros of the lens map in (4.1)
(vy=0).

The argument principle applies to harmonic complex-valued functions in the
same way it does to analytic functions. Since the right-hand side of (4.1) behaves
like O(z) near oo, the argument principle then yields that 1 = ny — n_. Thus,
giving us the total number of zeros N :=n4 +n_ =2n_ 4 1, an odd number.

5. Ellipsoidal lens

Suppose the lens Q := {2_2 + g—z <l,a>b> O} is an ellipse. First assume the

mass density to be constant, say 1. Let ¢ : ¢ = a? — b? be the focal distance of €.
The lens equation (4.1) can be rewritten as

5 _ l/ dA(C) — vz =w, (5.1)

T Jo 2—C
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where dA denotes the area measure. Using complex Green’s formula (cf., e.g., [19]),
we can rewrite (5.1) for z € C\ Q as follows:

g G

211 a0 % — C
As is well known [18], the (analytic) Schwarz function S(¢) for the ellipse defined
by S(¢) = ¢ on 99 can be easily calculated and equals

24 b2 b
50 =" -2 (c-vVE-2)

vz =W. (5.2)

C2
:a2+b2272ab<+2;a2b<<7m) (53)
C C
= 51(¢) + S2(Q).

Note that S; is analytic in Q, while S, is analytic outside Q2 and S3(oc0) = 0. This
is, of course, nothing else but the Plemelj—Sokhotsky decomposition of the Schwarz
function S(¢) of 9. From (5.3) and Cauchy’s theorem we easily deduce that for
z € C\ Q the lens equation (5.2) reduces to
2ab
2—1—%(,2— 22—02)—7,2:117. (5.4)
c

Squaring and simplifying, we arrive from (5.4) at a complex quadratic equation

B 2ab B 2 202p2
[er <C—22’y> zw} = (z* =)
which is equivalent to a system of two irreducible real quadratic equations. Bezout’s

theorem (cf. [8,9], [10], [3]) then implies that (5.1) may only have 4 solutions z ¢ .
For z € Q, using Green’s formula and (5.3) we can rewrite the area integral in (5.1)

L [fdA) 1 [ (d¢
_;/927<__Z+2’/TZ-/E)QC*Z

L[ 851+ 5(Q)
=E 27 /aQ ¢(—=z (5:5)
=—-zZ+81(2) = —z+wz

c
We have used here that the Cauchy transform of Ss |sq vanishes in 2 since Sy is
analytic in C\ 2 and vanishes at infinity. Substituting (5.5) into (5.1), we arrive

at a linear equation
a? + b2 — 2ab B
(T 'y) z=1w (5.6)
for z € Q. Equation (5.6), of course, may only have one root in 2. Thus, we have
proved the following

Theorem 5.1. An elliptic lens Q (say, a galaxy) with a uniform mass density may
produce at most four “bright” lensing images of a point light source outside Q and
one (“dim”) image inside €, i.e., at most 5 lensing images altogether.
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This type of result has actually been observed experimentally — cf. Fig. 4,
where four bright images are clearly present. It is conceivable that the dim image
is also there but we can’t see it because it is perhaps too faint compared with the
galaxy. Of course, one has to accept Fig. 4 with a grain of salt since we do not
expect “real” galaxies to have uniform densities. A model of an elliptical lens, with
shear, that produces five images (4 bright + 1 dim) is given in Fig. 5.

FIGURE 4. Four images of a light source behind the elliptical galaxy.
(Credit: NASA, K. Ratnatunga (Johns Hopkins University).)

FIGURE 5. A model with five images of a source behind an elliptical
lens with axis ratio 0.5 and uniform density 2.

We can extend the previous theorem for a larger class of mass densities.
2
Denote by ¢(z,y) := ‘Z—z + ¥ — 1 the equation of T' := 0Q. Let qx(x,y) = % +
% — 1, —b%® < X < 0 stand for the equation of the boundary I'y := 9, of the
ellipse 2 confocal with €. B
The celebrated MacLaurin theorem (cf. [7]) yields that for any z € C\ Q

1 dA(() 1 dA(C)
Area (Q)) /m ¢—2z Area(Q) /Q C—=z" (5:7)
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Thus, if we denote by u(z, \) the Cauchy potential of Qy evaluated at z € C | Q
we obtain from (5.7)

u(z,A) = c(ANuq(z,0), (5.8)
where
rea a2 1/2 /49 1/2
c(A) = AArea((%);) - ( +/\) ab(b +)\) ' (5.9)
Hence,
PN — ol (510)

So, if the mass density p(A) in © only depends on the elliptic coordinate A, i.e., is
constant on ellipses confocal with ) inside €, its potential outside €2 equals

up.0(z) = cua(z). (5.11)

The constant c is easily calculated from (5.9)—(5.10) and equals

c—/o u(N)e' (N) dA. (5.12)

7b2
It is, of course, natural for physical reasons to assume that p(A) T co at the “core”
of Q (i.e., when X | —b?), the focal segment [—c,c|. Yet, from (5.12) since (5.9)
yields ¢(A) = O ((b2 + )\)71/2) near \g = —b?, it follows that u(\) should not

diverge at the core faster than say O ((b2 +)\)71/2+6> for some positive €, so

the integral (5.12) converges. Substituting (5.11) into the lens equation (5.1) with
constant density replaced by the density u(A) and following again the steps in
(5.2)—(5.4) we arrive at the following corollary.

Corollary 5.1. An elliptic lens Q) with mass density that is constant inside €2 on
the ellipses confocal with Q@ may produce at most four “bright” lensing images of
a point light source outside €.

6. Einstein rings

For a one-point mass at z; lens with the source at w = 0 the lens equation (2.1)

without shear becomes
c

z —

=0. 6.1

Z—7 (6.1)
As was already noted by Einstein (cf. [12,19,21] and references cited therein), (6.1)
may have two solutions (images) when z; # 0 and a whole circle (“Einstein ring”)
of solutions when z; = 0, in other words when the light source, the lens and the
observer coalesce — c¢f. Fig. 6 and Fig. 7.
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FIGURE 6. A model of an elliptical Einstein ring surrounding an ellipti-
cal lens with axis ratio 0.5 and uniform density 2. The shear in this case
must be specially chosen to produce the ring instead of point images.
Note that the ring is an ellipse confocal with the lens — c¢f. Thm. 6.1.

As the following simple theorem shows the “ideal” Einstein rings are limited
to ellipses and circles in much more general circumstances.

Theorem 6.1. Let Q be any planar (“thin”) lens with mass distribution pe. If
lensing of a point source produces a bounded “image” curve outside of the lens €2,
it must either be a circle when the external shear v =0 or an ellipse.

Proof. First consider a simpler case when « = 0. If the lens produces an image
curve I' outside €2, the lens equation (4.1) becomes

z-w:/ dulc). (6.2)
az—¢

for all z € T'. Note that I being bounded and also being a level curve of a harmonic
function must contain a closed loop surrounding Q [22]. Without loss of generality,
we still denote that loop by I'. The right-hand side f(z) of (6.2) is a bounded
analytic function in the unbounded complement component Qo of I that vanishes
at infinity. Hence (z —w)f(2) is still a bounded and analytic function in Q. equal
to [z —w|> > 0 on I' := 9Q. Hence (z — w)f(z) = const and T’ must be a circle
centered at w.

Now suppose v # 0. Once again we shall still denote by I' a closed Jordan
loop surrounding €. Denote by Q the interior of I', Qo = C \ clos (Q) Also, by

translating we can assume that the position of the source w is at the origin.
The equation (4.1) now reads

zZ= /Q i’u_(i) +vz, zel. (6.3)

In other words the right-hand side of (6.3) represents the Schwarz function S of T,
analytic in C \ supp p with a simple pole at co. It is well known that this already
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Einstein Ring Gravitational Lenses

jubble Space Telescope « Advanced Camera for Surveys

FiGURE 7. Einstein rings. The sources in these observed “realistic”
lenses are actually extended, and that is why we see sometimes arcs
rather than whole rings. (Credit: ESA, NASA and the SLACS survey
team: A. Bolton (Harvard / Smithsonian), S. Burles (MIT), L. Koop-
mans (Kapteyn), T. Treu (UCSB), and L. Moustakas (JPL/Caltech).)

implies that I must be an ellipse (cf. [4,18]) and references therein. For the reader’s
convenience we supply a simple proof. .
Applying Green’s formula to (6.3) yields (cf. (5.1)—(5.2)) that for all z € Qo

du(Q) _ 1 [ dA A O\ G
Let
1 [ dA -
he) = /Q Z—(CC) _z zeq. (6.5)
Then, h(z) is analytic in Q (cf. (5.2)) and, in view of (6.3) and (6.4)
d
hh/ﬂz’%(i?rarvz I (6.6)

Thus, h(z) is a linear function and since (6.5) for z € Q

h(z) := %grad [%/Qlog |z — ¢| dA(C) — |2|? (6.7)
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we conclude from (6.7) that the potential of )

ug(z) = € / log |z — C|dA(C), z€Q
2 Jg

equals to a quadratic polynomial inside ). The converse of the celebrated theorem

of Newton due to P. Dive and N. Nikliborc (cf. [7, Ch. 13-14] and references

therein) now yields that Q must be an interior of an ellipse, hence I' := 9Q = Qo

is an ellipse. O

Remark 6.1. One immediately observes that since the converse to Newton’s theo-
rem holds in all dimensions the last theorem at once extends to higher dimensions
if one replaces the words “image curve” by “image surface”.

7. Final remarks

1. The densities considered in §5 are less important from the physical viewpoint
than so-called “isothermal density” which is obtained by projecting onto the lens
plane the “realistic” three-dimensional density ~ 1/p?, where p is the (three-
dimensional ) distance from the origin. This two-dimensional density could be
included into the whole class of densities that are constant on all ellipses homothetic
rather than confocal with the given one. The reason for the term “isothermal” is
that when a three-dimensional galaxy has density ~ 1/p? the gas in the galaxy
has constant temperature (cf. [5] and the references therein).
Recall that the Cauchy potential of the ellipse

.%‘2 y2
Q::{a—2+b—2§1,a>b>0}

outside of 2 (cf. (5.2)—(5.4)) equals
uo(z)::k(z— z2—c2), 2€C\Q, & =d*-b% (7.1)

where k = 2ab/c? is a constant. Replacing the ellipse Q by a homothetic ellipse
2 J—
Q=18 = 2—2 + 4z < t?, 0 <t < 1. We obtain using (7.1) for z ¢

R I

0a(—z -z (7.2)
—tu(31) =k (o - VE ).
Thus,
Ou(z,t) C 2t (73)

ot /22 — 212
So, if the “isothermal” density p = % on 09 inside Q (ignoring constants),
we get from (7.3) that the Cauchy potential of such mass distribution outside 2
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equals

1
u,(z) := C —_—, 7.4

I ( ) 0/0 m ( )
where the constant Cy depends on ) only. This is a transcendental function (one
of the branches of arcsin £), dramatically different from the algebraic potential in
(7.1). The lens equation (4.1) now becomes

Looat

z CO/O N p=rs vz = w. (7.5)

To the best of our knowledge the precise bound on the maximal possible
number of solutions (images) of (7.5) is not known. Up to today, no more than
5 images (4 bright +1 dim) have been observed. However, in [5] there have been
constructed explicit models depending on parameters a, b and 0 < v < 1 having 9
(i.e., 841) images. The equation (7.5) essentially differs from all the lens equations
considered in this paper since it involves estimating the number of zeros of a tran-
scendental harmonic function with a simple pole at co. At this point, we are even
reluctant to make a conjecture regarding what this maximal number might be.

Note, that in case of a circle Q = {x2 +y? < 1} with any radial density
= o(r), r = y/x? + y? < 1, the situation is very simple. The Cauchy potential
u(z) outside 2, as was noted earlier, equals

¢
>, (7.6)
z

where ¢ is a constant. Hence, outside €2 the lens equation becomes

- —yE=w, (7.7)
a well-known Chang—Refsdal lens (cf., e.g., [1]) that may have at most 4 solutions
except for the degenerate case v = w = 0, when the Einstein ring appears. In
particular, when v = 0, w # 0, such mass distribution may only produce two
bright images outside Q. For z : |z| < 1 inside the lens the potential is still
calculated by switching to polar coordinates:

//2” r)rdrdf

Creif —

_/()d/ rdo +/'Z|()d/2“ do
o 12| " g rei? —z o pirjrar o rei? —z

oo

/|:|<P(7“)d7“ /02” (ZO: (;) e—i<n+1)e> o+ %/OZQD(T)TCZT /02ﬁ< (Te:e)n ;
||

; o(r)rdr. (7.8)
0

oMg
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In particular, for the “isothermal” density ¢(r) ~ 1, (7.8) yields for z : [2] < 1

2m
uz)= ),
so the lens equation (7.7) becomes
zZ— §|z|7'yz:w, (7.9)

where ¢ is a real constant. Equation (7.9) can have at most two solutions inside
Q (only one, if v = 0), again, excluding the degenerate case of the Einstein ring.
Furthermore, since Burke’s theorem allows only an odd number of images, the total
maximal number of images for an isothermal sphere cannot exceed 5 (4 bright +
1dim) as before (or < 3, i.e., (2+1) if v = 0). Note, that strictly speaking, Burke’s
theorem cannot be applied to the isothermal density because of the singularity at
the origin. Yet, since the density is radial and smooth everywhere excluding the
origin and because it is clear from (7.9) that the origin cannot be a solution,
Burke’s theorem does apply yielding the above conclusion.

2. The problem of estimating the maximal number of “dim” images inside the lens
formed by a uniform mass-distribution inside a quadrature domain Q (cf. §4) of
order n is challenging. In this case the Cauchy potential in (4.1) inside Q equals
to the “analytic” part of the Schwarz function S(z). It is known that S(z) is an
algebraic function of degree at most 2n. Yet, the sharp bounds, similar to those in
Theorem 3.1, for the number of zeros of harmonic functions of the form z — a(z),
where a(z) is an algebraic function, are not known.

3. Another interesting and difficult problem would be to study the maximal number
of images by a lens consisting of several elliptical mass distributions. Some rough
estimates based on Bezout’s theorem can be made by imitating the calculations
in §5. Yet, even for 2 uniformly distributed masses these calculations give a rather
large possible number of images (< 15) while, so far, only 5 images by a two
galaxies lens and 6 images by a three galaxies lens have been observed — cf. [6,23].

Added in Proof. Recently, in the 2009 preprint “Transcendental Harmonic Map-
pings and Gravitational Lensing by Isothermal Galaxies”, the third author and
E. Lundberg managed to prove that the total number of bright images produced
by an isothermal ellipsoidal galaxy without a shear is at most 8. They conjecture
however, in correspondence with the models in [5], that the sharp bound for the
maximum number of bright images is actually 4 without a shear, and 8 with a
shear.
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Abstract. The concept of a Nevanlinna domain, which is the special analytic
characteristic of a planar domain, has been naturally appeared in problems of
uniform approximation by polyanalytic polynomials. In this paper we study
this concept in connection with several allied approximation problems.
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1. Introduction

In this paper we deal with the notion of a Nevanlinna domain. This notion is the
special analytic characteristic of a planar domain that plays a significant role in
problems on approximability of functions by polyanalytic polynomials on compact
subsets of the complex plane C.

Denote by D the unit disk {z € C: |z| < 1} and let T = dD to be the unit
circle and m to be the normalized Lebesgue measure on T. In what follows we will
use the term “almost all” instead of the term “m-almost all”.

For an open set £ C C let us denote by H*(E) the class of all bounded
holomorphic functions on E. We recall, that for each function f € H*(D) and
for almost all £ € T there exists the finite angular boundary value f(§) of f at
¢ from D. The following concept of a Nevanlinna domain was introduced in [1,
Definition 2.1]:

Definition 1. One says, that a bounded simply connected domain €2 in C is called
a Nevanlinna domain if there exist two functions u,v € H* () (with v # 0) such
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that the equality

z_u©
C=00) (L)

holds on 9 almost everywhere in the sense of conformal mappings. It means that
the equality of angular boundary values

—  (uop)(§)
PO = ope

holds for almost all £ € T, where ¢ is some conformal mapping from D onto 2.

In fact the definition of a Nevanlinna domain does not depend on the choice
of ¢ and, in view of the Luzin-Privalov boundary uniqueness theorem, the quotient
u/v is uniquely defined in Q (for a Nevanlinna domain ). If Q2 is a Jordan domain
with rectifiable boundary, then the equality (1.1) may be understood directly as
the equality of angular boundary values almost everywhere with respect to the
Lebesgue measure on 9€2. Moreover, the equality (1.1) can be similarly understood
on any rectifiable Jordan arc v C 992 such that each point a € v is not a limit point
for the set 902\ «y. Notice, that for Jordan domains with rectifiable boundaries the
concept of a Nevanlinna domain was introduced in [2] in slightly different terms.

It is easy to find out examples of Nevanlinna (any disk) and not Nevanlinna
domains (any domain which is bounded by an ellipse that is not a circle, or by a
polygonal line) amongst the domains with piecewise analytic boundaries. However,
the construction of Nevanlinna domains with non analytic boundaries as well as
with other prescribed analytical and geometrical properties is fairly difficult and
delicate problem. This problem was discussed in [3] where, in particular, for each
a € (0,1) the example of Nevanlinna domain with C! but not C*® boundary was
constructed.

The concept of a Nevanlinna domain has been appeared in investigations
of problem on uniform approximability of functions by polyanalytic polynomials
on compact sets in C. For instance, the criterion of uniform approximability of
functions by polyanalytic polynomials on Carathéodory compact sets (see [1, The-
orem 2.2]) was formulated in terms of this concept. Let us formulate and briefly
discuss these problem and result.

We need to recall, that a function f is called polyanalytic of order n (for
integer n > 0) or, shorter, n-analytic, in an open set U C C if it is of the form

f(z)=fo2) +Z2f1(2) + - + 2" fuoa(2), (1.2)

where fo, ..., fn—1 are holomorphic functions in U. Notice that the space O,,(U) of
all n-analytic functions in U consists of all continuous functions f on U such that
d"f =0in U in the distributional sense, where 9 = 0/0% is the Cauchy-Riemann
operator. By n-analytic polynomials and n-analytic rational functions we mean
the functions of the form (1.2), where fo,..., fn—1 are polynomials and rational
functions in the complex variable z respectively, and we will use the notation P(n)
and R(n) for these sets of functions. One says, that n-analytic rational function f
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has its poles outside some set F C C, if all (rational) functions fo,..., fn—1 have
their poles outside F.

For a compact set X C C we denote by C(X) the space of all continuous
complex-valued functions on X endowed with the uniform norm and set A, (X) =
C(X) N 0,(X°). We also denote by P,(X) and R,,(X,Y), where Y D X is some
compact set, the closures in C(X) of the subspaces {p|x : p € P(n)} and {g|x :
g € R(n), and g has its poles outside Y} respectively. We are interested in the
following approximation problem.

Problem A. Let X C C be a compact set and n > 2 be an integer. What conditions
on X are necessary and sufficient in order that A, (X) = P,(X) or A, (X) =
R, (X,Y) for some appropriately chosen compact setY 2 X ?

The investigation of this problem was started in 1980th (see [4, 5, 6], where
several sufficient approximability conditions were obtained) and until now it re-
mains unsolved in the general case. Some bibliographical notes concerning the mat-
ter may be found in [7]. We exclude the case n = 1 from the consideration, because
in this case the classical theorem by Mergelyan (see [8]) says that A;(X) = P1(X)
if and only if the set C\ X is connected, and therefore, the respective problem is
completely solved (in terms of topological properties of X).

Let us recall, that a bounded domain €2 is called a Carathéodory domain if
0Q = 0O, where Qg is the unbounded connected component of the set C\ Q
as well as a compact set X is called a Carathéodory compact set if 0X = 0X ,
where X denotes the union of X and all bounded connected components of the
set C\ X. In fact each Carathéodory domain (2 is simply connected and possesses

the property Q = (2)°. The following result was proved in [1, Theorem 2.2]:

Theorem 1. Let n > 2 be an integer.
1. If Q C C is a Carathéodory domain, then

C(0Q) = R, (09,9Q) <= Q is not a Nevanlinna domain.

2. If X C C is a Carathéodory compact set, then A,(X) = Pp(X) if and only
if C(0Q) = Rn(09Q,Q) for each bounded connected component Q0 of the set
C\ X and, therefore, if and only if each bounded connected component of the
set C\ X is not a Nevanlinna domain.

It is worthwhile to mention that the approximability conditions in Theo-
rem 1 are independent on the order of polyanalyticity n. The result of Part 2
of Theorem 1 was obtained in frameworks of the special “reductive” approach,
which was elaborated and applied for several different approximation problems in
[1, 9, 10, 11]. This approach allow us to conclude (under some suitable assump-
tions) that one approximability property takes place on a compact set X whenever
one has certain similar properties on some appropriately chosen (and more simple)
compact subsets of X.

At the same time Problem A for non Carathéodory compact sets is more dif-
ficult and remains open. Several interesting and important general results in this
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problem were obtained in [1, 10, 12]. These results are related with usage of some
special refinements of the concept of a Nevanlinna domain, as well as of the men-
tioned above reductive approach and on studying of special properties of conformal
mappings of Carathéodory domains onto the unit disk and new special properties
of measures that are orthogonal to rational functions on non Carathéodory com-
pact sets of special type. In [1, Example 4.5] it was shown, that there exists a
non Carathéodory compact set Y such that P2(Y) # C(Y), but P3(Y) = C(Y).
Furthermore, in view of [13, Theorem 1], for each integer n > 1 there exists a non
Carathéodory compact set X C C such that P2, (X) = C(X) # P,(X). Thus the
approximability conditions in Problem A are no longer independent on the order
of polyanalyticity for non Carathéodory compact sets.

2. Main results and proofs

Let D, = C\D. For each function F' € H* (D, ) and for £ € T we denote by F(£) the
angular boundary value of F' at £ from D, that exists for almost all £ € T. Let us
recall the notion of a Nevanlinna-type pseudocontinuation of bounded holomorphic
functions (see [3, Definition 2]):

Definition 2. Let f € H*(D). One says, that a function f admits a Nevanlinna-type
pseudocontinuation, if there exists two functions Fi, Fr € H®(D,) (with Fy # 0)
such that the equality f(£§) = F1(§)/F2(§) of angular boundary values holds for
almost all points £ € T.

This definition is the partial case of the general notion of a pseudocontin-
uation which was introduced in [14] (see also [15, Definition 2.1.2]). The notions
of a Nevanlinna domain and a Nevanlinna-type pseudocontinuation of bounded
holomorphic functions are closely related. Indeed, the following characterization
of Nevanlinna domains was proved in [1, Proposition 2.1]:

Proposition 1. Let Q be a bounded simply connected domain and ¢ be some con-
formal mapping from D onto Q. Then, Q is a Nevanlinna domain if and only if v
admits a Nevanlinna-type pseudocontinuation.

This property was turned out to be rather interesting and useful, and it was
used in [3], [10] and [12] in order to obtain several new properties and examples
of Nevanlinna domains.

Actually, the notion of a Nevanlinna-type pseudocontinuation of bounded
holomorphic functions have also appeared in one other approximation problem
that is allied with Problem A, and now we are going on to consider this problem.

Let p € [1,00]. In what follows by LP(T) one denotes the standard Lebesgue
space of functions on T considering with respect to the measure m. As usual, the
symbol H? (D) stands for the Hardy space in the unit disk. We recall that the space
HP (D) for p < oo cousists of all holomorphic functions f in D such that

tim [ £GP dm(©) < o
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as well as the space H>* (D) consists of all bounded holomorphic in I functions. For
all p > ¢ > 1 we have H*(D) c H?(D) c HY(D) c H'(D) and H?(D) C N(D) for
each p € [1,00], where N(D) is the Nevanlinna class in D. Actually, each function
f € N(D) has the form f;/f2, where f1, fo € H*(D).

Let us also denote by HP(T) the space which consists of all functions f €
L?(T) such that f(k = [; F(§) € dm(&) = 0 for all integer k < 0. If f € HP(D)
for p € [1,00] then, by Fatou s theorem, for almost all £ € T there exists the
angular boundary value f(&) of f at . These angular boundary values define a
function in HP(T) and the map that takes a function f € H?(ID) onto its boundary
values is an isometric isomorphism of H? (D) onto HP(T), as well as for p = oo this
map is also a weak-star homeomorphism. From now on, whenever f € HP(D), we
will always keep the notation f for the respective boundary function.

For a function f € H*(D) and for an integer n > 2, let us define the space

M} (T, f) = HP(T) + fHP(T) + -+ f "~ HP(T).
Theorem 2. Let f € H®(D), and let n > 2 be an integer and p € [1,00).

1. The space MP (T, f) is not dense in LP(T) if and only if the function f admits
a Nevanlinna-type pseudocontinuation.

2. The space M (T, f) is not weak-star dense in L>°(T) if and only if the func-
tion f admits a Nevanlinna-type pseudocontinuation.

Notice, that the approximability conditions in Theorem 2 are independent
on the order of polyanalyticity n, as it takes place in Theorem 1.

The proof of Theorem 2 is essentially based on the same technical ideas as
the proof of the result of [2, Theorem 1]. For the technical reasons we need to
reformulate the assertion of Proposition 1 as follows:

Lemma 1. Let f € H*® (D). Then, f admits a Nevanlinna-type pseudocontinuation
if and only if there exists two functions f1, fo € H*®(D) such that fo Z 0 and the
equality f(€) = f1(£)/f2(€) holds for almost all points & € T.

Although the proof of this lemma may be found in [1, Proof of Proposition 2.1]
we give it for the reader convenience. Here and in the sequel, for a function ¢ we
denote by ., the function 1. (z) := (%), for all z, where 1, is defined.

Proof of Lemma 1. Let f admits a Nevanlinna-type pseudocontinuation and let
the functions Fy and F; are taken from Definition 2. For |z| < 1 we put fi(z) :=
(F1)«(1/z) and fa(z) := (F2)«(1/z2), thus f1, fo € H>®(D). If, for almost all £ € T,
the point z € D tends non tangentially to £ then

hz) _ (F).(/2) ()
- s - (B ~ T
because z’ = 1/Z € D, tends non tangentially to &.

Conversely, if the functions f; and fs from H*>* (D) exist, then for |z| > 1 we
define F1(2) = (f1)«(1/2) and Fa(2) = (f2)«(1/2), so that Fy, Fy € H*(D,). Thus,
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for almost all £ € T, if z € D, tends to £ non tangentially, then

Fi(z «(1/z z'

1(2) _ (f)(/2) _ (fl( /)) ),
Fa(z)  (f2)-(1/2)  \fa(?)

because z’ = 1/zZ € D also tends to £ non tangentially. Therefore, f admits a

Nevanlinna-type pseudocontinuation. O

Proof of Theorem 2. We recall that the space of all linear functionals on LP(T)
can be identified with LY(T) via the paring

- / ()90 dm(€), (2.1)

where f € LP(T), g € LY(T) and ¢ = p/(p — 1) is the conjugate index for p.

Let us prove the assertion of the part 1. Assume that the function f admits
a Nevanlinna-type pseudocontinuation. By Lemma 1 there exist two functions
f1, f2 € H®(D) such that fo # 0 and f(€) = f1(€)/ f2(€) for almost all points & € T.
In view of [16, Ch. IX, Sect. 4, Theorem 5], for any functions hq, ..., h,—1 € HP(T)
we have

J(E m@T@) o de = [ (S m@n© o) dc=o. 22

If we define the function g(&) = 2mif fo(€)"~! on T, then g € L°(T) and g #
0 (since fo # 0). Thus the function g defines a linear functional on the space
LP(T) that annihilates, by formulas (2.1) and (2.2), the space ME (T, f). Therefore,
M2 (T, f) is not dense in LP(T).

Conversely, let us assume that MP (T, f) is not dense in LP(T), so that
ME(T, f) is not dense in LP(T). Then, there exists a functional on LP(T) that
annihilates MA(T, f), which means that there exists a function g € L%(T), where
q=p/(p—1), such that g # 0 and the equality

/T(hl(f) + T(©)ha(€)) 9(€) dm(€) = 0 (2.3)

holds for all functions hy, hy € HP(T). Let w = g, thus w € LY(T). Taking hy = IS
for integer £ > 0 and hy =0 in (2.3) we conclude, that for any integer k < 0

m(k):/T w(€) EF dm(€) /g w(€) dm(€) = 0.

It means that w € HY(T). Furthermore, taking in (2.3) h1 = 0 and hy = & for
integer £ > 0, and arguing analogously we obtain that w, = fw € H9(T) because
of w1 (k) = 0 for any integer k < 0.

Finally, for almost all £ € T one has f(§) = w1 (£)/w(£) and since w,w; €
H%(T) and w,w; # 0, then there exists two functions f1, fo € H*(D) such that
f2 # 0 and the equality
@: wi(§) _ f1(§)

w(§)  f2(8)

~
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holds for almost all £ € T. In view of Lemma 1, it gives that the function f admits
a Nevanlinna-type pseudocontinuation.

We are going now to prove the assertion of Part 2. The proof of this assertion
is very similar to the proof of [2, Theorem 1]. As previously we assume, that the
function f admits a Nevanlinna-type pseudocontinuation and take the functions
fi, fo € H®(D) from Lemma 1. It means that fo Z 0 and f(€) = f1(€)/f2(€) for
almost all points £ € T. Let us define the measure v on T by the formula

dv(€) = 2mig f2(§)" " dm(&) = f2(6)" " dg,

so that v # 0 (since fa $é 0). Furthermore, for any integer k, 0 < k < n and for
any function h € H*(T) one has

nl n—k—1
/T Gk / WETE)" o)™ de = / B(E) F1 (6)F o)™+ dg = 0.

Thus v L M(T, f), and therefore MS°(T, f) is not weak-star dense in L>°(T).

Let now M2°(T, f) is not weak-star dense in L°°(T). Then M3°(T, f) is not
weak-star dense in L>°(T), and therefore there exists a measure p on T orthogonal
to M3°(T, f), so that the equality

/T(hl(ﬁ) + f(€)ha(€)) du(€) = 0 (2.4)

holds for all functions hq, hy € H*(T).

Taking in (2.4) hy = 0 and hy = &* for integer k& > 0 we obtain that the
measure v = fpu is orthogonal to all polynomials. By F. and M. Riesz’s theorem,
there exists a function w; € H'(D) such that dv = w1 (¢) dm. Similarly, taking in
(2.4) hy = &F for integer k > 0 and hy = 0 we find the function we € H'(D) such
that du = wo(€) dm(€). Since g # 0, then wy #Z 0 and we Z 0.

Thus the equality f(&)ws(€) = w1 (&) of the angular boundary values holds for
almost all points £ € T, and therefore (since wy # 0) we can rewrite this equality
in the form f(€) = wy(£)/wy(€). Since wy, wy € H'(D) C N(D), then there exist
two functions fi, fo € H*(D) such that the quotient wy / we equals to the quotient
fi/f2 in D. Then, for almost all £ € T we have f(€) = f1(£)/f2(€) and, in view of
Lemma 1, the function f admits a Nevanlinna-type pseudocontinuation. O

Let us consider one corollary of Theorem 2 that seems to be interesting and
useful. For a finite complex-valued Borel measure p we denote by LP(u) (where
p € [1,00]) the standard Lebesgue space of functions with respect to the measure
u. For a Borel measure p and for an integer n > 2 we denote by P7, (1) the closure
of n-analytic polynomials in the space L"(u) for r € [1,00), as well as by P> (u)
the weak-star closure of n-analytic polynomials in L ().

Let now €2 be a Jordan domain and ¢ be some conformal mapping from D
onto Q. In view of Carathéodory extension theorem (see [17, Theorem 2.6]) we
may (and shell) assume that ¢ is extended to a homeomorphism of D onto  (let
us observe that ¢ € A;(D) and ¢~ € A;(Q) in this case). One has
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Corollary 1. Let Q and ¢ be as mentioned above, r € [1,00] and w = w(¢(0),-, Q)
be the harmonic measure on 9§ evaluated with respect to the point ©(0) € Q. Then
P’ (w) = L"(w) if and only if ¢ does not admit a Nevanlinna-type pseudocontinu-
ation, or, equivalently, if and only if Q0 is not a Nevanlinna domain.

Let us revert to the assertion of Theorem 2 (Part 1) in the case when p = 2.
So we are dealing with the Hilbert space L?(T) endowed with the scalar product
(f.9)=Jp f(€)g(€) dm(€). In what follows, by an operator, one means a bounded
linear operator acting on the space L2(T) or on some its subspace. For an operator
A one denotes by A* its adjoint operator and by ker(A) its kernel. For a subset
H c L%(T) one denotes by H* the orthogonal complementary of H in L?(T).

For a function f € L>°(T) let us consider the multiplication operator M (f)
on L%(T) generated by the function f. It means, that

M(f)g=fg € L*(T), for any g € L*(T).

Furthermore, let II denotes the Riesz projection operator, i.e., Il is the operator
from L2(T) onto H?(T) acting as follows

o0 o0
for a function g = > A\p2¥ € L2(T) one has Tlg= Y A2k,
k=—o0 k=0

Let us also consider the Toeplitz operator T(f) on H?(T) generated by the
function f (see [18], in order to find out a review of the theory of Toeplitz opera-
tors). It means that the operator T'(f) acting in the space H?(T) by the formula

T(f)g=TL(M(f)g) =TI(fg), for a function g € H*(T).

Henceforth let us assume that f € H*(ID). Let H3(T) := {h € H%(T) : h(0) =
0} and ﬁg(']l‘) :={h: h € H3(T)}. Then L3(T) decomposes into the orthogonal
sum of these spaces:
L(T) = HX(T) @ H.(T). (2.5)
Accordingly, every operator can be represented as the respective 2 x 2 operator
matrix, and matrix representations of operators M (f) and M (f)* with respect to
this decomposition have the form

T(f) X(f) (T 0
M<f>=( 0 Y(f)) and M(f) :<X(f)* Y(f)*)' (20

Furthermore, we set T(f) := Y (f)*, T*(f) := (T(f))* and T*(f) := (T(f))*,
and define, for integer k > 1, the operators Fi(f) and Eg(f), related with the
operators T'(f) and T'(f) by the formulas

Ey(f) = T(f)T(f) =TT ()",
Ex(f) = T*() TH(f) = THHT (1)
In the following theorem we calculate explicitly the orthogonal complemen-

tary of the space M2(T, f) in L?(T) and interpret the result of Theorem 2 (Part 1)
in terms of special properties of operators Fi(f) and E(f).
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Theorem 3. Let f € H*(D).
1. For any integer k > 1

ker(Ex(f)) = {h € H*(T) : f*h € H*(T)}, (2.7)
ker(Ep(f)) = {b € T(T) : f*b € Ho(T)}. (2.8)

2. For any integer n > 2
M2(T, )+ = Qu(f ﬂ ker Ek ), where (2.9)

Qu(f) == {b € Hy(T) : ffbeHO( ), Vee{l,...,n—1}}.

3. For any integer k > 1, ker(Ex(f)) # & if and only if ker(Ek(f)) %+ & and if
and only if the function f* admits a Nevanlinna-type pseudocontinuation.

Proof. Take an integer k > 1. Using (2.6) we obtain the following matrix repre-
sentations for operators M*(f) = (M (f))* and M*(f)*:

k k *
= (T30 ZED) aa = (G ppy)e @210
where Xj,(f) is the operator from ﬁi(']l‘) to H?(T) such that X;(f) = X(f) and
Xir1(f) = THOX(f) + Xu(HT(f)* for k> 1.
Let Ni(f) := M*(f)*M*(f) — M*(f)M*(f)*. It follows from (2.10) that
No(f) = [ B = XeDXR() T Xl = Xe(DTH)
Xe(f) TH) = TR X ) Xe(F)* Xe(f) — Bi(f)
Since M (f)* = M(f), then for any function g € L2(T) we have
Ni(f) g =M (f)"M*(f) g — M(F)M*(f)* g = f* frg - f*frg =0,
which gives Ni(f) = 0 and therefore
Ex(f) = Xu(DXk(f)" and Ex(f) = Xe ()" Xu(F),
so that
ker(Ei(f)) = ker(Xx(f)") and  ker(Ey(f)) = ker(X(f)-

“

In order to prove (2.7) one represents any function g € L2 (']I‘) in the “vector”
form g = (h,b), where h = T1g € H*(T) and b = g — h € ﬁo(']l‘). Taking into
account the matrix representation for M*(f)* in (2.10), one obtains that

MM(f)7 g = (TH()" b Xi(f)"h+ TH() ),
and finally, that
ker(Ey(f)) = ker(Xy(f)*) = {h € H*(T) : X\(f)*h =0}
= {h e HAT): M*(f)"(h,0) = (T*(£)" 1, 0)}
={he HX(T): M*(f)*he H*(T)} = {h € H*(T): f*h e H*(T)}.
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Repeating this computation with minor clear modifications one proves (2.8) and
therefore, the assertion of Part 1.

Let us prove the equality (2.9). Since for all functions g € L(T) and hy €
H2(T) for £ =0,1,...,n — 1, one has

n—1 n—1 n—1
(9% Fhe) = > (g, ey = > (gf" he),
=0 =0 =0
i —2 .
and since (gf* hy) = 0 upon gf* € Hy(T) and h, € H?(T), then each function
g € Qn(f) is orthogonal to M2 (T, f). Let us take now some function g € L*(T)
such that g L M2 (T, f). Then, for each £ € {0,1,...,n — 1} one has

(9f% h) = (g, f'h) =0

for any function h € H2(T). It means that gf* € ﬁg(']l‘) forall ¢ € {0,1,...,n—1}
and thus g € Q,(f). The second equality in (2.9) immediately follows from the
first one and from the equality (2.8).

We start the proof of Part 3 proving the fact that ker(Ey(f)) # @ if and only
if the function f* admits a Nevanlinna-type pseudocontinuation. Let ker(Ey(f)) #
@. It follows from (2.7), then there exists a function h € H?(T) such that h # 0
and w := f¥h € H?(T), thus f* = w/h. Since H?(D) C N(DD), then there exists two
functions f1, fo € H*(D) such that f(€)* = w(&)/h(€) = f1(€)/ f2(€) for almost all
€ € T and in view of Lemma 1 we conclude, that the function f* admits a Nevan-
linna type pseudocontinuation. Conversely, if the function f* admits a Nevanlinna-
type pseudocontinuation and if the functions fi, fo € H®(D) (with fy # 0) are
taken from Lemma 1 so that f(£)* = f1(€)/f2(€), then fo € H2(T) and f*f, =
f1 € H3(T). Thus, by (2.7), f2 € ker(Ex(f)) and, therefore, ker(Ey(f)) # @.

Let us calculate the operators T'(f) and T'(f) explicitly. Assuming that

o]

h(z) = S A\jz € HX(T), b(z) = 3 ;70 € H(T), and that f(z)= 3 a2,
; j=1 j=0

J=0

we obtain by direct computations that

T(f)h= 3 (Sigan ;)2 and T(Nb= >

m=0 m=1

(ZT:BI a; 5m—j)5m-
Therefore, if J is the operator on L2(T) acting as Jf(z) = f(Z), then J* = J and

T(f) = J*T(f.) J,

where the function f, was defined by the formula f.(z) = f(2). Since J% =1 (the
identity operator), then

Ti(f) = J*Ti(f)J, and hence Ei(f) = J* Ex(f.) J.

Since the functions f* and (f.)* = (f*). admit or do not admit a Nevanlinna-
type pseudocontinuation simultaneously, then the kernels of operators Fy(f) and



Nevanlinna Domains 141

Ey(f+) are empty or non empty simultaneously and it follows from the last formula,
that the same is true for kernels of operators Ey(f) and Eg(f). O

Let us illustrate the results of Theorems 2 and 3 by two simple examples. Let
p =2 and let n > 2 be an integer. We have

Ezample 1. Let p1(z) := z. It is easy to verify that the function ; admits a
Nevanlinna-type pseudocontinuation (indeed, the desired functions in Definition 2
are Fy =1 and Fy(z) = 1/z). By Theorem 2 (Part 1) the space M2 (T, ¢;) is not
dense in L*(T), and in view of (2.7) and (2.9) one has

M2(T, )" = {be H(T): b e Hy(T), k=1,2,...,n—1}
) oS
- {bGHO(T) P b= Z ﬁkgka ﬁl :"‘:ﬁnfl :0}
k=1
Ezample 2. Let now ¢2(z) = e*. Since e = ¢* = e¢!/#  and since the function
e1/% has an essential singular point at the origin, then (in view of Lemma 1) the

function @2 does not admit a Nevanlinna-type pseudocontinuation. Thus, using
Theorem 2 (Part 1) one concludes that M2 (T, ¢s) is dense in L2(T).
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Potential Theory in Denjoy Domains

Stephen J. Gardiner and Tomas Sjodin

Abstract. This paper presents an account of Denjoy domains in relation to
minimal harmonic functions, the boundary behaviour of the Green function,
and to their usefulness as a source of counterexamples in potential theory. The
discussion begins with an exposition of key work of Ancona and Benedicks
and then moves on to describe several very recent results.
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1. Introduction

A result of Denjoy [16], dating from 1909, says that a domain of the form C\FE,
where E C R, supports nonconstant bounded analytic functions if and only if
has positive Lebesgue measure. Domains  C C for which C\ is contained in a
line, or, more generally, domains Q@ C R™ (n > 2) for which R™\Q is contained
in a hyperplane, have subsequently come to be known as Denjoy domains. The
purpose of this article is to describe how the special geometry of Denjoy domains
has led to some very precise and illuminating potential theoretic results. We will
not attempt to provide a comprehensive survey of the subject, but will present
some of the key theory and also outline several recent developments.

Denjoy domains sometimes arise naturally in the study of certain domain
properties. To take a simple example, let H.(2) denote the collection of harmonic
functions on a domain €2 that have a finite-valued continuous extension to com-
pactified space R™ U {oo}. It is easy to see, by consideration of Poisson integral
representations in half-spaces, that H.(Q2) does not separate the points of € if
Q is a Denjoy domain. In fact, essentially only Denjoy domains have this non-
separation property. More precisely, when n > 3, domains 2 with this property

This work is part of the programme of the ESF Network “Harmonic and Complex Analysis
and Applications” (HCAA), and was also supported by Science Foundation Ireland under Grant
06/RFP/MATO057.
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must be of the form w\ F', where w is a Denjoy domain and F' is a relatively closed
polar subset of w; and, when n = 2, the characterization is similar, except that w
can be the image of a Denjoy domain under a linear fractional transformation (for
this and related results, see [9]).

Denjoy domains also arise naturally in the study of null quadrature domains,
that is, domains € on which every integrable harmonic function has integral 0.
A simple example of a domain with this property is a half-space; for, if h is an
integrable harmonic function on w = R"~! x (0, 00), then the function

tH/.../h(xl,...,.’ﬁn,l,t) dxq...dx,_1 (t>0)
R R

is of the form at + b for some a,b € R (by Theorem 1.5.12 in [8]), so a = 0 = b
and hence fw h = 0. It follows that any Denjoy domain also has this property,
but it seems that very few other domains have it. In fact, when n = 2, Sakai [23]
has shown that the only other possibilities are complementary to closed elliptic or
parabolic regions, and something similar has been conjectured to be true in higher
dimensions (see [22]).

However, while such examples are of some interest, the main potential the-
oretic motivation for studying Denjoy domains is the desire to gain insight into
how the geometry of a domain affects subtle potential theoretic phenomena. One
such topic is the Martin boundary (see Chapter 8 of the book [8]), which provides
an integral representation for positive harmonic functions on a Greenian domain
in the spirit of the Riesz-Herglotz representation in a ball. Since the relationship
between the Euclidean and Martin boundaries can be quite complicated, several
authors, beginning with Ancona [3] and Benedicks [10], have analysed what can
occur in the case of Denjoy domains. Another topic where the case of Denjoy do-
mains has provided insight is the relationship between the geometry of a domain
and the boundary behaviour of its Green function (see Carleson and Totik [14] and
Carroll and Gardiner [12]). As we will explain later, these two apparently distinct
questions are, in fact, intimately related.

Finally, Denjoy domains, and variants of them, can be a fruitful source of
counterexamples. In the final section of this article we will illustrate this with ref-
erence to recent work of Sjodin [26] concerning integrability and positive harmonic
functions, and the solution by Gardiner and Hansen [21] of a long-standing open
question about the Riesz decomposition in fine potential theory. We note, in pass-
ing, that Denjoy domains have also arisen recently as natural counterexamples in
connection with the study of minimal harmonic functions on John domains [2].

Other papers where potential theoretic aspects of Denjoy-type domains have
been considered include [1], [4], [5], [6], [7], [13], [15], [20], [24], [25] and [27].

2. Notation and preliminary material

Here we set out our notation and recall some of the potential theoretic facts we
need, a convenient reference for which is the book [8].
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We will work in Euclidean space R™ (n > 2), using the notation
= (21,%2,...,2,) = (2/,2,) and T = (2/, —x,), where 2’ € R"™!,
and writing |z| for the Euclidean norm of z. We define
H ={xeR":z, >0}, H-.={x €R": 2, <0}, L={x €eR": a, =0},

ar=(0,t) (t>0) and T;={as:0<s<t} (0<t<o0),
and write B(z,r) for the open ball of center x and radius r.

To avoid confusion, sequences in R™ will be denoted z*) and not x, (since
this is used for the kth coordinate of x). Sequences in R and sequences of sets will,
however, be represented using the familiar subscript notation.

If n is a measure, then

£P(n) = {f :|f|P is n-integrable} (0 < p < o0)
= {f : |f| is essentially bounded} (p = o)

By supp(n) we will always denote the closed support of a measure 7.
For an open set D C R™ we introduce the following classes of real-valued
functions on D.

P(D) : the non-negative functions on D,
LP(D) : the pth power Lebesgue integrable functions on D,
H(D) : the harmonic functions on D.

We also use superpositioning so that, for instance, HP(D) = H(D) N P(D). If
D c R™ is Greenian, then Gp(-, ) denotes its Green function, and if 4 is a measure
on D we denote its Green potential by Gppu.

For a set A C R™ we denote by JA its boundary in R™, and by 0°A its
boundary in R™ U {oo}. The harmonic measure on 0D for a Greenian open set
D with respect to a point z € D is denoted by \D.

We recall that, if D is a Greenian domain D, then the Martin kernel normal-
ized at some reference point xg is defined on D x (D \ {zo}) by

L GD(xay)

The Martin compactification D is the smallest compactification of D such that
Mp(z,-) can be continuously extended to the boundary 0™ D = D\ D for each

x. (We still use Mp(-,-) for the extended function.) For each h € HP(D) there is
(at least) one representing measure 7 on 0 D for h, that is, for which

hz) = / Mp (. y)dn(y). (Clearly q(0™ D) = h(zp)).

In general, such measures are not unique, but if we require them to be carried by
the minimal Martin boundary 8/ D, then there is a unique measure, which we
denote by vy.
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We will also need the concept of minimal thinness (see Chapter 9 of [8]). If
y € OM D and A C D, then we recall that A is said to be minimally thin at y (with
respect to D) if

Mp(-y) # Ry

where ]%AA/ID ) denotes the regularized reduction of Mp(-,y) over the set A with
respect to positive superharmonic functions on D.

3. Basic theory

3.1. Martin boundary points

We will follow the approach of Ancona [3] to establish a kind of boundary Har-
nack principle for Denjoy domains, and then use minimal thinness arguments to
prove the basic properties of the set of Martin points associated with a Euclidean
boundary point for these domains.

Theorem 1. Suppose that D C R™ is a Greenian domain which contains Hy . There
is a constant Cy, depending only on n, such that

Gp(z,y) < CiGp(x,a) (v € Tw;y € D\ {0}). (1)
Proof. (I) For all x € Hy and y € DN H_ we have Gp(x,y) < Gp(x, 7). This

holds because the function
u(y) = GD (:L'v g) - GD(xa y)
is superharmonic and lower bounded in D N H_ and has non-negative lower limit
quasi-everywhere on 9°°(D N H_). Hence v > 0 in D N H_ by the minimum
principle.
We now identify R™ with R”~2 x C by letting
(xla cee ?$n727xn717mn) == (xla ey Tn—2,Tn—1 + Zmn) == (x//, Z)a
and use arg z to denote the value of the argument in (—m, 7).
(IT) There is a constant dy, depending only on n, such that every positive harmonic
function h on the set
{(@",2): 0 <argz < 7/2}
satisfies
h(z", te) < dih(z”,te'?) (0, € [x/8,3n/8];t > 0).
This is an easy consequence of Harnack’s inequalities.
Let s denote the reflection map with respect to the hyperplane

{(w",2) e R" :argz € {—Tm/8,7/8}}.
(III) For all v € T, and y = (y"”, z) with arg z = —m/8 we have
Gp(z,y) < diGp(z,s(y)).
This follows by combining (I) and (II).
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Now, for fixed x € T, we apply the minimum principle to the function

w(y) == diGp(z,s(y)) — Gp(z,y)
in the set
Dn{(y",z) eR": % <argz < L}
to see from (III) that

sup {Gp(z,(y",2)) 1y € R"* argz € [-§, §]}

< disup{Gp(z,(y",2)) : v €R"? argz € [§,%]}.

By rotating the coordinate system around the x,-axis and letting IC denote the
cone around T, with vertex 0 and half-angle 37/8 we now obtain:

(IV) For all x € T, and t > 0 we have

sup{Gp(z,y) : [y| = t} < disup{Gp(z,y) : ly| =ty € K}.

Applying Harnack’s inequality we get:
(V) There is a constant da, depending only on n, such that, for allt > 0, y €
DNIB(0,t), and x € Ty with |z| < t/2 or |z| > 2t,

Gp(z,y) < d2Gp(z,az).
To complete the argument let ¢ = |y| and /2 < |z| < 2t. The case |z| = ¢
is trivial, so we assume that || # t. The function G'p(z,-) is harmonic outside
B(z,|t — |x|| /2) and is majorized on 0B(x, |t — |z|| /2) by d3Gp(z,a:) for some
constant dz depending only on n, in view of Harnack’s inequalities. Letting C; =
max{dz,d3} we now obtain (1). O

Corollary 2. Suppose D C R™ is a Greenian domain which contains H,. There is
a constant Cs, depending only on n, such that

GD(‘T’:U) < CQGD(m?a\y\) (l‘ € H—Hy €D \ B(0,2|l‘|)) (2)

Proof. Let x = (2/,z,,) and ai“yl = (2', ajy—(2,0)). By Theorem 1 we have

Gp(z,y) < ClGD(ac,a‘*y‘).
But the function G'p(z,-) is positive and harmonic on H \ B(0, [y|/2) and so, by
Harnack’s inequalities,

GD(x,ai"yl) < diGp(x,ay)
for some constant d; depending only on n. Thus (2) holds with Cy = C1d;. O

Theorem 3. Suppose D C R"™ is a Greenian domain which contains Hy. There is
a constant Cs, depending only on n, such that, for any a > 0,

GD(xaat) <C GD(y7at)

z,y € Hy N B(0,a);t > 10a).
GD(.T,aga) = BGD(yaaQa) ( Yy + ( ) )
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Proof. By dilation we may assume, without loss of generality, that o = 2. From
Corollary 2

Gp(z,v) < C3Gp(r,a4) (z € HLNB(0,2);v € 9B(0,4)N D).
Let R = D\ B(0,4). Now we have
Gp(z,v) < CoGp(z,as)N\E(0B(0,4)) (x € Hy N B(0,2);v € R). (3)

Fix ¢ € C*°(R™) with support in {3 < |v| < 5} such that 0 < ¢ < 1, and also
¢ =1on 0B(0,4). Now

A = BnAGR(v, ) + 6o,
where (B,max{1,n — 2})~! is the surface area of 9B(0,1) and Gr = 0 outside
R X R, so

NE(0B(0,4)) < / B(w) AN (w)
_ /ﬁnGR(v,w)Aqﬁ(w)dw (v e D\ B(0,5)).

Hence
A3 (0B(0,4)) < B,||Ad|[1 sup{Gr(v,w) : [w| <5} (ve D\ B(0,5). (4)
Now suppose that ¢ > 13. By Theorem 1 applied to R,
sup{Gr(a;,w) : lw| <5} < sup{Gg(a;,w) : lw— aq| <9}
< C1GRrl(at, a3).
In view of (3) and (4) we now have

% < CuAR (9B(0, 4))

< BnCa||Ad||1 sup{Gr(ar, w) : |w| < 5}

< BnC1Ce||Ad|[1GR(at, a13)

= leR(ataalfi)a say, (5)

for all x € Hy N B(0,2) and all ¢ > 20, where d; depends only on n and our
choice of ¢. However, by Harnack’s inequality, there are positive constants ds, ds,
depending only on n, such that

Gp(y, w)
GD (y7 (14)
By the maximum principle

Gp(y,ar) _ do
ZD0) 5 B2 (ays, t > 20).
Gp(y,as) — ds rlas,ar) )

> dy > 0and Gr(a13,w) < dsz (y € H- N B(0,2);w € 0B(a13,2)).

Hence
Gp(z,ar) dids Gp(y,ar)

Gp(zr,aq) dy Gp(y,as)
in view of (5), and the result is now established with C3 = d;ds/ds. O

< d1GRr(as,a13) <

(t > 20),
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Corollary 4. Suppose D C R™ is a Greenian domain which contains Hy. Then the
closure TlM of T1 in D intersects OM D in ezactly one point y, and y € OM D.

Proof. Let Mp(z,y) denote the Martin kernel of D with reference point ajg. By

Theorem 3
1

Cs
for all z,y € Hy N B(0,a) and @ < 1. By continuity this inequality also holds
—_ M B ——
for z,y € Hy NB(0,a) . Now fix z € NysoH4+ NB(0,a) . If ¢ < 1, then by
Harnack’s inequalities,

Mp(az2a,x) < Mp(asae,y) < CsMp(aza,x)

Mp(ag, x)

Mp(z,x) > dlMD(Z,at)m

(z € OB(at,t/2)),
where d; depends only on n, whence by the minimum principle,

Mp(z,x) > g—;MD(z,at) =doMp(z,a), say (z€ D\ Bla,t/2)). (6)

If a;, — y € T1 NOMD, it follows that
Mp(z,z) > daMp(z,y) (2 € D). (7)

Let
By = B(ay-+,27%"") and Dy, = | ] B;.
>k

From (6) we have

Rﬁ’;(,’x)(am) > Rﬁ;(,’x)(am) > dﬁf};(.,%_k)(ald

> doMp(aio, ag-+) = da

for all k, and so D; cannot be minimally thin at all points of 9} D. In particular,
D_lMO OM D # . Further, by (7) and minimality, the sets D_lMﬂ oM D and TlMﬁ
OM D coincide and consist of exactly one point. O

We observe that, in the above proof, we have also shown that
— WM
() Hy N B(0,0)
a>0

contains exactly one minimal point. (It may also possibly contain non-minimal
points.)

By inversion it is easy to see that the preceding results have analogues when
a domain satisfies an inner ball condition. In particular, if a Greenian domain
D C R™ contains the ball B(z,r) and y € 0D NOB(z, ), then there is exactly one
minimal point associated to y that can be reached from the ball B(z, ).
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For the remainder of Section 3 we use €2 to denote a Denjoy domain of the
form R™ \ E, where E C L = R"! x {0}. Further, when n = 2, we require that E
be non-polar. We define

Me = @NBO,a) " ;
a>0
that is, Mg is the set of all Martin boundary points (not necessarily minimal) asso-
ciated with 0. Further, we let Pr denote the positive convex cone generated by the
functions {Mq(-,y) : y € Mg}. We will say that Pg is k-dimensional if the mini-
mum number of functions in Pr whose positive linear combinations span Pg is k.

Remark 5. The functions in Pg are the same as the set of positive harmonic
functions which are bounded outside every neighbourhood of the origin and vanish
continuously at every regular boundary point apart from 0. (This will become
apparent from the proof of the next theorem.)

The following theorem essentially corresponds to Theorems 2 and 3 in Benedicks
[10], but has a somewhat different formulation. Chevallier [13] was the first to
exploit minimal thinness in this connection.

Theorem 6. The set My N OMQ consists of either one or two points, and the
corresponding functions span Pg. Further:

(1) Pg is one-dimensional if and only if one of the following equivalent conditions
holds:
a) all functions in Pg are symmetric with respect to L;
b) there is no point y in Mg N OMQ such that QN L is minimally thin at
Y.
(2) Pg is two-dimensional if and only if one of the following equivalent conditions
holds:
a) there is a function in Pg which is not symmetric with respect to L;
b) there is a point y in Mg NOMQ such that QN L is minimally thin at y.

Proof. By Corollary 4 and the subsequent remark we know that
—_ M —_ M
ﬂ (Hy N B(0,)) and ﬂ (H-NB(0,a))
a>0 a>0

each contain exactly one minimal point. We denote these by y; and y_, respec-
tively. (They may or may not be equal.) It is easy to see that

N @nBO.a) = (N #E: nBO.) U () E-NBO,a) "

From this we see that Mg N dMQ = {y,,y_}. We now wish to prove that any
function Mq(-,y), where y € Mg, can be written in the form

MQ(7y) = CJrMQ(',er) + C*MQ(Uy*),
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for some constants cy,c_. To do this it is enough to prove that

RGN = Mo () (a>0), (8)
because every point z in 92 has at most two minimal points associated with it,
and, as will become clear below, Q \ B(z,r) is minimally thin at both of these
for any r > 0 (similar statements hold for oo, by inversion). From Corollary 2,
Theorem 3 and Harnack’s inequality we see that there is a constant d (depending
on n and «) such that

Mq(z,y) < d(Ma(a).), ar) + Mo(—ay.), —ay))
for all z € Q\ B(0,10a), y € 2N B(0,a) and 0 < t < «a. By continuity this

holds also for y € QN B(O,a)M and =+a; replaced by y+. Suppose now that y*)
is a sequence in €2 converging to 0 in the Euclidean topology, and to some point
y € Mg. By the above estimates (if we assume y*) € B(0, ) for all k) we see that
Ma(-,y™®) converges to Mq(-,y) with bounded convergence on dB(0,10a) N €,

and so
S0QNB(0,10a) S0QNB(0,10a)
_ )
Mo (-,y(®) RMQ(WZ/)
Since

~QNB(0,10a &
RMQ('(uy(k>) )= MQ("y( ))

for each k, we obtain (8), whence the functions corresponding to Mz N M Q span
PE.
We can change our normalization of Mq(-,-) to ensure that

MQ(lL',er) = Mﬂ(i,ay*%

whence y4 # y— if and only if Mq(x,y+) # Ma(Z,y4) for some x € Q.

If QN L, which is the same as Q \ (Hy U H_), is minimally thin at y, then
sois '\ Hy (because either Q\ Hi or Q \ H_ must be minimally thin at y, by
Lemma 9.6.1 in [8], and it cannot be the latter). By symmetry, Q\ H_ is minimally
thin at y_, so y4 # y_.

On the other hand, if y4 # y_, then y; & KM, by the observation following
Corollary 4, so Q \ Hy is certainly minimally thin at y,, and similarly Q \ H_ is
minimally thin at y_. ]

Again there is nothing special about the boundary point 0 in the above result.
The same phenomenon holds for all boundary points, including co (as can be seen
by means of an inversion). When constructing certain examples we will actually
work with oo for reasons of notational convenience.

Some simple examples are as follows. Firstly, if E contains B(0,¢) N L for
some € > 0, then it is clear that Pg is two-dimensional. In fact, Mg consists of
exactly two points in this case, and so, in particular, it is not connected. On the
other hand, if there is a sequence of balls B(z®) r.) in Q such that z(®) € L,
z®) — 0 and 7 > ¢|z®| for some ¢ € (0,1), then Pg is one-dimensional. The
reason for this is that || CAD be connected to —0m| by a Harnack chain
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whose length does not depend on k, and so the sequences (ia|z<k) ‘) converge to

the same minimal point.

Example 7. We now outline a less trivial example, due to Ancona [3], where
dimPr = 2. As we will work in the plane it is convenient to use complex no-
tation. Let

D=C\ | J[k+1/4k+3/4],
kEZ

N={2€C:1/ze D} =C\ (U [k+13/4»k+11/4] U{O})-

kez
We denote the two (possibly equal) minimal points associated with co on D by
w4 and w_ respectively. We want to prove that wy # w_. From Theorem 6 we
know that w; = w_ if and only if the set D N R is not minimally thin at w,. We
also know that it — w4 as t — +o0, so it is enough to prove that the unbounded
function Mp(-,w4) is bounded above by some positive constant on D N R. To
prove this we see from symmetry that
Gp(p,it) = Gp(0,p+it) (p € Z;t € (0,00)).

Hence, by Theorem 1 and Harnack’s inequalities,
< C1d1GD(O,it) (p € Z;t > 2])),

where d; is an absolute constant. Thus

T GD(pa Zt)
Mp(p,wy) = lim G0, it) < Cidy (p€Z).

Harnack’s inequalities can be applied to the circles 9B(k, 1) to see that there is a
constant do such that

MD(x,w+)§d2 (xeaB(k,l);k€Z),

and this bound also holds on B(k,1)N D by the maximum principle. In particular,
Mp(-,wy) is bounded on D NR; and so wy # w_.

and

3.2. A Wiener-type criterion

We have seen that Pg is either one- or two-dimensional. Benedicks [10] provided an
integrated harmonic measure criterion involving “moving cubes” for distinguishing
between these two cases. This criterion was recently shown by Carroll and Gardiner
[12] to be equivalent to one involving capacity. In this section we will combine ideas
from [10] and [12] to give a direct proof of this Wiener-type characterization.

Let C(A) denote the Newtonian (or logarithmic, if n = 2) capacity of a set
A. Also, let v € (0,1/3) and D(r) = LN B(0,r) and, for any k = 0,1,..., let
Dy = D(27%) and

Ep = (EN D) UDMR27%)UD\D((1 —7)27F).
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In the sequel we will use C(n,...) to denote a constant depending at most on
n,...; its value may change from line to line.

Theorem 8. For a Denjoy domain Q@ = R™\E with 0 € E the following statements
are equivalent:

(a) Pg is two-dimensional;

(b) { > 2K [¢(Dy) = C(Ey)| < 00 (n > 3)
S 2k [C(Dy) — C(E)] < o (n=2)

In the proof of Theorem 8 we will make use of the following elementary
version of the boundary Harnack principle (see Lemma 8.5.1 in [8]).

Lemma 9. Let z € L and 0 < a < 1. If g, h are positive harmonic functions on
B(z,7) N Hy which continuously vanish on B(z,r) N L, then g/h has a positive
continuous extension to B(z,r) N (Hy UL) and

g(x) < C(n, )g(y)

— < a)== for any xz,y € B(z,ar)N H,.
h(z) h(y)

We will give a proof of Theorem 8 when n > 3 and leave the adjustments
required for the plane case to the reader. For any compact set K C R™, we denote
by vk the capacitary potential of K, and by px the associated Riesz measure. We
also write

Ap={2' 27" <3|2/| <2'7%} and A} = {2’27 F < |2/ < (1 — )27},

Suppose firstly that Pg is two-dimensional. By Theorem 6 there is a function
in Pg which is not symmetric with respect to L. It follows, by consideration of
Poisson integral representations in H; and in H_, and by symmetrization, that
there is a function u in Pg satisfying u > |h|, where h(x) = z,, |z|". Now 1 —vpg,
vanishes on D(y27%) and D\D((1 — «)27%). It thus follows from Lemma 9 and
Harnack’s inequalities that

1—-wvg, 1—-vg, 1 _'UE’k(O/’Q_k)
< < R 2 S —
v =T S s

on dB(0, (1 — ~/2)27%)\L and on dB(0,72~%~1)\L. We can therefore apply the
maximum principle on the open set

B(0, (1 —7/2)2 " \[E U B(0,727+1)]

< C(n,v)2kd—m)

to see that
1—vp, <C(n,7)2""u on (A5 x {0})\E. (9)
Also, dup, (z', zn) = f (|2']) da’ddo, where d¢ is the Dirac measure at 0 in R and
f:[0,1) — (0,00) is continuous. (This can be shown using Green’s theorem and
the fact that the function &’ +— lim_o4 (1 —vp,(2’,t))/t is positive and continuous
on {|z'| <1}, by Lemma 9.) Letting ¢; = maxy ;) f, we can thus use dilation to
see that
dup, < 2%cidx’dsy on D((1—~)27%). (10)
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Since vp, =1 on Dy and Ej, C Dy, we have

C(Dy) — C(Ey)
=C(Dg) — /E vp, (y)dpe, (y) = C(Dk) /E /D ju_D; dug, (y)

= _ [ _dee(y) o -

< 2’%1/*(1 — g, (2,0))dx’ (12)

§C(n,’y)2k(2*")/ u(z’,0)dx’

*

by (10) and then (9). Condition (b) now follows from the integrability of u on Dj.
The elementary lemma given below will be used in the proof of the converse.
Let B = B(0,1) and let o denote surface area measure on 0B.

Lemma 10. Let q¢ € (0,1) be such that o(S1) = 0(0B)/2, where S1 = {y € 0B :
|yn| > q}, and let U = B\F, where F is a closed subset of L and 0 ¢ F'. Then
N (0B) < 2§ (51).

Proof of the lemma. Let So = 0B\S; and u;(z) = A2(S;) (i = 1,2). Clearly
u1(0) = uz(0) = % Further, it follows from the maximum principle and considera-
tions of symmetry that, for any € > 0, the set {us > % — ¢} contains BN L. Hence
Uy > % > uq on L N B. Since

NS = ui(z) — / wd\Y  (z€U)
BNoU

and BNOU C BN L, we see that
1
WS <5 [ wmdl = (s),
BNaU

and the lemma follows. O

If ' € Ay, we define

1 1
B, =B ((x’,O), (§ —7> Q_k) and S, = {y € 0B, :yn > q (5 —7) 2"“}.

It follows from Lemma 10, symmetry, dilation and the maximum principle that
/
BN\E(op ) < aAB\E(s, ) < 4L 0 (Th0)
Mot (OBr) S M) () S g
4 1—wvg, (2/,0)

ming_, (1 —vp,) < C(n,7y) (1 —vg, (2/,0)).
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Letting c2 = minpg /3 f, we can now argue as in the first part of the proof to see
that

/ )\f;, (\))E (0B )dx’ < 0512_kC(n,7)/D (1 —vg,)dup,
k
= C(n,7)27 " [C(Dy) — C(Ey)]. (13)
Now suppose that Pg is one-dimensional and let © € Pg. It follows from

Theorem 6 that u is symmetric with respect to L and it is not difficult to see that

tu(z’,0)

w0/, 1) = C(n) / —da’ (> 0). (14)
Rn—1 {|x’|2 n t2}
Since t"1u(0',t) | 0 as t — 0+, we have
(07, 1) < 2207y (0,277) (0 <t < 279). (15)
It follows easily from Theorem 1 that
u(z) < C(n)u(0, [z]) (= € ), (16)

and so, by Harnack’s inequalities,
(@, 0) = /udA( 23 < Cul0, [ DA (OB) (@ £ 0).
Combining this with (14), we obtain
u(0,279) < C(n)/ 27u(0 &'
Rr—1

9 n/2 (
{4272}
= C) {1 +Ja+ Ja), (1)

where Ji, J2 and Js3 are integrals of the preceding integrand over

{la'| <2'77/3}, {2'77/3 <|2'| <2/3} and {|2'| > 2/3},

'\E(aB dz

respectively. Using (15), and then (13), we see that

27jn rl—n / 27'
{Ja'|<21-7 /3} 27
< 3" u(0',27) (n=1) / A(;’(})E OBy )dx’
< C(n,y)u(0',277) 22’“("’2) [C(Dk) — C(Ey)]. (18)

Since, by the maximum principle and (16),

u< sup u<C(n)u(0,r) on Q\B(0,r),
oB(0,r)
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we can also use (13) and Harnack’s inequalities to see that

2—J ! 9l=j
{21-3 /3<|2’|<2/3} 2| ’

j—1
< C(n,y)u(0',277)277 Y " 2Mn = [C(Dy) — C(By)] - (19)

k=1

Also,

J3 < C(n)u(0, Q*J')Q*j/ |2’| " da’ = C(n)u(0',279)277. (20)

{l=’|>2/3}

Combining (17)—(20) yields

1<Cn, v>{ > 2D [e(Dy) - C(By)]

k=j

407 Ji: 2Mn= [C(Dy) — C(Ex)] + 2_J} (=1,
k=1

which is incompatible with convergence of 3°, 2%("=2) [C(D},) — C(Ey)]. This com-
pletes the proof of Theorem 8.

3.3. Examples

We will now briefly illustrate when the criterion in Theorem 8 holds. When n =
2, we know that C(Dy) = 27%! and C(Ey) > l1(Ey)/4, where l,,, denotes m-
dimensional measure, so from Theorem 8 it follows that Pg is two-dimensional if
S 281 (D \Ex) < co. However, a sharper result is true.

Corollary 11. Let n > 2. If "2 1,y (Di\Ex)]™ "™V < o, then Pg is two-
dimensional.

The corollary will follow, by dilation, once we establish the following lemma.
(We present the details only for the case where n > 3.)

Lemma 12. If F = D(1)\W, where W is a relatively open subset of D(1—+~), then
C(D(1)) = C(F) < C(n,) [lay (W)

Proof. To see this, we choose p such that I,—1 (D(p)) = 2l,—1(W). Thus p =

C(n) (ln_l(W))l/(nfl). We may assume, without loss of generality, that p <
273/2~ Let

U={(,z,): |2 — 2| <|zn| < p for some (2',0) € W}UW,

let h(z) = A2(90B(0,1)), where w = (B(0,1)\L) U W, and let m = supy, h. Ele-
mentary estimates of harmonic measure show that there is a constant c3 € (0, 1),
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depending only on n and ~, such that /\f+(W) < ¢3 when x € Hy N9U. Let
V = B(0,1) N Hy. Since

h(z) =AY (Hy Nn9B(0,1)) +/ hd\Y  (zeV),
w

/hdAgg/ h d\+ <eym  (x € Hy NOU),
w w

and
Ay (HyN9B(0,1)) < C(n, v,  (x € HyNB(0,1-7/2)),
we see that
h<C(n,y)p+csm on HyNAOU,
whence
m = S‘I}[I/ph < C(n,7)(1 —e3) *p.

Finally, we use the fact that 1 — vp < h on B(0,1)\F to see (as in (11)) that
D) ~eF) = [ (=) dupiy < [ hdunpy
D(1) w
< C(n.y)ppy (W) < Cn, ) [ln—a (W) 070
in view of (10) and our choice of p. O

Corollary 11 provides a sufficient condition for Pg to be two-dimensional. A
necessary condition is that

/ 2’| " dist((2, 0), E)dz’ < oc. (21)
{l’|<1}

To see this, we note from Theorem 6 that, if Pg is two-dimensional, then there is
a function u in Pg satisfying u(x) > z, |2|”" on Q, whence
u(z’,0) > C(n)u(z’, dist((2’,0), E)) > C(n)dist((z',0), E) |2'] "

by Harnack’s inequalities, and (21) now follows from the local integrability of u
on L.
Combining Corollary 11 with the observed necessity of (21), we see that, for

E =1L\ (U B(x(k),rk)> , where 2® € LNdB(0,27%) and r, <27,
k

the cone Pg is two-dimensional if and only if 2”’“7",? < 00.
Further illustrations of condition (b) in Theorem 8 may be found in [12]. In
particular, it is shown there that, for

EL\{x€(O,1)><R"2x{O}: 3+ -2l <g(x1)},
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where n > 3 and ¢ : (0,1) — (0,00) is increasing, Pg is two-dimensional if and
only if

/1 £ g (8] dt < oo,
0

3.4. Boundary behaviour of the Green function

Up to now we have been discussing the relationship between the Euclidean and
Martin boundaries of Denjoy domains. Next we consider the boundary behaviour
of their Green functions. Let xg € Q. We will say that Gq(zo,-) is Lipschitz
continuous at 0 if there is a constant C' > 0 such that Gq(zg,z) < C|z| on
some neighbourhood of 0, where Gq(xo,-) is interpreted as 0 on E. This defini-
tion is independent of the choice of xp, in view of Harnack’s inequalities. Since
G, (vo,2)/xy, has a finite (positive) limit at 0, it is clear that G, (2o, -) is Lip-
schitz continuous at 0. The next result shows that this remains true of Gq(xo,-)
when € is sufficiently like H near 0.

Theorem 13. For a Denjoy domain Q@ = R"\E with 0 € E, and for any point
xg € Q, the following statements are equivalent:

(a) Gal(xo,-) is Lipschitz continuous at 0;

(b) { 3252 [C(Dy) — C(Ey)] < oo (n>3)
Y2t [C(Dy) ~C(E)] <00 (n=2)

This result was first established for the case n = 2 by Carleson and Totik
[14], without reference to the work of Benedicks [10]. Below we will present a
proof of this result in all dimensions, taken from [12], which explains why the
same condition appears in both Theorems 8 and 13.

A few preliminary comments may serve to illuminate this phenomenon. Thin-
ness (in the ordinary sense) of a set A at 0 may be characterized by the existence
of a superharmonic function v on a neighbourhood of 0 such that

mllrg7iréf14v(x) >v(0) = llgligf v(x). (22)
However, it may equivalently be characterized by the existence of a superharmonic
function v on a neighbourhood of 0 such that

v(x)

D limint 28 (23)

lim inf
z—0,z€A |1-|
(When n = 2, we replace |z|*~" by log(1/ |#|) in (23).) A similar duality occurs in
the case of minimal thinness. By analogy with (23), a set A C € is minimally thin
at y € OMQ if and only if there is a positive superharmonic function v on  such

that
(@) ()
1 f —————>1 f—————
ooyaeAMa(@,y)  rey Ma(z,y)’
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but an equivalent characterization is that there is a positive superharmonic func-

tion v on  such that

lim inf & > lim infﬂ

z—y,z€AGq (20, x) z—y Go(xo,)
(cf. (22)). It is this possibility of characterizing minimal thinness in terms either
of minimal harmonic functions or of the Green function that allows us to connect
the dimensionality of Pr with the boundary behaviour of Go. We will now make
this connection precise.

Proof. Suppose firstly that condition (b) of Theorem 13 holds, and let 29 = (0, 1).
By Theorems 8 and 6 there is a point y € MgNAdMQ such that QN L is minimally
thin at y. The associated minimal harmonic function u, say, must differ from its
Poisson integral in one of the half-spaces, Hy, say. Hence Q\ H is minimally thin
at y, and it follows from Theorem 9.5.2 of [8] that

. Gu, (wo,1)
limsup ———=
x—y,x€H GQ(ZL’O,ZL’)
In view of Remark 5, we know that any sequence of points in H; that converges
to y must converge to 0 in the Euclidean topology, so

. GH+ (.TO,.T)
limsup ——=
e—0,zcH, Gal(Zo,)

Hence, by Theorem 9.3.3(ii) of [8], Gq(xo,-)/GH, (20,-) has a finite minimal fine
limit at O relative to H, and so a finite nontangential limit there, by Theorem
9.7.4 of [8]. Since Gq(zg,z) < C(n)Ga(zo, (0',|x])), by Theorem 1, we now see
that Gq(zo, )/ |z| is bounded above on B(0,1/2)N$, and so Gq(x, -) is Lipschitz
continuous at 0.

Conversely, suppose that condition (a) holds, and let y be the minimal Martin
boundary point of Corollary 4 (with D = €2). Since
Gu, (w0, x) t

lim su > C(n)limsup———
m—>y,m€1€+ Ga(xo,x) — () t—>0+pGQ(l'0a(0/at))

> 0.

>0,

by hypothesis, we can apply Theorem 9.5.2 of [8] again to see that Q\ H, and hence
LN Q, is minimally thin at y. Theorem 6 now shows that Pg is two-dimensional,
and condition (b) follows by Theorem 8. O

4. Applications

4.1. Approximation of positive harmonic functions

Let D C R™ be a Greenian domain. In this section, which extends [26], we shall
study the following approximation problem: when is HPLP (D) dense (with respect
to uniform convergence on compact subsets in D) in HP(D)? We will deal with
the cases 0 < p < 1 and p = oo (so the case p = oo refers to approximation by
bounded positive harmonic functions).
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In all cases there are some trivial counterexamples. In the case p = oo the
punctured ball D = B(0,1) \ {0} is a counterexample. Indeed it is easy to see
that HPL>(D) # HP(D) if 3D\ supp(AL) is non-empty, because the latter set is
removable for bounded harmonic functions. Of course, a point such as the origin in
the case of the punctured ball corresponds to exactly one Martin boundary point,
which is minimal, and the associated minimal harmonic function has the same
singularity as the fundamental solution of the Laplacian, and so is integrable.
However, we easily obtain counterexamples in the case where 0 < p < 1 if we
allow unbounded domains D, for then the half-space D = H, is a domain for
which HPLP(D) # HP(D) (cf. Section 1).

We now give a general theorem which relates the above approximation prob-
lem to “topological” properties of the Martin boundary. Later we will see that
Denjoy domains play a role in constructing non-trivial counterexamples to the
above approximation properties.

Theorem 14. Let D C R™ be a Greenian domain.
(1) Let 0 <p <1, and A, = {y € 9D : Mp(-,y) € LP(D)}. Then HPLP(D) =
HP(D) if and only if M D A" .
(2) HPL>(D) = HP(D) if and only if OM D C supp(v1).

Proof. (1) Firstly we note that, if Dy, is an exhaustion of D, then

Ap:(?{MDﬂ{yG(?MD:klim (Mp(z,y))Pdr < oo},
—00 Dy,
so A, is a Borel set.

Suppose now that h € HPLP(D), and assume without loss of generality that
h(zg) = 1, where xq is the reference point of Mp(-,-). Then, by Tonelli’s theorem
and Jensen’s inequality,

/ /(MD(m,y))pdxdu;L(y) S/ ( MD(m,y)du;L(y)> dx
oMp Jp D \Jo}MD

- [ (@) ar < .

and so vy, is carried by A,.

Let us now introduce two convex subcones of HP (D) as follows: ;1 denotes
the cone of all (finite) positive linear combinations of functions of the form Mp(-, y)
for y € Ap, and Ky denotes the cone of all those positive harmonic functions
h which have a representing measure (not necessarily the one carried by 9} D)

supported by A,
We note that
K1 C H,P,CP(D) - /CQ,
and Ky is closed by weak*-compactness. We will now prove that IC; = Ky by
an application of the Hahn-Banach theorem (about separation of convex cones).
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Suppose 7 is a signed Radon measure with compact support in D such that [ kdn >
0 for all k£ € K. In particular, by assumption,

/ Mp(z,y)dn(z) >0 (y € Ap),

and by continuity this also holds for all y € A_pM. Hence, if h € K3, so that h has

. ——M
a representing measure v supported by A, , then

[ ran= [ [ Mo pivtane) = [ [ 3o inyive) =0

This proves that /Co C K1, and hence the first part of the theorem is proved.

(2) This follows by analogous reasoning using the fact that HPL>*(D) is
precisely the set of functions representable in the form [ Mp(-,y) f(y)di1 (y), where
f is a non-negative bounded Borel measurable function. |

Example 15. Theorem 14 shows that topological information about the minimal
Martin boundary points is crucial for these approximation questions. We now claim
that the Denjoy domain

1 1
2=C\ (U [k+3/4’k+1/4} U{O}>

kEZ

from Example 7 has the property that the two distinct minimal points y4 and y_
corresponding to 0 are isolated in &} (2. This is, of course, equivalent to saying that
the two distinct minimal points w; and w_ corresponding to oo for the domain D
in the same example are isolated in 9/ D. For reasons of notational convenience
we will establish this latter assertion. We again choose 0 as our reference point.

To show this, we note from symmetry that every sequence z*) in R N D
converging to oo satisfies

Mp(,a) = 2 (Mp (- wy) + Mp(,w)).

It follows by applying Harnack’s inequality to the circles 9B(k, 1) that no sequence
(z®) with 2(¥) € 9B(k, 1) can converge to either w, or w_. From this the claim
follows easily using the maximum principle.

We note that Ancona’s interest in this example stemmed from the fact that
OM() is not dense in OMQ in this case.

Example 16. We now give non-trivial examples of domains D,, (that is, bounded
domains for which supp()\xDp) = 0D,) where HPLP(D,) # HP(D,).

We begin with the case p = co. The Denjoy domain 2 of Example 15 has
the property that HPL>(Q) # HP(Q2), because the points y; and y_ are not in
the support of 14 (see Theorem 14 (2)). If we define Do, = B(0,1) N Q, we get a
bounded domain with supp(AP=) = 0D, yet HPL>®(Ds) # HP(Doo)-
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However, every positive harmonic function on D, is integrable. To treat the
case where 0 < p < 1 we fix such a p, choose k € N such that pk > 1, and define
D,={2€C:2% € Dy}. Then

4k—1 .
D, = B(0,1)\ U {2k T exp (z%) tr e 00N [O,oo)} .
7=0
(The boundary of D, in B(0,1) consists of subsets of 4k rays emanating from
0 with angular spacing 7/2k.) From the construction of the Martin boundary it
is easy to see that, analogously to the case of D, the origin corresponds to 4k
distinct points in M D,,, and these points are isolated in 9 D,,.
Further, the growth of the corresponding minimal functions is comparable to

1 1
Im (Tk) = — sin(20k) on 0 < 6 < 7/2k,
z r

where z = 7. Since pk > 1, we get

1 /2k 1 P 1 1 /2k
/ / (Wsin(%k)) rdrd = / — / Sin? (20k)d6 = +oc.
o Jo T o TP 0

By applying Theorem 14 (1) we now see that HPLP(D,) # HP(D,).

4.2. Minimal harmonic functions associated with an irregular boundary point

As is well known, the minimal harmonic functions on the unit ball B are simply
multiples of the Poisson kernel with arbitrary boundary pole; that is, they are
multiples of the functions
2
1— |z
vZ:xHiun (z € OB).

|z — 2|
We note that v, continuously vanishes on 0B\{z} but tends to oo along a tan-
gential approach region to z. Now let U = B\{xo}, where zy € B. The minimal
harmonic functions on U comprise all the minimal harmonic functions on B to-
gether with multiples of

Vg : T — Gp(x,20) = Uy, (T) — Hfio (z),

where
2—n
T — n>3
uy(x):{_l y‘ _ ( :2)
oglr —yl (n=2)
and H}/ denotes the solution to the Dirichlet problem on V with boundary func-
tion f. Clearly v,, continuously vanishes on OU\{z} and tends to oo at xg. This
observation, concerning the irregular boundary point xy of U, illustrates the fol-
lowing general fact. Let U be a (Greenian) domain with an irregular boundary
point xo (so R™\U is thin at z¢), and define

Gu(z, o) = ugy(x) — HuUw0 () (xel).
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If w is a positive multiple of Gy (-,xg), then u is a minimal harmonic function
on U and u(x) — oo as x — xo outside a set which is thin at x¢. Brelot [11]
observed that the converse to this statement also holds when n = 2, but the
corresponding question in higher dimensions has remained open until the following
recent result [21].

Theorem 17. Letn > 3. There is a domain U with irreqular boundary point 0, and
a minimal harmonic function v on U, such that u(x) — oo as x — 0 outside a set
which is thin at 0, yet u is not a multiple of Gy (+,0).

We will shortly outline a construction motivated by the theory of Denjoy
domains, which was used in the proof of Theorem 17. First we will indicate the
significance of this result for fine potential theory.

Recall that, for nonnegative superharmonic functions on a Greenian domain
U, the Riesz decomposition says that the following conditions are equivalent:

(i) the only nonnegative harmonic minorant of u is 0;
(ii) the only nonnegative subharmonic minorant of w is 0;
(iii) there is a Borel measure p on U such that u = [ Gy (-, y)du(y).

The fine topology on R™ is the coarsest topology which renders all superharmonic
functions continuous. Fuglede and others have developed, since around 1970, an
elegant and powerful theory of finely harmonic and finely superharmonic functions
on fine domains (that is, finely connected, finely open sets), an account of which
may be found in [17]. The fine topology counterparts of conditions (ii) and (iii)
above were shown to be equivalent by Fuglede [18], and so either can be used as
the definition of a fine potential. Also, it is obvious that (ii) implies (i). However,
it has been a long-standing open question whether the fine topology counterparts
of conditions (i) and (ii) are actually equivalent. This question was first raised
by Fuglede in 1972 (see p. 105 of [17]), and further emphasized in [19]. We now
explain, using an argument from [19], how Theorem 17 leads to a negative answer
to this question.

Let U and u be as in Theorem 17. The set Uy = UU{0} is then a fine domain.
Further, if we define «(0) = +o00, then u certainly satisfies the fine topology ana-
logue of the supermeanvalue property at 0, and so u is “finely superharmonic” on
Up. Any non-negative finely harmonic minorant v of u on Uy is actually harmonic
on the open set Q (by Theorem 10.16 of [17]), so v = cu for some ¢ € [0, 1] by the
minimality of u on U. Since v(xo) is finite, we must have ¢ = 0 and so v = 0. Thus
the fine topology version of Property (i) above holds. However, if u were the fine
potential of a measure p on Up, then p(U) = 0 by the harmonicity of v on U, and
we would be led to the contradictory conclusion that v is a multiple of Gy (+,0).
Thus the fine topology version of Property (iii) (equivalently, (ii)) fails to hold.

We now outline one approach to proving Theorem 17. Let B’ denote the
unit ball in R™~!, and let V = B’ x R. We are going to exploit the translational
invariance of V and the thinness of V' at infinity when n > 4. (A more intricate
approach is required when n = 3: see [21].) Let o denote the square root of the
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first eigenvalue of — Z?z_ll 0?/0z% on B’, and ¢ be the corresponding eigenfunction
which satisfies ¢(0) = 1. The function

h: (2 2,) — ¢(z)e
is then a minimal harmonic function on V' that vanishes on 0V. We extend h to be

a subharmonic function on all of R by defining h = 0 on R™\V. Let V = R™\V.
It is enough to establish the following.

Proposition 18. There is a minimal positive harmonic function u* on a domain
U* D R™\0V such that u* continuously vanishes on OU* and satisfies u* > h,

u* = HS/ (where u*(o00) = 0) and
/)" 2wt (2,0) = 400 as |2'| — oo. (24)

Theorem 17 follows from this proposition using the Kelvin transform and
inversion in dB: the resulting minimal harmonic function « is defined on a domain
U which has 0 as an irregular boundary point, so u has a fine limit at 0 which
must be infinite, by (24). However, u cannot be a multiple of Gy (+,0) because of
its rapid growth along the z,-axis on approach to 0.

Next, using the symmetries of V, it is not difficult to see that (24) is equiva-

lent to
/ u* do = oo, (25)
v

where o denotes surface area measure on V. This guides our choice of U*, as
follows. We fix 5 € (0,1/4) and define

Apg={(@ 2,) €0V : |z, — 2F| < Be "V (keN)

and U* = VUV U (Ug Ak, g). The point here is that, since h(z', z,,) = (1 —|2'|)e**
on V, if there is a harmonic function u* on U* such that u* > h, then Harnack’s
inequalities will show that

wt (@ wn) > C(n, B)e 2" e?

and so (25) automatically holds.

It therefore remains to show that there is a minimal harmonic function u*
on U* such that u* vanishes on OU*, u* > h and u* = H.. This is analogous to
Case (2) of Theorem 6, where there was a minimal harmonic function on € which
vanishes on E, majorizes z — z;7 |z|”" and equals its Poisson integral in H_.

The approach taken in [21] to showing this is as follows. We define the cylin-
drical annular sets

Wi = {(@',20) : ||o'] = 1] < 72" and [a, — 2| < e}

and, for any nonnegative continuous function f on R", the functions

k 1

k—
= C(n, 5)€a2 on Ak,ﬁ/2»

Ui Wi ; h+ H}/ onV
ij: Hfl on Ul Wk} , HOf: H\7 on ‘7
f elsewhere f ! on OV
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(We always interpret f(oo) as 0.) Next we inductively define a sequence (s;) of
continuous functions on R™ by

so="h, sgj_1=H;ssj 2, 525 =Hysyj 1.

It is not difficult to see, using the maximum principle, that each function s; is
subharmonic and the sequence is increasing. Less obvious is the fact that the
sequence converges on R™: this has to be verified using appropriate estimates of
harmonic measure. Once this is done it can be checked that the limit function «*
does indeed have all of the desired properties.
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Carathéodory Convergence of Immediate
Basins of Attraction to a Siegel Disk

Pavel Gumenyuk

Abstract. Let f, be a sequence of analytic functions in a domain U with a
common attracting fixed point zg. Suppose that f,, converges to fo uniformly
on each compact subset of U and that zo is a Siegel point of fo. We establish
a sufficient condition for the immediate basins of attraction A*(zo, fn,U)
to form a sequence that converges to the Siegel disk of fo as to the kernel
w.T.t. zo. The same condition is shown to imply the convergence of the Koenigs
functions associated with f, to that of fo. Our method allows us also to obtain
a kind of quantitative result for analytic one-parametric families.

Mathematics Subject Classification (2000). Primary 37F45; Secondary 30D05,
37F50.

Keywords. Iteration of analytic functions, Fatou set, Siegel disk, basin of at-
traction, convergence as to the kernel.

1. Introduction

1.1. Preliminaries

Let U be a domain on the Riemann sphere C and f : U — C a meromorphic
function. Define f7, the n-fold iterate of f, by the following relations: f! : U — C,
fla=f, o+t (f”)fl(U) — C, frtl:= fo f* ne€N. It is convenient to define
fO as the identity map of U. Denote

-1
E(f,U) = () (/") ().
neN

The Fatou set F(f,U) of the function f (w.r.t. the domain U) is the set of all
interior points z of E(f,U) such that {f"},en is a normal family in some neigh-

This work is partially supported by the Research Council of Norway, the Russian Foundation for
Basic Research (grant #07-01-00120), and ESF Networking Programme “Harmonic and Complex
Analysis and its Applications”.
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bourhood of z. Define the Julia set J(f,U) of f (with respect to the domain U)
to be the complement U \ F(f,U) of the Fatou set.

Classically iteration of analytic (meromorphic) functions has been studied for
the case of U € {E,(C,(C* =C\ {O}} and f : U — U, see survey papers [1, 2]
for the details. As an extension the cases of transcendental meromorphic functions
and functions meromorphic in C except for a compact totally disconnected set
have been also investigated, see, e.g., [3, 4]. (Note that f(U) ¢ U for these cases.)
In this paper we shall restrict ourselves by the following
Assumption. Suppose that U, f(U) C C, i.e., f is an analytic function in a subdo-
main U of C.

One of the basic problems in iteration theory of analytic functions is to study
how the limit behaviour of iterates changes as the function f is perturbed. A
large part of papers in this direction are devoted to the continuity property for
the dependence of the Fatou and Julia sets on the function to be iterated. We
mention the work of A. Douady [5], who investigates the mapping f — J(f,C)
from the class of polynomials of fixed degree to the set of nonempty plane com-
pacta equipped with the Hausdorff metric dy(X,Y) := max{0(X,Y),0(Y,X)},
0(X,Y) :=sup,cx dist(z,Y). We also mention subsequent papers [6]-[11] dealing
with other classes of functions. Continuity of Julia sets is closely related to be-
haviour of connected components of the Fatou set containing periodic points. Now
we recall necessary definitions.

Let zp € U be a fixed point of f. The number X\ := f/(zp) is called the
multiplier of zg. According to the value of A the fixed point zq is said to be attracting
if |A] < 1, neutral if |A| = 1, and repelling if |A| > 1. An attracting fixed point
is superattracting if A = 0, or geometrically attracting otherwise. Suppose zj is a
neutral fixed point of f and none of f™, n € N, turns into the identity map; then
the fixed point zg is parabolic if A = e2™“ for some o € Q, or irrationally neutral
otherwise. If an irrationally neutral fixed point belongs to F(f,U), then it is called
a Siegel point.

The component of the Fatou set F(f,U) that contains a fixed point zq is
called the immediate basin of zp and denoted by A*(zo, f, U). The immediate basin
of a Siegel point is called a Siegel disk, and the immediate basin of an attracting
fixed point is called an immediate basin of attraction. It is a reasonable convention
to put by definition A*(zo, f, U) := {20} for fixed points zg € J(f,U), in particular
for repelling and parabolic ones.

By passing to a suitable iterate of f, the above definitions are naturally
extended to periodic points.

1.2. Main results

Consider a sequence {f, : U — C},en of analytic functions with a common at-
tracting fixed point zy € U. Suppose that f, converges to fo uniformly on each
compact subset of U. It follows easily from arguments of [5] that A*(zq, fn,U) —
A* (20, fo,U) as to the kernel w.r.t. 2o provided zp is an attracting or parabolic
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fixed point of the limit function fy. At the same time A*(zo, f,,U) fails to con-
verge to A*(zo, fo,U) in general if zo is a Siegel point of fy (see Example 1 in
Section 4). Similarly, the dependence of Julia sets on the function under iteration
fails to be continuous at fp (with respect to the Hausdorff metric) if fy has (gen-
erally speaking, periodic) Siegel points. Nevertheless, in the paper [12] devoted
to the continuity of Julia sets for one-parametric families of transcendental entire
functions H. Kriete established an assertion, which can be stated as follows.

Theorem A. Suppose f : Cx C — C; (A, z) — fa(z) is an analytic family of
entire functions fx(z) = Az + aa(N\)22 + -+ and \g 1= €*™ where ag € R\ Q
is a Diophantine number. Let A be any Stolz angle at the point \g with respect
to the unit disk {\ : |A\| < 1}. Then A*(0, fn,C) — A*(0, f,,C) as to the kernel
w. . t. zg when X\ — Ao, A € A.

Remark 1.1. It was proved by C. Siegel [13] that for a fixed point with multi-
plier e?™ o € R\ Q, to be a Siegel point, it is sufficient that o be Diophantine.
This condition is not a necessary one even if restricted to the case of quadratic
polynomials f(z) := 22 +¢, ¢ € C (see [14, Th. 6] and [15]). Furthermore, it is easy
to construct a nonlinear analytic germ with a Siegel point for any given o € R\ Q.

The Diophantine condition on «aq is substantially employed in [12], and in
view of the above remark it is interesting to find out whether this condition is
really essential in Theorem A. Another question to consider is the role of analytic
dependence of fy on A. A possible answer is the following statement improving
Theorem A.

Theorem 1.2. Let fy: U — C be an analytic function with a Siegel point zg € U
and {fn : U — Cl,en a sequence of analytic functions with an attracting fized
point at zg. Suppose that f, converges to fo uniformly on each compact subset
of U and the following conditions hold

(i) |arg (1= f,(20)/f(20))| < © for some © < /2 and all n € N;
(ii) the functions (fn(z)— fo(2))/(fh(z0)— f§(20)), n € N, are uniformly bounded
on each compact subset of U.
Then A*(zo, fn,U) converges to A*(zo, fo,U) as to the kernel w.r.t. zg.

Condition (i) in this theorem requires that A, := f/ (z0) tends to Ao := f§(20)
within a Stolz angle, condition (ii) appears instead of analytic dependence of fy
on A, and the Diophantine condition on ag turns out to be unnecessary. Both
conditions (i) and (ii) are essential. We discuss this in Section 4.

Dynamics of iterates in the immediate basin of a fixed point can be described
by means of so-called Keenigs function.

Let zg be a fixed point of an analytic function f. The Kenigs function ¢
associated with the pair (29, f) is a solution to the Schréoder functional equation

analytic in a neighbourhood of zy and subject to the normalization ¢'(zg) = 1.
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It is known (see, e.g., [16, pp. 73-76, 116], [17]) that the Kcenigs function
exists, is unique, and can be analytically continued all over A*(zq, f, U) provided
zo is a geometrically attracting or Siegel fixed point. If the Koenigs function is
known, then the iterates can be determined by means of the equality

p(f"(2)) = A"p(2), A= f'(20)-

By ¢k, k € Ny := NU {0}, denote the Koenigs function associated with the
pair (2o, fi). We prove the following

Theorem 1.3. Under the conditions of Theorem 1.2, the sequence p, converges
to @o uniformly on each compact subset of A*(zo, fo,U).

The assertion of Theorem 1.3 should be understood in connection with Theo-
rem 1.2, because the uniform convergence of ¢, on a compact set K C A*(zo, fo,U)
requires that K were in the range of definition of ¢,, i.e., in A*(zq, fn,U), for all
n € N apart from a finite number.

Assumption. Hereinafter it is convenient to assume without loss of generality
that zg = 0, saving symbol zy for other purposes.

For any a € C and A C C let us use aA as the short variant of {az : z € A}.
By D(&o, p) denote the disk {£ : |£ — &o| < p}, but reserve the notation D for the
unit disk D(0, 1).

Remark 1.4. The Kcenigs function (g associated with the Siegel point of fy admits
another description (see, e.g., [16, p. 116], [17]) as the conformal mapping of the
Siegel disk .A*(0, fo,U) onto a Euclidean disk D(0,r) that satisfies the condition
©o(0) = ¢,(0) —1 = 0. From this viewpoint it will be convenient to consider
the conformal mapping ¢, ¢(0) = 0, ¢'(0) > 0, of A*(0, fo,U) onto the unit
disk D instead of the Kcenigs function ¢g. Obviously, ¢(z)/¢o(z) is constant, and
consequently, ¢ satisfies the Schroder equation (1.1) for f := fy. For shortness, S
will stand for A*(0, fo,U). By % denote the inverse function to ¢ and let S, :=
Y(rD), L, = 05, for r € [0,1]. One of the consequences of the fact mentioned
above is that fy is a conformal automorphism of S and S,, r € (0, 1).

During the preparation of this paper another proof of Theorems 1.2and 1.3
given in [18, p. 3] became known to the author. However, our method allows
us also to establish an asymptotic estimate for the rate of covering level-lines of
the Siegel disk by basins of attraction for one-parametric analytic families. Let
f:WxU—C; (A z)— fa(z), where U 5 0 and W are domains in C, be a family
of functions and «g an irrational number satisfying the following conditions:

(i) fa(z) depends analytically on both the variable z € U and the parame-
ter A € W;
(ii) f1(0) =0and f;(0) = A for all A € W;
(iii) Ao := exp(2miap) € W and the function fy, has a Siegel point at zp = 0,
with S := A*(0, f,, U) lying in U along with its boundary 95.
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Consider the continued faction expansion of ay and denote the nth convergent
by pn/gn. (See, e.g., [19, 20] for a detailed exposition on continued factions.) For
x > 0 we set

. 2¢ngn+1 }
no(z) :=minqn e N: ———— > x>, T):= @n, ()
0( ) { qn+qn+1 ( ) o(@)

Notation ¢, ¥, S, and S, will refer to the limit function fy,. Lemma 2.2 with a
slight modification can be used to prove the following statement.

Theorem 1.5. For any Stolz angle A at the point Ay there exist a constant C > 0
and a function € : (0,1) — (0,400) such that for any r € (0,1) the following
statements are true:

(i) Sr C A¥0, fr,U) for all X € W N A satisfying |A — Xo| < e(r);

(ii) e(r) = C(A—r)*/e((1=r)77),
where v > 7o := 1 + max {@p( )y By(— } and By stands for the integral means
spectrum of the function v,

log J27 [/ (rei®)|* 8
t) =1 .
By(t) msup — S )
It is known [21] that (4 (1) < 0.46 and Gy (—1) < 0.403 for any function ¢
bounded and univalent in D. Consequently, vo < 1.46.

Theorem 1.5 has been published in [22]. We sketch its proof and specify the
function e(r) explicitly in Section 3.

(1.2)

2. Proof of theorems

2.1. Lemmas

Denote A, := f;(0), k € Ng. Let us fix arbitrary n, € N and consider the linear
family
A—Xo

ind(z) =1 =t) fo(z) + tfn.(2), t:= T 2€ U, xeC. (2.1)
Ty 0

The number n, will be not varied throughout the discussion in the present section.
So we shall not indicate dependence on n, until it is necessary. In particular we
shall often write fy instead of fi[n.].

We need the following elementary statement on approximation of integrals
by quadrature sums (see, e.g., [23, pp. 55-62]).

Theorem B. Suppose ¢ is a continuously differentiable function on [0,1]. Then for
any N € N and any set of points xo,x1,...,xn-1 € [0,1] the following inequality
holds

1

N-1 1
[ore =13 olen)| < Qavar,.vann) [ W@l (22
n=0 0

0
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where Q(wo,ml, e ,xN,l) = sup |F(x;x0,x1, ceyEN-1) — x| and
z€[0,1]
N-1
. _ 1 _ L ify>0,
F(z;x0,21,...,oN—1) := N Z% O(x — ), 0(y) = { 0. ify<0

Remark 2.1. Consider the sequence x2 := {agn + B}, where { - } stands for
fractional part, o is given by Ao = €?™®, and 3 is an arbitrary real number.
Denote

Qp,N = Q(m’g,m’f, e ,$%,1)~
Since ap € R\Q, we have (see, e.g., [23, pp. 102-108]) Qz.nv — 0 as N — +o0.

Fix any rg € (0,1). The following lemma allows us to determine €, > 0 such
that Sy, C A*(0, fr,U) whenever |arg(l — A/Xo)| < © and |A — Ag| < €. In order
to state this assertion we need to introduce some notation.

Denote
ko(z) == ﬁ 2ED, k()= eTko(e2), v €R,
)= LB D) gy S0
W@ EO)Y(E) —u(E)HNE) o
J(t) = M€ hof) 3= o™,

For 7 € (0, —logry) and N € N we put

1
QN = 52£Q57N, anN = 27TQN/O ‘J(t)l dt,

A ( E)'—\/1+262C082ﬁ+b4*1+62 oo
N\T, = S eoss , ’
where ¢ := © + arcsinay, b := meN(1 — an)/(47),

]-*k'n' * kﬂ' *
en(t) = (re) [k (1) An. — Xo|, 7= rpe

sup |1 — fn.(2)/ fo(2)]
Lemma 2.2. Let N € N and 1 € (0,—logro). Ifan < sin(m/2—©), then f3¥ (Sy,) C
Sy for all X such that |arg(l — A/Xo)| < © and [X — Xo| < e, where &, :=

EN(T)AN(T,EN(T)).
Remark 2.3. In view of Montel’s criterion the inclusion f{(Sy,) C S, in Lem-

ma 2.2 implies that S,, C A*(0, fx,U). We will use this simple fact without
reference.

1-1/N * L T
/ ), rTi=rge’.

Lemma 2.2 in a slightly different form has been proved in [22]. We state
its proof here for completeness of the discussion. The scheme of the proof is the
following. The main idea is to fix arbitrary zo € L£,, and consider the function
sn(A) = sn(z0,A) = @(fY(20)). The first step (Lemma 2.4) is to determine a
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neighbourhood of Ay where sy is well defined, analytic and takes values from a
prescribed domain of the form {£ : p1 < [£| < p2}. The next step (Lemma 2.5) is
to calculate the value of (0/0\) log sy (A) at A = Ag, which turns out to be equal to

s (M)
An(z0) = sz AZ Z G(M\e(20))

where G is an analytic function in D. The concludmg step is to use the equal-
ity fol G(e*™p(z0)) dt = 1/Ao and Theorem B in order to estimate |An(zo)
and | arg An(zo)|. This allows us to employ a consequence of the Schwarz lemma
(Proposition 2.6) for proving that |sy(\)] < |¢(20)| for any A satisfying |arg(1 —
A/ Ao)| < © and |A — Ag| < €. Since zp € L, is arbitrary, this means that
I (Sr,) C Sy, for all such values of .
Lemma 2.4. Under the conditions of Lemma 2.2, sy (z,\) := (f){v( ) is a well-
defined and analytic function for all z € Sy, and X\ € D(X\g,en(7)). Moreover, the
following inequality holds
roe " < |sn(z,A)| <roe”, z€ Ly, A€ D(Ao,en(7)). (2.3)

Proof. Let us show that for any r; € (0,1), ro € (r1,1) the following inclusion
holds

B(zo,m1,72) = {2 : [z — 20| < |20 (1 = kx(r1)/kx(r2)) } C Spy \ Sro. (2.4)

where zg € £,, and r3 := r?/ry. To this end we remark that for any 2o € £,, the
domain S, \ Sy, contains all points z such that

| og(2/70)| < log (ke(r2) /kr(r1)) (2.5)
for some of the branches of log. To make sure this statement is true it is sufficient
to employ the following estimate, see, e.g., [24, p. 117, inequal. (18)],

z¢'(2) 1+ 2|
= log )
¥(2) 1=z
Owing to (2.6), for any rectifiable curve I' C S,., \ Sy, that joins 2 with £, or £,
¥'()

we have
B /«:<r> sD(F) ¥(&)

_ (1—r)dr [(1—=r)dr | _
> min /(1+r)r’/ TEDL —10g(k7r(7”2)/k7r(7“1))'

T1 T3

Using the inequality |log(1+¢)| < —log(1—|¢]), £ € D, we conclude that for
any z € B(zg,71,72),

|log (2/20)| = |log (1 + (z — 20)/20) |
—log (1 — |z - zo\/|zo\) < log (kﬂ('rg)/kﬂ(rl)),

i.e., all z € B(zg,r1,72) satisfy condition (2.5). Therefore inclusion (2.4) holds.

‘1og z €D, (2.6)

dz
z

e
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Let 7 € (0,e=7/N). Set 7/ := re™/N and 7" := re~7/N. Consider an arbitrary
function h subject to the following conditions: h is analytic in S, h(0) = 0, and
\h(2) — 2| <|2|(1 = kn(r)/kx(r")) for all z € S, \ {0}.

Set 11 = |z0|, 72 := |20]e™/N for some zy € S, \ {0}. Since ky(2)/kx(xe™/N)
increases with « € (0, 7], the Schwarz lemma can be applied to the function h(z)—z
to conclude that h(zg) € B(zo,71,72) for all 29 € S, \ {0}. Therefore (2.4) implies
the following inclusions

h(S,) C Sy, h(L,) C Sp\Sp. (2.7)

By considering the function (h(z) — z)/z with f,(w) substituted for z it is
easy to check that since the function f, is an automorphism of S, for any r € (0, 1]
(see Remark 1.4), the above argument can be applied to h(z) := fA(fA_ol (2)) for all
XA € D(Mo,en (7)) and r € (0,r,]. Thus (2.7) implies that for any A € D(\g,en (7)),

i (S)C S, §i=01,...,N—1, (2.8)

Ir(Sr\Sr_;) C S \Sr_ i) j=0,1,...,N -1, (2.9)
where r; := rge?™/N, j = 0,+1,...,£N. Applying (2.8) repeatedly, we see that
N (Sy) C Spy. Similarly, (2. 9) 1mphes that f(Lr,) C Spy\Sr_n- The former
means that the function sy (z,\) is well defined and analytic for all z € S, and
A € D(N\g,en (7)), while the latter means that inequality (2.3) holds for indicated
values of A. This completes the proof of Lemma 2.4. O

Lemma 2.5. Under the conditions of Lemma 2.4, the following equality holds

N-1
An(z0) := 810%/\(20,)\) NN = G()\ISQD(Z())), 20 € Lry, (2.10)
=0 k=0
h
where oo W(6(©))
Ao (Mog)

Proof. Consider the following function of n + 1 independent variables

In(Z5 A1, .0, An) 1= { (f)‘n 0"'Zof,\1)(z), neN,

J n =0.
Note that
/ N )
An(z0) = ¢’ (£ (20)) S Ogn (203 A, -5 ) -

sN (20, Ao) O\ s,
Ogn (203 Ay ..oy A) N-1

oA = > Inas1(20i 2055 M),
A=Xo k=0

where g;, ; stands for (0/0\;)gn. Using the equality

gN(Z7A1?7)‘YL) :gN—j(fAj(gj—l(Z;Ala"'7)‘j—1));)‘j+1,"'a)‘N)a
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we get
I (20000, o) = (F ) (1 (20)) - (5, (20)).-
Schroder equation (1.1) for f := f), allows us to express f{o and (fg;o)/ in terms
of ¢ and v. Denoting z; := fﬁo(zo), j € Ny, we obtain
Inre1(203 20, 20) = A T (AT TF T @(2041)) @ (2 ) wlzn)

= N Y i)

P (p(2r11))
— \N—k=1yr (AN (., ( ()‘O‘P <0 ))
= )\0 '(/) ()\0 90( 0)) w,()\k+1 ( 0))

In the same way, we get

Sﬁl(f,]\\g(zo)) _ 1
sn(z0,00) ¥ (A (20)) A p(20)
Now one can combine the obtained equalities to deduce (2.10). O

Proposition 2.6. Let 7 > 0 and © € (0,7/2). If a function v(s) is analytic in D
and satisfies the following inequalities
[0(0)e™™ < u(s)] < [v(0)|e", <€D, (2.11)
0 = |arg{v'(0)/v(0)}| + © < 7/2,

then the modulus of t := wv’'(0)/(47v(0)) does not exceed 1 and the following
inequality holds

()| = w(0)], < €E(po), (2.12)
where Z(p) stands for the circular sector {¢ : |Smg| < [¢|sin® < psinO} and
po =72+ 1=, v=1-t]*)/(2]t| cos?).

Proof. Replacing v(s) with v(s)/v(0), we can suppose that v(0) = 1. The multi-

valued function
(&) :==h (exp imlogé h(z) = — i 1
27 ’ FEE

maps the annulus {€ : e™™ < [£| < e} conformally onto D (in the sense of [24,
p.248]) and satisfies the conditions ¢(1) = 0, ¢'(1) > 0. Since the composition
f = ¢ o v can be continued analytically along every path in D, it defines an
analytic function f: D — D, f(0) = 0. By the Schwarz lemma, |f’(0)| < 1. Since
f1(0) = ¢'(1)v'(0) = w0’ (0)/(47) = t, the first part of Proposition 2.6 is proved.
To prove the remaining part we note that (2.12) is equivalent to the inequality
Re f(s) > 0. Applying the invariant form of the Schwarz lemma to f(z)/z, we
obtain

f(e) = f'(0)¢
c—

"(0)£(s)

<lsl, <eD,
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It follows that f(<) lies in the closed disk of radius R := [¢|%(1 — [¢|?)/(1 — |ts|?)
centred at oy := ts(1 — [s]?)/(1 — [ts|?). Therefore for the inequality Re f(c) > 0
to be satisfied, it is sufficient that Reog > R. An easy calculation leads to the
following condition

[1X — [£*)
[t[(1—=[s1?)”

cos(argt + argg) >

which is satisfied for all points of the arc
l(p) :==A{<: [Sm¢| < [¢[sin® = psin O}, p € (0,1),
provided
1—¢?
cost > '0(7"2)
/(1 —p?)
The right-hand of (2.13) increases with p € (0,1) and p := po satisfies (2.13).

Therefore inequality (2.12) holds for all ¢ € U ¢y ,,] 1(0) E( o). This completes
the proof of Proposition 2.6. ]

(2.13)

Proof of Lemma 2.2. Consider the function sy(z,A) introduced in Lemma 2.4.
This lemma states that sy (z, \) is well defined and analytic for all z € S, and \ €
D(Xo, en (7)) and satisfies inequality (2.3). According to Remark 1.4, fx, (L) = L,
for all » € [0,1). Consequently |sy(z,Mo)| = |¢(2)|, 2 € S. Therefore for any
20 € Ly, the function v(s) := 1/sn(20,Xo(1 — en(7)s)) is analytic in I and
satisfies inequality (2.11).

Let us employ now Proposition 2.6. To this end we compute the logarithmic
derivative of v(¢) at ¢ = 0. By Lemma 2.5,

v(0) N-1
0) - Moen (T)An(20) = doen (1) D G(A5e(20))
k=0
Consider the sum Ey := N o G(\Ep(20))/N. Tt can be regarded as an
approximate value of the integral E* = fo G (roe?mi(t+t0)) dt, where to € R is an

arbitrary number, which does not affect E,:

_ LG e _Res GO L= L
E*2m,§_/ ¢ dfffé:eos ¢ fG(O)f/\O.

Applying Theorem B to the points x, := z2, 8 := (argp(20))/(27) — to, and the
function ¢(t) := G (roe?™ (1)), we get the following estimate

1
B = B < Qo [ |@fa)Grac?™ 549
0

Since ty € R is arbitrary real, we have

1
|Exy — E,| < QN/ |(d/dt)G (roe®™ (10| dt. (2.14)
0
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The function under the sign fol |- |dt is

d(;(roe2wi@4¢0))
dt
From (2.14) it follows that

N-1 1

G(A\e(20)) — o™

=2miEG'(§) = 2mi J(t +1g), & :=roe?™(IHI0),

<a/Na

k=0

and hence,
1 2/(0)
TR

Since by condition 0 < ay < 1, inequality (2.15) implies that

< anen(7). (2.15)

S| = NG - anex o) (216)
v'(0) )
g (0) ‘ < arcsinan. (2_17)

Now if we recall that validity of (2.11) has been already verified and take
into account (2.16), (2.17), we see that the conditions of Proposition 2.6 are sat-
isfied. Therefore, by elementary reasoning we see that (2.12) holds for all ¢ €
E(An(7,en(7))). In terms of sy this means that

[sn (20, A)| < |sn(z0, X0)] =70, A€ Zo, (2.18)
where
Eo={A:|A— )\0| < ey, |arg(l— M/ Ao)| < ©}.
Since zg € Ly, = 0S5y, is arbitrary in the above arguments, by the maximum
modulus theorem, inequality (2.18) implies that |o(fi (2))| < ro for all z € S,

and A € Zy. Therefore for indicated values of A we have f{(S,,) C Sy,. This
completes the proof of Lemma 2.2. O

2.2. Proof of Theorem 1.2

Suppose that the sequence {f, }nen satisfies the conditions of Theorem 1.2. Then
every subsequence of f,, also meets these conditions. So we have only to prove that
S := A*(0, fo,U) is the kernel of the sequence A,, := A*(0, fo,U), that is:

(i) any compact set K C S lies in all but a finite number of A,,’s;

(ii) S is the largest domain that contains z = 0 and satisfies condition (i).

Now we employ Lemma 2.2 in order to prove (i). To this end we should fix

any 9 € (0,1) such that S,, D K, specify appropriate values of N and 7, and
trace the dependence on the choice of n,. As a result we would prove that

)= inf £, > 0. (2.19)
ny« €N

Since A, — Ao as n — +o00, (2.19) would imply that K C S,, C A*(20, fn,U) for
all n € N large enough.
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Set 7 := (1 +19)/(2r0). In view of condition (ii) of Theorem 1.2,

1
L := sup </ |J(t)] dt) < +o0.
n.€N \JO

Since by Remark 2.1, Qn — 0 as N — 400, there exists N € N such that

sin (/4 — ©/2)
2rL ’

Fix any such value of N. Then ay < sin(r/4 — ©/2) < sin(n/2 — ©). Hence
Lemma (2.2) is applicable to the specified values of N and 7.
Let us estimate ¢, from below. In view of condition (ii) of Theorem 1.2,

Qn <

= inf .
€0 nl*neNEN(T) >0

Denote b := men(7)N(1 — an)/(47), by := min{1,b}.
Since ¥ = © + arcsinay < /4 + ©/2 < 7/2, we have

- V/1+ 203 cos 209 + bf — 1+ b?
- 2by cos v
- V/1+ 207 cos 209 + (b3 cos 209)2 — 1 + b?
- 2b; cos ¥
> by cost) > by cos(m/4+ ©/2)
meoN (1 —sin(n/4 — ©/2))
At =: C().

AN(T,€N(T))

> cos(m/4 4+ ©/2) min {1,

The constant C is positive and does not depend on n,. From the inequality
gx > £9Cy it follows that (2.19) takes place. This proves assertion (i).

To prove (ii) let us assume the converse. Then there exists a domain S’ ¢ 5,
0 € 5, satisfying (i). Let z9p € 8"\ S and I' C S’ be a curve that joins points
z =0 and 2. Consider any domain D such that I' € D and K := D C S’. By the
assumption, K C A, for all n large enough. Now we claim that

D € B(fo,U). (2.20)

Consider an arbitrary (o € D. Suppose that (o € E(fo,U). Then there exists
jo € N such that f7° is well defined (and so analytic) in some domain Dy 3 (o,
Do C D, with f3(¢o) € U, j < jo, but f°(Co) € U. Since the sequence f,, converges
to fo uniformly on each compact subset of U, the sequence fi° converges to fgo
uniformly on each compact subset of Dy. According to Hurwitz’s theorem, this
means that f7°(Dg) ¢ U for all n € N large enough. Consequently, D ¢ E(f,,U)
for large n. At the same time, K = D C A,, C E(f,,U) for all n large enough.
This contradiction proves (2.20).
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The remaining part of the proof depends on the properties of the domain U.
Since U C C, we have three possibilities:

(Hyp) The domain U is hyperbolic. Then by Montel’s criterion, F( fo, U) coincides
with the interior of E(fy,U). Since D 3 0 is connected, we conclude that
zo € I' C D C S. With this fact contradicting the assumption, the proof
of (ii) for the hyperbolic case is completed.

(Euc) The domain U coincides with C. The functions f,, n € Ny, are entire
functions.

(Cyl) The domain U is the complex plane punctured at one point.

Let us prove (ii) for case (Euc). Since I'NdS # 0 and 9S C J (fo,C), we have
DnNJ(fo,C) # 0. The classical result proved for entire functions by I.N. Baker [25]
asserts that the Julia set coincides with the closure of the set of all repelling
periodic points. Therefore, D contains a periodic point of fj different from 0. Owing
to Hurwitz’s theorem, the same is true for f,, provided n is large enough. This leads
to a contradiction, because the immediate basin of attraction A*(0, f,,, U) contains
no periodic points except for the fixed point z = 0. Assertion (ii) is now proved
for case (Euc).

It remains to consider case (Cyl). Similarly to case (Euc), we need only to
show that D \ {0} contains a periodic point. By means of linear transformations
we can assume that U = C\ {1}. From (2.20) it follows that functions

_ fo(z) —=
Pn(2) : fr) -1 n €N,
does not assume values 1 and oo in D. Since DNJ (fo,U) # 0, the family {@n, }nen
is not normal in D. Hence, due to Montel’s criterion, there exists z; € D andng € N
such that ¢,,(z1) = 0 and so z; € D is a periodic point of fy. This completes the
proof of (ii) for case (Cyl).
By now (i) and (ii) are shown to be true. Theorem 1.2 is proved. O

2.3. Proof of Theorem 1.3

Fix any 79 € (0, 1). As in the proof of Theorem 1.2 one can make use of Lemma 2.2
to show that there exist ny, N € N such that fN(S,,) C S, for all n > n;. By
Remark 1.4 the function ¢g maps S conformally onto a Euclidian disk centred
at the origin. It is convenient to rescale the dynamic variable, by replacing fx,
k € Ny, with rfi(z/r) for some constant > 0, so that ¢o(S) = D (or equivalently
@0 = ¢). Then the functions g,(¢) := (1/r0) (w0 o f¥ 0 o5 ')(ro¢), n > ny, are
defined and analytic in D. Furthermore, g,(0) = 0 and ¢, (D) C D for any n > ny.
Let us observe that for any analytic function f with a geometrically attracting
or Siegel fixed point zo the Keenigs function ¢ associated with the pair (zg, f) is
the same as that of the pair (zo, V). Hence it is easy to see that the function
¢n(C) == @n(py ' (ro€))/ro is the Koenigs function associated with (0, g,,). Since
S = ;' (D) and ro € (0,1) is arbitrary, it suffices to prove that ¢,(¢) — ¢ as
n — +oo uniformly on each compact subset of D.
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According to Remark 1.4, the function fy is a conformal automorphism of S.
Therefore, with f,, converging to fy uniformly on each compact subset of U D S,
there exists no > nq such that for all n > ny functions f,]LV and consequently g,, are
univalent in S, and in D, respectively. It follows (see, e.g., [26]) that ¢p, n > na,
are also univalent in ID. The convergence of f, to fy implies also that g,, converges
to go, go(¢) := AY¢, uniformly on each compact subset of D.

We claim that there exists a sequence {rn € (0, 1)}n ey converging to 1 such
that for all n > ng the domain ¢, (r,D) is contained in some disk {£ : || < R,}
that lies in ¢, (D). Owing to the Carathéodory convergence theorem and normality
of the family {¢, : n € N,n > no}, this statement would imply convergence of
the sequence ¢, to the identity map and hence the proof of Theorem 1.3 would
be completed.

By p/q and p’/q’ let us denote some successive convergents of the number
o = (arggl,(0))/(2m) = (arg AY)/(27) (regardless of whether v, is irrational or
not). Put Q, = ¢p(D), Kk, := —loglg,(0)] = —Nlog|\,|, an = kn(qg — 1),
and b, := 7(1/q + 2/¢'). Consider a point {p € D and make use of the following
inequality (see, e.g., [24, p. 117, inequal. (18)]) from the theory of univalent function

C%(C)' 1+¢|
log 22222 1
pos 0263 | <l T cem
to obtain
dw z
/r — 1| > —log (4kﬂ(|C0\)), kr(z) = m, z €D, (2.21)

where T is any rectifiable curve that joins & := ¢,,({p) with 99, and lies in Q,
except for one of the endpoints. The equality in (2.21) can occur only if ¢, is a
rotation of the Koebe function ko(z) := z/(1 — 2)? and I is a segment of a radial
half-line. It follows that €2,, contains the annular sector

= {&e™ ¥ : |1] < ap, [2] < by, 7,y € R}

provided [(o| < 7 = k;'((1/4) exp(— /a2 + b2)). Moreover, €, is invariant
under the map ¢ +— AN (. Indeed,

A C= A 0n(97(Q) = bn(9n (7' (Q))) €
for all ¢ € ,,. Denote
So = {&e" ™ : |a| < w/q,|a| < bp, my ERY, A, = e mTTR/

Since p and ¢ are coprime integers, the union of the annular sectors N2, j =
0,1,...,9—1, contains the circle £&yT, T := 0D. The inequality from the theory of
continued fractions |a, — p/q| < 1/(¢q’) implies that

N¥oc (AWNYS, j=0,1,...,q—1.

Therefore, for any & € ¢, (r,D) the domain Q,, contains the circle &T. It
follows that ¢, (r,D) is a subset of some disk {£ : |{] < R,,} contained in €,,.
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It remains to choose the successive convergents p/q and p’/q’ of a, in such a

way that r, — 1 as n — +o0. To this end we fix some successive convergents p/q
and p'/q" of a. := (arg\}’)/(27) and note that p/q and p’/q’ are also successive
convergents of «, provided n is large enough, because a,, — a4 as n — 4oo.
Using the fact that x, — 0 as n — 400 and that the denominators of convergents
of the irrational number «, forms unbounded increasing sequence, we see that
it is possible to choose p/q for each n in such a way that /a2 + b2 — 0 and,
consequently, r, — 1 as n — +oo. The proof of Theorem 1.3 is now completed.
|

3. Proof of Theorem 1.5

In this section we sketch the proof of Theorem 1.5. First of all we note that the
proof of Lemma 2.2 does not use the fact that the dependence of fy[n.] (see
equation (2.1)) on the parameter A is linear. So Lemma 2.2 can be applied to
any analytic family f) satisfying conditions (i)—(iii) on page 170, provided some
notations are modified to a new (more general) setting. First of all we have to
redefine u(z) 1= 0f(2)/0A[\_,, - Then fix any r € (0, 1) and consider the modulus
of continuity for the family hy := f1/f), calculated at A = Ao,
wr(8) = sup{;1 — A(2)/Fr(2)] iz € Si A€ WﬂD()\O,6)}, 5> 0.

This quantity, as a function of §, is defined, continuous, and increasing on the
interval I* := (0,d%), §* := dist(Ag, OW), with lims_, o w,(J) = 0. Therefore there
exists an inverse function w; ! : (0,€*) — (0,400), where €* := lims_ 5o w,(6).

If €* # +00, then we set w, 1(€) := §* for all € > ¢*. Now we can redefine e (7) as

en(r) == wi (L= ke(ro) ke (1)), 1i:= roem ATV k= pge”
Finally, define © to be equal to the half-angle of A. To apply Lemma 2.2 we need
the following

Proposition 3.1. For any n € N the following inequality holds
Qq, < (1/qn +1/qns1)/2. (3.1)
Proof. Fix n € N. Due to the inequality |ag — pn/qn| < 1/(gngn+1) there exists
v € (0,1/¢n+1) such that
|0 = pn/anl < ¥/qn- (3.2)
Let Gg := (1/q — (—1)"7)/2. Taking into account that p, and ¢, are coprime inte-

gers one can deduce by means of the inequalities v < 1/¢n4+1 < 1/qp, (—1)" (a0 —
Pn/qn) > 0, and (3.2) that

QB(MQn < (1/Qn + 1/Qn+1)/2~ (33)
This proves the proposition. O

Now let us show how Theorem 1.5 can be proved. Fix ro € (0, 1). Define (o)
in the following way.
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According to Proposition 3.1, 0 < ay < sin (7r/4 — 9/2) for
N:={( (27rf01 |J(t)] dt/sin (m/4— 9/2)) , 7:=log 1+2r0

37’0
Hence, Lemma 2.2 can be used with the specified values of N and 7. Therefore,
we can set €(rg) := £, so that statement (i) in Theorem 1.5 becomes true. Let us
show that statement (ii) of this theorem is also true, assuming that rq is sufficiently
close to 1.
Since S C U there exists C; > 0 such that

Hr(@(E))
Fro ()

for all ¢ € D and A € D()\g,€”), where € > 0 is chosen so that D(Ag, %) C W.
It follows that w;'(s) > min{e°, s/C1}, for all s > 0, r € (0,1). Elementary
calculations show that
kr(ry) 7(1—1r*) (1—17p)?
1— >1- EASE AP I s M A
Fa(re) =0 O < Ni+rm)) = N
for some constant Cy > 0. Combining these two inequalities we obtain en(7) >
C5(1 —19)?/N, where C3 := C3/C1. Now we estimate Ay (7,en(7)) in the same
way as in the proof of Theorem 1.2 to conclude that £, > C(1 —rg)3/N for some

constant C' > 0. To complete the proof we use the following inequalities (see,
g., [24, p.52]):

1-— <Cl‘)\,)\0‘

51//'(5) 2r* 4r
‘ 1—r2| = 1—7r%’ 0sr=<1,
1—r
0<r= 1
’w' ’ (e sroldet
which imply that N < E((l — ro)*V) for all rg < 1 sufficiently close to 1. |

4. Essentiality of conditions in Theorem 1.2

In this section we show that conditions (i) and (ii) in Theorem 1.2 are essential.
As for condition (i) this can be regarded as a consequence of lower semi-continuity
of the Julia set.

Example 1. Consider the family fy(z) := Az + 2?2 in the whole complex plane
(U :=C). The map A — J(fx,C) is lower semi-continuous [5], i.e.,

JHC c VU [ 0:(I(fr,C)) forany A €C,
e>0 6>0 |A—X.|<6
where O () stands for the e-neighbourhood of a set. Let \g := €2™% ag € R\Q,
and a,, € Q converge to ap as n — +oo. The point zg := 0 is a parabohc fixed
point of fxo, AV = exp(2mia, ), and so 0 € J (fxo, C). Due to lower semi-continuity
of A — J(fx,C) at the points A2, there exists a sequence {u,, € (0,1)},en such
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that D(0,1/n)NJT (fr,,C) # 0, \p := 1, A2, n € N. Tt follows that A*(0, f»,,C) —
{0} as to the kernel. Assume that fy,, Ao := exp(2miag), has a Siegel point at
zo = 0. This is the case if oy is a Brjuno number ([14, Th. 6], see also [15]). The
sequence f, := fy, satisfies all conditions of Theorem 1.2 except for condition (i),
but the conclusion of Theorem 1.2 fails to be true. Therefore condition (i) is an
essential one.

Tt is known [27, p. 44] that condition (ii) can be omitted in Theorem 1.2 pro-
vided that the multiplier of the Siegel fixed point A\g := f{(z0) equals to exp(2miayg)
for some Brjuno number «g. However, if no such assumptions concerning «q are
made, condition (ii) cannot be omitted. This fact is demonstrated by the following

FEzxzample 2. Let oy be an irrational real number. By ¢, denote the denominator
of the nth convergent of ag. Consider the sequence of polynomials

o (242t
fle) = e

converging to fo(z) = Aoz uniformly on each compact subset of D.

We claim that the sequence of domains A4*(0, f,,,D) does not converge to
A*(0, fo,D) =D as to the kernel, provided the growth of ¢, is sufficiently rapid.
Assume the converse. Then for all n € N large enough, say for n > ng, the
inclusion Dsg C A*(0, fn,D) holds, where D; := j/(j + 1)D, j € N. It follows
that f(D4s) C D for all n > ng, n € N, and m € N. Hence the family ¢ :=
{7} n>no, n,meN, is normal in the disk D4s. In particular, there exist constants
Cy; > 1, Cy > 0 such that

. 2T
)\0 =e 0,

|(f;L”)/(z)’ <Cy, z€Ds, n>ng, n,mée Ny, (4.1)
’(fg””)” (z)| < Cy, z€Ds, n>ng, n,mée Ny (4.2)

Furthermore, by the Schwarz lemma,
f(D4) C D5, f"(Ds) C D7 n > ng, n,m € Ny, (4.3)

Consider functions g, := fI, g, := fg",

~ 2ri
fn(2) ::w(z—i—zq"ﬂ), z€D, n>mng, neN,

1+1/24

where p,, stands for the numerator of the nth convergent of ay. Apply the following
inequality

|fn(z) - fn(z)| = |fn(z)| : |/\0 — €xXp (QWipn/Qn) |

§47ra—& < zeD, (4.4)
an dnQn+1
to prove that
- 47w C
|G (2) — gn(2)] < —=, 2 € Dy, (4.5)
qn+1

for all n € N large enough.
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Since ¢, — 400 as n — +00, there exists n1 € N, n; > ng, such that

4m 1 47 C4 1

< — and —,
gndn+1 72 dn+1 42

We shall show that for all n > ny, n € N, and k£ = 1,2,...,¢, — 1 the following

implication holds

n>ny, néeN.

(P(j), j:1,2,...,k> — P(k+1), (4.6)
where
P3j) [ /i (2)| <1, zeDs and
. . 4§mCh
Fi) = fae)l <

Now let n > n; and P(j) take place for all j = 1,2,..., k. Relations (4.3),
(4.4), and (4.7) imply the following inclusions

fn(DG)CD87 f7j7,(D4)CD67 ]:172a7k (48)
For j := k the latter guarantees that |f¥(2)| < 1, z € Dy. Fix any z € D, and de-
note w; := fi(2), & = fa(w;), & == fa(w;). According to (4.3) and (4.8), we have
w; € Dg, ;5,8 € Dg, j =1,2,..., k. Taking this into account, from (4.1) and (4.4),
we get the following inequality

2 € Dy. } (4.7)

k
P e = @ < Y| (7 o i) () = (577 o 1) (2)]
j=0
Jk | ) |
= >[5 o F) i) = (£ o fu) )]
§=0
k k
=S| - £ < g - gl < ELUTA
=0 =0 qndn+1

Therefore, (4.7) holds also for j := k + 1. This proves implication (4.6).
For j := 1 inequality (4.7) follows from (4.4). Hence P(1) is valid. Owing
to (4.6), P(1) implies P(gy,). Therefore, inequality (4.5) holds for all n > n;.
The functions g, have the fixed point Z, := 1/2. Now we apply (4.5) to show
that if
Qn+1 = Qq"’, n €N, (49)

then for any sufficiently large n € N the function g, has also a fixed point z, €
D3\ {0}. Straightforward calculation gives

. L+ (gn +1)/27\*
x) = bp 1= Y = e 1

From (4.2), (4.5), and the Cauchy integral formula it follows that
|§Z(Z)| <(C3:=05+ 512007rC’1/qn+1, z€ D3, n>nj.
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Now we assume that n € N is large enough and apply Rouché’s theorem to the
functions g, (2) — z and gn(z) — z in the disk B, = {z : |z — 1/2| < p,}, where
pn = (ln — 1)/(2C3). Since B,, C D3, we have

d /. In—1
%e£<gn(z)—z) > =5 z € By,.
It follows that
ln —1)pn
Gn(x)— 2| > =D R (4.10)

2 K

Inequalities (4.5), (4.9), and (4.10) imply that |§,(2) — 2| > |Gn(2) — gn(z)| for
all z € 9B,,. Consequently, g,,(z) — z vanishes at some point z, € B,,. At the same
time, the immediate basin A*(0, f,,D) contains no periodic points of f,, except
for the fixed point at zg = 0. Therefore, D3 ¢ A*(0, f,,D) for large n. This fact
implies that the sequence A*(0, f,,,D) does not converge to D as to the kernel.

It is easy to see that the prescribed sequence f, satisfies all conditions of
Theorem 1.2 with U := D except for condition (ii), but the conclusion fails to
hold. This shows that (ii) is also an essential condition in Theorem 1.2.
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Rings and Lipschitz Continuity of
Quasiconformal Mappings

Vladimir Gutlyanskii and Anatoly Golberg

Abstract. Sufficient conditions which guarantee Lipschitz’s and Holder’s con-
tinuity for quasiconformal mappings in R™ are established. These conditions
are based on a spatial analogue of the planar angular dilatation and can be
regarded as Teichmiiller-Wittich regularity theorems.
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Keywords. Quasiconformal mappings, Lipschitz and Hélder continuity, mod-
ule of curve families, module of ring domain.

1. Introduction

A homeomorphism f: G — R" is called weakly Lipschitz continuous at zy € G if
for every 0 < a < 1 there is a constant C > 0 such that

[f (@) = f(zo)| < Cla — zo|* (1.1)

holds if |x — zg| < §, where § > 0 is a sufficiently small number. If (1.1) holds with
«a =1, then f is called Lipschitz continuous at xy € G.

For many questions concerning quasiconformal mappings in space it would
be desirable to have criteria for such mappings to be Lipschitz or weakly Lips-
chitz continuous in a prescribed point. Moreover, it would be desirable to have
such criteria written in terms of some integral means of suitable local dilatation
coefficients. There are several such results in the plane, see, e.g., [1], [3], [8], [11]
and not much seems to be known if n > 2, see, e.g., [2], [6], [9], [12].

In this paper we consider the dilatation D¢(z, o) of the mapping f : & — R"
at the point x € Q with respect to zo € R™, x # z(, which is defined by

Dy (w0) = % (1.2)
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where

ly(x, o) = min % (1.3)

Y lz—axo]

Here O f (x) denotes the derivative of f at x in the direction h and the minimum
is taken over all unit vectors h € R”; J¢(x) is the Jacobian of f at . For brevity,
we will write D¢(z,0) = D¢(x). The dilatation Ds(x,x¢) is a measurable function
in  and satisfies the inequalities

o < Do) < Lita),
where
Ko@) < @I i)
! CJp(@) o(f ()

stand for the well-known outer and inner dilatations of f at x, respectively. Here
[lf'(z)|| = sup|f'(z)h| and £(f'(x)) = inf |f'(x)h| taken over all unit vectors h €
R™. For n = 2 the dilatation D¢ (z, zo) in the form (1.2) and (1.3) has been defined
n [10]. For this case the above double inequality reads as

z—% |2
L= lp2)] _ P =nE =2 1+ )]
L+ |p(=z )| T =GP T L= u(z)]
for almost all z, see [4], cf. [10]. Here u(z) = fz/f. is the complex dilatation
of f(z) at z. In other words, for n = 2 the dilatation D¢(z,z2p) coincides with

the well-known angular dilatation D,, ,,(z) of f at z with respect to 2o, z # 2o,
given by

I OE= YO

1—|u(z)P? r2Jp(z)
Here z = z9 + re'?. Thus, the dilatation Dy(z, ) can be viewed as a spatial
counterpart of the angular dilatation D,, ., (z), which have been used by many
authors for the study of quasiconformal mapping in the plane, see, e.g., [4], [5],
(7], [8], and the reference therein.

Dlhzo (z) =

Let B™ denote the unit ball in R™. Suppose that f(z) is a quasiconformal
mapping in B” normalized by f(0) = 0. It is known, see [2], [12], that the condition

/ de < 400 (1.4)
|z|<R

for some R > 0 implies for f to have conformal dilatation at the origin, that is, the
limit lim, ¢ | f(z)|/|z| exists and differs from 0 and co. This result is referred to as
the spatial counterpart of the well-known Teichmiiller-Wittich regularity theorem
[13], [15].

The sufficient condition for a mapping to be weakly Lipschitz continuous is
given in [6]. It has been proved that if f : B” — R"™, f(0) =0, is a quasiconformal
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mapping, satisfying

. 1
}gr(l) ONT /z<t Ky(x)dx =1, (1.5)

then f is weakly Lipschitz continuous at 0, that is Holder continuous with every
exponent less than one.

2. Module of ring domain

Let £ be a family of Jordan arcs or curves in space R™. A nonnegative and Borel
measurable function p defined in R™ is called admissible for the family £ if the

relation
/ pds > 1

~

holds for every locally rectifiable v € £. The quantity

M(E) = inf/p” dx,
p
R

where the infimum is taken over all p admissible with respect to the family & is
called the modulus of the family £ (see, e.g., [14], p. 16).

A ring domain R C R" is defined as a finite domain whose complement
consists of two components Cy and Cy. The sets Fy = 0Cy and F; = 9C4 are two
boundary components of R. For definiteness, let us assume that co € Cf.

We say that a curve ~ joins the boundary components in R if v lies in R,
except for its endpoints, one of which lies on Fjy and the second on Fj. Denote by
I'r the family of all locally rectifiable curves v which join the boundary components
of R.

The module of a ring domain R can be represented in the form

Wn—1 n-l
mod R = ;
(M(FR)>

here wy, 1 is the (n—1)-dimension Lebesgue measure of the unit sphere S*~1 in R™.
When R is a spherical annulus A(zg;r, R) = {z € R" : 0 <7 < |z — zo| <
R < oo}, its module is given by

R
mod A(xg;r, R) = log ot

The conformal invariance of the quantity mod R in the planar case allows
us to restrict ourselves by the circular annulus {1 < |2| < em°dR}. But this is
impossible in R", with n > 3.
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3. Lipschitz and Holder continuity of quasiconformal mappings
In this section, we establish the following two theorems.

Theorem 3.1. Suppose that f: B™ — B", f(0) =0, is a quasiconformal mapping,
such that

D -1
lim sup/ %dm < +o0.
r—0 Jr<|z|<1 ||

Then

|f(z)| < Clz|
holds in B™ with some constant C' depending only on the value of the above supre-
mum, and therefore, the mapping f is Lipschitz continuous at the origin.

Remark 3.2. The inequality (1.4) implies for f to be Lipschitz continuous at the
origin. On the other hand, the mapping

f(z) = (z1c080 — xosinb, xocos O + xysinb, z3,...,z,), f(0)=0, |z]<],

where z = (z1,...,2,) and 0 = log(x? + x3), for which K;(z) = (1 + v/2)" and
Dy(z) = 1, satisfies the assumption of Theorem 3.1 whereas the integral (1.4)
diverges.

Theorem 3.3. Let f : B™ — B, f(0) =0, be a quasiconformal mapping, such that
1

1
limsu D(z)dr < — 3.1
S S, s(@)de < + (3.1)

holds for a constant M > 0. Then for each 0 < oo < MY "=V there is a constant
C such that

|f(z)| < Clz|*, xzeB".
Remark 3.4. The radial stretching in R™
fla) =2l2|97", Q=1
has
Dy(x) =1/Q"™", Ky(z)=Q""!, Ls(x)=Q.

So, the inequality (3.1) holds with M = Q"~!. By Theorem 3.3, |f(z)| < Clx|,
0 < a < Q. But the sufficient condition (1.5) is not fulfilled.

The proofs of the above theorems are based on series of lemmas. Let us note
only two most important statements.

Lemma 3.5. Let f: Q — R"™ be a quasiconformal mapping. Suppose that Dy (z, zo)
is locally integrable in the annulus A = A(zo;r, R) C Q. Then for each nonnegative
measurable function p(t), t € (r, R), such that

[ C =1,
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the following inequality holds

M) < [ (12 = 20Dy (o 20)do,
A
where I' stands for the family of curves joining the boundary components of A in A.
Lemma 3.6. Let f : R® — R™, f(0) = 0, n > 2, be a quasiconformal mapping
with the angular dilatation coefficient Dy(x). Then for every spherical annulus
A = A(0;r, R) centered at the origin

mod f(4) _ ( 1 Df(m)dx)ﬁ_

mod A wp—1mod A J, |z|?
If additionally mod A — mod f(A) > 0, then

mod A — mod f(A) < — /Df(x)*ld:c.

Wn—1 |£L'|n
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A Theoretical Algorithm to get a Schottky
Uniformization from a Fuchsian one

Rubén A. Hidalgo

Abstract. Riemann surfaces appear in many different areas of mathematics
and physics, as in algebraic geometry, the theory of moduli spaces, topo-
logical field theories, cosmology, quantum chaos and integrable systems. A
closed Riemann surface may be described in many different forms; for in-
stance, as algebraic curves and by means of different topological classes of
uniformizations. The highest uniformization corresponds to Fuchsian groups
and the lowest ones to Schottky groups. In this note we discuss a theoretical
algorithm which relates a Schottky group from a given Fuchsian group both
uniformizing the same closed Riemann surface.

Mathematics Subject Classification (2000). 30F10, 30F40.
Keywords. Riemann surface, Fuchsian groups, Schottky groups.

1. Introduction

Riemann surfaces appear in many different areas of mathematics and physics, as in
algebraic geometry, the theory of moduli spaces, topological field theories, cosmol-
ogy, quantum chaos and integrable systems. For practical use of Riemann surfaces,
one needs efficient numerical approaches. In recent years considerable progress has
been achieved in the numerical treatment of Riemann surfaces which stimulated
further research in the subject and led to new applications. In this note we will
be mainly interested on closed Riemann surfaces and its uniformizations. An wuni-
formization of a Riemann surface S is provided by a tuple (2, G, P :  — S), where
G is a Kleinian group, {2 is a G-invariant component of its region of discontinuity
and P : 0 — S is a regular planar covering with G as group of cover transfor-
mations. There is a natural partial order on the collection of uniformizations of
S; the uniformization (21,G1,P1 : Q1 — S) is bigger than the uniformization
(Q2, G2, Py : Q9 — S) if there is a covering map @ : 1 — Q9 so that P, = PQ.

This work was completed with the support of project Fondecyt 1070271 and UTFSM 12.08.01.
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The highest uniformization is provided by the universal covering (if S is a closed
Riemann surface of genus g > 2, then these are provided by Fuchsian groups G).
In Section 2 we recall the definition of Schottky uniformizations of closed Riemann
surfaces (these uniformizations correspond to the lowest ones).

A closed Riemann surface may be described by different objects, for instance,
by algebraic projective curves, Riemann period matrices and uniformizations. A
natural question is, given one of the above representations of a closed Riemann
surface, to find explicitly any of the others. Unfortunately, in the general case this
has not been possible. In some few cases (closed Riemann surfaces with a large
group of conformal automorphisms) one may produce explicitly both a Fuchsian
uniformization and an algebraic curve corresponding to the same (conformal equiv-
alent) closed Riemann surface, see for instance the early works [4, 5].

The general numerical uniformization problem may be stated as to find nu-
merical algorithms which permits to find, given explicitly one of the representa-
tions of a closed Riemann surface, some of the other ones. In this direction, in [9]
P. Buser and R. Silhol explain how to obtain an algebraic curve in terms of a Fuch-
sian uniformization, in [12] Gianni and Seppéld explain how to obtain Riemann
period matrices in terms of algebraic curves, in [17, 26] (based in original works
of P. Myrberg [25]) Seppéld explains how to obtain Schottky uniformizations in
terms of hyperelliptic algebraic curves and in [16] (based in original works of W.
Burnside [8]) it is explain how to obtain the algebraic curves in terms of Schottky
uniformizations.

At the level of uniformizations, in general if we start with some explicit uni-
formization for a closed Riemann surface S, then it is not easy to get explicitly all
or some of the other uniformizations of it. In this paper we deal within the follow-
ing particular numerical uniformization problem: Given an explicit uniformization
of S, to find algorithmically any of the other uniformizations of it. More precisely,
if we are given explicitly a Fuchsian uniformization of a closed Riemann surface S,
then we provide a theoretical algorithm that permits to obtain an explicit Schottky
uniformization of it.

Genus 1

If S is closed Riemann surface of genus g = 1 (tori), then everything can be
done explicitly. In this case, S is uniformized (universal uniformization) by using
a Kleinian group of the form G, = (A(z) = z + 1, B,(z) = 2 + 7) & Z?, where
7 € H?. Any two values 71, 5 € H? provide uniformizations of the same conformal
class of tori if and only if there is a Mobius transformation T'(z) = (az+b)/(cz+d),
where a, b, ¢,d € Z and ad—bc = 1, such that 79 = T'(71). Schottky uniformizations
of the same S, say given by 7 € H?, is provided by the group Ky = (C(z) = \z),
where \ = exp(2miT).

Genus g > 2

If S is a closed Riemann surface of genus g > 2, then the uniformization theorem
ensures the existence of an uniformization (A,I',7 : A — §), where A is the
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unit disc and T' is a Fuchsian group isomorphic to the fundamental group of S.
Any subgroup of finite index of I' is again a surface group of higher genus while
any subgroup of infinite index must be a free group (known since the early 1900’s
and proved purely algebraically using Reidemeister-Schreier rewriting by Hoare,
Karrass and Solitar in 1971 [18, 19]). Let (2,G, P :  — S) be an uniformization
of S, where ) is not simply-connected. There is a normal subgroup N so that
Q= A/N and G =T'/N. By the above, N must have infinite index in A and, in
particular, N is an infinite rank free group. It follows that every finitely generated
subgroup of NV is in fact a Schottky group. This last fact will be used frequently
below. In this case, the numerical uniformization problem ask for some algorithm
that permits to get G in terms of I'.

This paper is organized as follows. In Section 2 we recall some equivalent
definitions of Schottky groups and Schottky uniformizations. In Sections 3 and 4
we discuss a theoretical algorithm which relates a Schottky group from a given
Fuchsian group both uniformizing the same closed Riemann surface. In Section 5
we discuss two possible numerical implementations. The second numerical imple-
mentation relays on the works of D. Crowdy and J.S. Marshall on quadrature
domains and the Schottky-Klein prime function [11].

2. Schottky uniformizations

Let C,C';, k=1,...,9g, be 2g Jordan curves on the Riemann sphere C such that
they are mutually disjoint and bound a 2g-connected domain, say D. Suppose that
for each k there exists a fractional linear transformation Ay, so that (i) Ay (Cx)=C},
and (ii) A, (D)ND = . Let G be the group generated by all these transformations.
As consequence of Klein-Maskit’s combination theorems, G is a Kleinian group, all
its non-trivial elements are loxodromic and a fundamental domain for it is given
by D. The group G is called a Schottky group of genus g, the set of generators
Aq,..., Ay is called a Schottky system of generators and the loops C1, C1,..., Cy,
C’;, is called a fundamental set of loops respect to these generators. That every
set of g generators of G is always a Schottky system of generators is due to V.
Chuckrow [10].

In [21] is proved that a Schottky group of rank g is equivalent to a Kleinian
group, with non-empty region of discontinuity, which is purely loxodromic and
isomorphic to a free group of rank g. As a consequence of Marden’s isomorphism
theorem [24], a Schottky group of rank ¢ is equivalent to a geometrically finite
Kleinian group which is purely loxodromic and isomorphic to a free group of rank g.

If Q is the region of discontinuity of a Schottky group G, say of rank g, then
it is known that €2 is connected and that S = Q/G is a closed Riemann surface of
genus g. Retrosection theorem (see [6] for a modern proof) asserts that for every
closed Riemann surface S of genus g there exists a Schottky group G of genus g
with Q/G holomorphically equivalent to S; we say that S is uniformized by the
Schottky group G and that (2, G, P : Q — S) is a Schottky uniformization of S. As
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a consequence of the results in [22], the lowest uniformizations of a closed Riemann
surface are provided by the Schottky ones.

We will need the following basic property on conformal maps defined on the
region of discontinuity of a Schottky group.

Lemma 2.1. Let G be a Schottky group with region of discontinuity Q. If T :
Q — C 1is a one-to-one conformal map, then T is the restriction of a Modbius
transformation.

Proof. The region of discontinuity €2 of a Schottky group G is a domain of class
Oap (that is, it admits no holomorphic function with finite Dirichlet norm (see [3,
p. 241]). It follows from this (see [3, p. 200]) that any one-to-one conformal map
on () is necessarily the restriction of a Mobius transformation. O

3. Schottky uniformization from a Fuchsian one

3.1. Starting from a Fuchsian uniformization

Let T" be a Fuchsian group, acting on the unit disc A, so that A/T' = S is a
closed Riemann surface of genus g > 2. The tuple (A, T, @ : A — S) is a Fuchsian
uniformization of S. A presentation of I' is given as follows

g
r= <A1,...,Ag,Bl,...,Bg T]14;,. Bj] 1>
j=1

where [A, B] = ABA™1B~L.

3.2. Construction of a Schottky uniformization

Let N = ((Bi,...,By)) be the normal envelope of By, ..., By inside I'. Clearly, N
is of infinite index in I" (then a free group of infinite rank) and G = T'/N is a free
group of rank ¢. It is not difficult to see that Q@ = A/N is a planar surface (we only
need to note that there are not two elements in N whose axis intersect transver-
sally). Also, G is a group of conformal automorphisms of Q acting discontinuously.
In this way, we have a regular planar covering P : Q — S, with G as group of
cover transformations. It follows from the results in [23] that we may assume
to be a region inside the Riemann sphere C and G being a geometrically finite
Kleinian group containing an invariant component in its region of discontinuity
and without parabolic transformations. It follows that G is a Schottky group of
rank g and that (Q,G, P : Q — S) is a Schottky uniformization of S. As N < T,

there is a regular conformal covering map
F:A—-QcC

whose group of cover transformations is N and so that Q = PF. Moreover, for each
Ap € T there is a Mobius transformation Cj, € G so that F(Ax(z)) = Cr(F(2)),
for every z € A. The collection Ci,. .., Cy is a collection of free generators of the
Schottky group G.
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FIGURE 1

3.3. A normalization

Let D C A be a fixed fundamental polygon for N and fix three different values
a, b, c € D. We may assume these three points to be in the interior of a fundamental
domain for T'.

Lemma 3.1. If we normalize F by requiring that F(a) = 0, F(b) =1 and F(¢) = oo,
then F is unique.

Proof. This is a consequence of Lemma 2.1. O

In this case, a first step into the numerical uniformization problem is to find an
algorithm which permits to generate conformal maps F; : A — F;(A)=W; C C
converging locally uniformly to F.

4. A convergence process
In this section we maintain all the definitions of the previous section.
4.1. Choosing a sequence of Schottky groups inside NV
Let us consider a collection of groups
(B1,...,Bg) =G1 <Gy <---<N
so that

o,
j=1

and each Gj is finitely generated. The construction of the groups G; is always
possible (just add one extra element of N — G, to G; in order to obtain Gj11). As
N is a free group (of infinite rank) and the subgroups of free groups are again free
groups, each G is a free group of finite rank g;. As the elements in N are hyperbolic
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(then loxodromic) and A is necessarily contained in the region of discontinuity of
Gj, each G, is in fact a Schottky group of rank g;.

If we denote by ; the region of discontinuity of G, then
QDN D---D 0N :AUA*,

where A* = C — A and

Int ﬂQj = Q.

Jj=1

Note that, necessarily, the fixed fundamental domain D is contained in some
fundamental domain for G, in particular, a, b, c € Q;, for all j.

4.2. Some conformal maps

If we set @j = (Gj,7(2) = 1/Z), then there are di-analytic covering maps (that is,
in local coordinates are either conformal or anti-conformal maps)

where WJ is a planar closed set bounded by (g; + 1) pairwise disjoint real-analytic
simple loops and normalized by the conditions

Fj(a) =0, Fj(b)=1 and Fj(c)= oo.

We may assume that F; : A — W, is conformal, by composing F' at the
left by the reflection J(z) = Z, if necessary; so F; : A* — W, is necessarily
anti-conformal.

Unfortunately, our normalization does not makes F; unique. This in particu-
lar seems to be a problem in the process: which choice we need to consider for F}?
Next result asserts that the choice we make for F; does not matter at the limit
process.

Theorem 4.1. Let us consider a sequence of conformal covering maps
Fj: A=W, cC

for the corresponding Schottky groups G; normalized by the rule that Fj(a) = 0,
F;(b) =1 and Fj(c) = co. Then, such a sequence converges locally uniformly to
the covering map F.

Proof. The proof is divided into three parts. In the first one we show that the
family is normal. Secondly, we note that every convergent subsequence converges
to F' and finally we obtain that the complete family converges to F' as required.
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Normality of the family

Let R C A be the union of the orbits under N of the points a,b,c, and set
Apr = A — R. Montel’s theorem asserts that the family F; : Ag — C is a normal
family. Unfortunately, this is not enough to ensure this family to be normal on
all A.

Let us consider any fundamental domain D for N (not necessarily the fixed
one D) so that in its interior D are contained points ap € D in the N-orbit of a,
bp € D in the N-orbit of b and ¢p € D in the N-orbit of ¢. Consider the family
of restrictions F; : D° — C. Clearly, Fj(ap) =0, Fj(bp) =1 and Fj(cp) = 0. It
follows from Theorem 2.1 in [20] that F; : D° — C is a normal family.

If Dy,..., D, are fundamental domains for N, so that the interior DY of D,
always contains a point in the N-orbit of a, b and ¢, then the previous ensures
that Fj : Dg — C is a normal family. It follows that F : ngng — C is a normal
family.

As A is a countable union of interior of fundamental domains as above, we
may construct a family of open domains By C Ry C --- C A so that U2 Ry = A
and Fj : R — C is a normal family, for each k.

If we consider any subsequence of F; : A — @, there is a subsequence of
F; Ry — C converging locally uniformly. Now, there is a subsequence of such one
whose restriction to Ry converges locally uniformly. We now consider such a new
subsequence and restrict it to R3 and continue inductively such a process. Now we

use the diagonal method to to obtain a subsequence converging locally uniformly
on all A.

Limit mappings of subsequences

Let us choose any subsequence Fj, : A — C that converges locally uniformly,
say to Fog : A — C. As Fj (a) = 0, Fj, (b)) = 1 and Fj, (c) = oo, it follows
that Foo(a) = 0, Foo(b) = 1 and Fio(c) = oo, in particular, Fi5, is non-constant
conformal mapping.

Choose any fundamental domain D for N (not necessarily the fixed one D)
and let DY its interior. As each G; < N, D is contained in some fundamental
domain D; for G;. Since F} restricted to D; is injective, each F} restricted to
DY is also injective. We consider the subsequence Fj, - D% — (E, which we know
that converges locally uniformly to the non-constant conformal mapping F, :
DY — C. As the uniform limit of injective conformal mappings is either injective
or constant, Fo : D — C is injective. This proves that Fi restricted to D° is an
homeomorphism onto its image.

As the above holds for any fundamental domain for N and A is countable
union of such sets, Fiy is a local homeomorphism on A.

Let v+ € N. Then, there is some jo so that v € G; for j > jo. It follows
that for j > jo the equality Fj(y(z)) = Fj(z) holds for each z € A. In particular,
F(y(2)) = Fx(z) for every z € A. The above invariance and the fact that the
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restriction of Fi, to any of its fundamental domains is an homeomorphism asserts
that F.. is a covering map for which N is group of cover transformations. Since Fi
and F' acts in the same way at the points a, b and ¢, then F' = F, by Lemma 3.1.

Convergence of the family

Since any subsequence of Fj; : A — C has a locally uniform convergent subse-
quence to Fi, = F', the above asserts that the complete sequence converges locally
uniformly to F. O

Remark 4.2. As already noted, the normalization Fj(a) = 0, F;(b) =1, Fj(c) = o0
does not makes F; unique. If we consider any two choices for F}, say Fjj : {0 —
m, k = 1,2, then there is a conformal homeomorphism H; : W;1 — W, so
that I, = H;F;. We may make a unique choice for each F} as follows. Let us start
with any choice for F; and let us consider the restriction Fj : A — W; which is
a conformal covering map. A classical result [2, 7, 13, 27] asserts that there is a
circular domain ¥; C C and a conformal homeomorphism 7} : W; — ¥;. As the
boundary of W; consists of real-analytic simple loops, by Carathéodory’s exten-

sion theorem, T; extends as an homeomorphism from W; onto X;. By composing
T; at the left by a suitable Mébius transformation, we may also assume 73(0) = 0,
T;(1) = 1 and T}(c0) = oco. Now, we replace Fj : Q; — W; by Fy = T;F;, that
is, we may now assume »; to be a circular domain. We claim that the map FY
is unique under the normalization Ff(a) = 0, Ff(b) = 1, Ff(c) = oo and the fact
that FJ-C(A) is a circular domain. In fact, as previously noted, any other possible
map with the same conditions as for F} will be of the form H;Fy, where H; is
a conformal homeomorphism between two circular domains and fixing the three
points 0, 1, co. By reflection principle, we may extend H to a conformal homeo-
morphism between two regions Uy and Us, where U is the region of discontinuity
of the extended Kleinian group K; generated by the reflections on the boundary
circles of W; (similarly for Us). As U is the region of discontinuity of a Schottky
group (the orientation-preserving half of K) it follows from Lemma 2.1 that H;
is the restriction of a Mobius transformation. As it fixes three different points,
H;=1

4.3. Approximating G

Now, in order to get the generators C1, ..., Cy of G, we proceed as follows. For each
j=1,... and each k = 1,...,g, we consider the unique M&bius transformation
Cjx so that Cjx(Fj(a)) = Fj(Ax(a)), Cjr(F;(b)) = Fj(Ar(b)) and Cjx(Fj(c)) =
F;(Ag(c)). At this point we need to recall that a, b, ¢ have been chosen to be in the
interior of a fundamental domain for I'. This asserts that the collection of points

Fj(a), Fj(Ax(a)), F; (), F;(Ax (b)), Fj(c), Fj(Ar(c))

are pairwise different.

Theorem 4.3. The Mobius transformations Cjj, converge to Cy.
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Proof. This is consequence of the fact that each Mobius transformation is uniquely
determined by its action at three different points, that the sequence F; converges
locally uniformly on A and that F'(Ag(z)) = Ck(F(z)) forz€ Aand k=1,...,g.

O

Let Fr any fundamental domain for I contained in D. As Fr is a compact
subset of the unit disc A and F}; converges locally uniformly to F', we obtain
that the compact sets F; = F;(Fr) C C converges in Hausdorff topology to a
fundamental domain F, for the Schottky group G.

5. Numerical implementations

5.1. First approach

Let us choose a point d € JA in the boundary of the fixed fundamental domain
D for N, where OA denotes the boundary unit circle of A. This choice permits to
extend each F; and F' continuously to d from inside D. Let T); be the unique Mobius
transformation so that 7;(0) = 0, T;(1) = 1 and T;(F;(d)) = co. The map H; =
T;F; : A — T;(R;) is a covering map associated to the group G; (whose image still
a circular domain, one of the circles being a line). In particular, each H; is analytic
inside A with a simple pole at d. Let us consider a subsequence F}, so that Fj, (d)
converges, say t0 ds. The Mobius transformations 7);, now converges to the unique
Mébius transformation To, so that Too(0) = 0, T (1) = 1 and To(Fj(d)) = oc.
The map Hy = T F : A — € is a covering map associated to the group N. As
Fj, converges to F, it follows from the above that Hj;, converges locally uniformly
to Hoo F'. In this case, the Schottky group we obtain is Too GT'. As H; is analytic
on all A, if we take a = 0, then this ensures that H;(z) = Y2, p;r2", with radius
of convergence 1. If we find numerical approximations of H;, then we will obtain
numerical approximations of both H,, and ToeGT!. The idea is to consider a
truncation H; n(z) = Ziv=1 kN 2" and some points w, (well-distributed) on D.
The coefficients p1jx,n can be (over)determined by considering a set of generators
of Gj, say Ai,..., Ay, € Gj, and asking H; y(As(w,)) = Hj n(w;).

5.2. Second approach

The second approach is related to quadrature domains [14] and work of D. Crowdy
and J.S. Marshal [11] using the Schottky-Klein prime function.

A bounded domain D C C (we assume its boundary consists of a finite
collection of pairwise disjoint simple loops) is said to be a (classical) quadrature
domain [14] if there exists finitely many points ai,...,ay € D, positive integers
ni,...,ny and complex numbers ¢;; € C (k=1,...,N, j=0,1,...,n; — 1) so
that, for every integrable analytic function h(z) in D (extending continuously to
the boundary of D) it holds that (the first equality is just Green’s formula)

N np—1

1 3 i
//D h(z)dzdy = % on h(z)zdz = Z Z crih9 (ay).

k=1 j=0
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For instance, the unit disc D = {z € C : |z] < 1} is a quadrature domain
with N =1 =n1, a1 =0 and ¢19 = 7. A survey about quadrature domains is, for
instance, [15].

A domain D is a quadrature domain if and only if there exists a meromorphic
function h : D — C so that h(z) = Z for every z € 0D [1]. This last property asserts
that the domain D is a quadrature domain if and only if there is a closed Riemann
surface S admitting an anticonformal involution 7 : S — S with maximal number
of ovals (components of fixed points) and a meromorphic map ¥ : S — C so that,
if S; and Sy are the two components of S— Fiz(7), then F' : S; — D is a conformal
homeomorphism [14].

In our case, for each fixed j, we need to find a regular covering F; : A —
F;(A) = Wj;, where W; is a domain in the Riemann sphere bounded by some finite
number of simple loops. It may happens that WW; is not a quadrature domain.
But, as consequence of Theorem 4 in [14], there is a conformal homeomorphism
Q; : W; — Dj, where Dj is a quadrature domain.

Now, in [11] it is provided a numerical algorithm to obtain a regular con-
formal covering T : A — D; with G; as group of covering transformations. This
numerical implementation is based on the Schottky-Klein prime function of the
group G, [4], in this case, given by

w(zm) = (z—p) [ (v(2) = W) (v () — 2)

veG;

z, it € Q;(the region of discontinuity of G;)

G5 C Gj — {I} and for every v € G — {I} either v or 4! belongs to G (but
not both). Let L; be the Md&bius transformation determined by the fact that
L;(T;(a)) = 0, Lj(T;(b)) = 1 and L;(T;(c)) = co. Then we may consider F; =
Lj o Tj.
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Scattering from Sparse Potentials:
a Deterministic Approach

Vojkan Jaksi¢ and Philippe Poulin

Abstract. Completeness of the wave operators has been proven for a family
of random Schrodinger operators with sparse potentials in the recent paper
[17], using a probabilistic approach. As mentioned at Voss, a deterministic
result in this direction can also be derived from a Jaksi¢-Last criterion of
completeness [7] and Fredholm’s theorem. We present this approach.
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1. Introduction

Since their introduction by Anderson [1], there has been considerable interest
in Schrédinger operators with random potentials. These operators represent the
energy of a particle affected by a random potential on a lattice. They are of the
form H = A + AV, where A is the centered, discrete Laplacian on Z%, X is a
real parameter (the so-called disorder) and V is a random potential supported
on Z%. In [1], Anderson anticipated the spectral structure of H (i.e., the intervals
of localization/delocalization) with respect to the disorder. While the localization
aspect of the Anderson conjecture has been mathematically settled in the seminal
papers [5, 4, 2, 3], practically nothing is known about the delocalization aspect.

Several research teams have also studied various sparse models [6, 9, 10,
11, 12, 13, 14, 15, 17]. In these nonergodic models, spectral properties of H are
expected to follow from various geometric constraints on the sites of the potential.
These constraints have in common that the minimal distance between two sites
becomes arbitrarily large when removing a finite number of them. Examples have
been exhibited where all the expected spectral properties are satisfied (almost
surely), including completeness [17] of the wave operators on the spectrum of A.
We present a deterministic extension of this last result.



206 V. Jaksi¢ and P. Poulin

We consider a discrete Schrodinger operator H = A+ V in dimension d > 2,
where A is the centered Laplacian and V is a bounded potential: for ¢ € 1%(Z<)

and n € Z4
(Hp)n)= > ¢(m)+V(n),
Im—n|1=1
where |n|; = Z;lzl InU)|. We assume that the support of V', which we denote by
I' C Z%, satisfies the following sparseness assumption:

(A) There exists an e > 0 such that 3-, cp\ ([N — m|~ 2t is finite for alln € T
and tends to 0 when |n| — oo in T.

This is the case, for instance, if I' = {(j4,0,...,0) € Z¢; j € Z}.

Recall [18] that the wave operators on a Borel set © C R are the strong limits
QF(H,A) = limy_, 1o e e "21g(A) (if they exist); they are complete if their
range is Ranlg(H) (so A and H are unitarily equivalent on ©). We prove:

Theorem. Assume (A). Then, the wave operators QF(H,A) exist on [—2d,2d).
Moreover, they are complete on [—2d,2d] minus a set of Lebesque measure zero.

It is possible to remove the exceptional set in the above by working in the
random frame. Then {V(n)}, o is a family of independent, identically distributed,
absolutely continuous random variables whose common density is compactly sup-
ported.! Since the essential support of the absolutely continuous spectrum of A is
[—2d, 2d], and since under Assumption (A) the wave operators exist on this last
interval, the Jaksi¢-Last theorem [8] and the above immediately yield:

Corollary. In the random frame, Assumption (A) implies that the wave operators
exist and are complete on [—2d, 2d], almost surely.

This conclusion is stronger than the one we obtained in [17], where only
completeness of the wave operators is derived. However, our present assumption
is also stronger, since unbounded potentials are discarded.

Here is the outline of the paper. In the sequel {n € Z9 ; inf,,cr |n —m|; < 1}
is denoted by I't, while 15 and 1; denote the projections onto {*(I") and 1%(T4)
respectively. Moreover d,,(n) denotes the Kronecker delta, where m,n € Z%. For
z € C4 we consider the following restrictions of the free and perturbed resolvents,

Fi(2) =11(A —2)7 11, Fo(2) = 19(A — 2) 1y,
Pl(Z) = 11(H - Z)_l]_l, P()(Z) = 10(H - Z)_llo.
Our study is based the following theorem of Jaksi¢ and Last [7]:

Proposition 1. Let U C R be open. Suppose ||Fi(e 4+ i0)|| < oo and | P1(e +i0)|| <
oo for all e € U. Then, the wave operators exist and are complete on U.

IExplicitly, the probability space is given by RI' equipped with its Borel o-algebra and a prob-
ability measure [[ p, where p is an absolutely continuous, compactly supported measure on R.
The variable V(n) is then the projection on the n** coordinate, for n € T.
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For [a,b] C [—2d,2d] \ ({2d,2d —4,...,—2d+4,—2d} U {0}) and z in the
strip S:={e+1iy ; a <e<b, 0 <y <1}, the following a priori estimate [16] is
available:

Proposition 2. Let n = |n|w € Z*. Then, lim ¢ .ec, (do | (A — 2)716,) ewists and
is O(|n|~2) uniformly in (e,w) € [a,b] xS, More generally, (69| (A — 2)~18,) =
O(|n|~2 log |n|) uniformly in (z,w) € S x S4-1.

Therefore, sparseness will ensure that the matrix elements of F(z) are small
except about its diagonal. By subtracting a block-diagonal to F} (z) the remaining
part will be compact. We will derive the finiteness of || Fi (e +10)| first, and then
deduce the same for || P;(e 4 i0)| by means of Fredholm’s theorem:

Proposition 3. Let K(z) be a function with values in the space of compact opera-
tors (endowed with the uniform topology). Suppose K(z) is continuous on S and
analytic in S. Then, either 1 — K (z) is never invertible on S, or it is invertible ex-
cept on a closed set of Lebesque measure zero whose intersection with C consists
of isolated points.

2. Proof of the theorem

Let us partition I'; as follows: for all n € I', we select a neighborhood B(n) C
{m €Ty ; |m—nl; <1} containing n in such a way that (J, . B(n) = I'1 and
B(n)NB(n') =0 if n # n'. For all m € T'; there exists exactly one n € T' such that
m € B(n); we then set B(m) = B(n).

For n € T'y, let S(n) =3, cr\5(n) SUPzes [{Om | F1(2)dn)|. Then,

Lemma 1. S(n) is finite for all n € 'y and tends to 0 when |n| — oo in T';.

Proof. By Proposition 2, S(n) < Const 3=, cr\ g 7 —m|~2%¢. Moreover, there
exists a C' > 1 such that for B(m) # B(n), C~n —m| < |n — m’/| < C|n — m| for
all m’ € B(m). Since the cardinalities of the B(m) are bounded, Assumption (A)
yields the result. O

For z € S let us decompose Fj(z) into two summands: a block-diagonal,

Di(2) = Xer, 2menm)(On | F1(2)0m)(0m | )0n, and the other part, Ki(z) =

Fy(z) — D1(2). By Proposition 2, (6, | F1(e +10)d,,) exists for e € [a,b]. In partic-

ular, letting Fi(e): =3  cp (0n | Fi(e+10)0m)(dm | )05, lim s e Fi(z) = Fi(e)
zeCq

weakly. Let us define D;(e) and K (e) in a similar way, so they are weak limits of
D1(2) and K (z) respectively.

Lemma 2. For any e € [a,b], lim,_.. .cc, Di(2) = Di(e) uniformly.

Proof. Let {A;}}, be the list of all subsets of {m € Z¢ ; |m|; <1} containing
0. For all n € T there exists exactly one j, which we denote by j(n), such that
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B(n) —n = Aj;. Thus, by translational invariance

=D > (Gl Fi(2)8) Z_<5n+p\'>5n+q~

J=1p,q€A; j(n)=j

The result follows. |

Lemma 3. Let ¢ > 0. There exists a finite-dimensional projection P: such that,
letting Me(z): =P:K1(2)P:, | K1(2) — Mc(2)|| < € for all z € S. Moreover, M.(2)
is continuous on S (with respect to the uniform operator topology).

Proof. By Lemma 1, there exists a finite set F C I'; such that for all z € S
sup Z (0 | K1(2 |+sup Z (0n | K1(2)0m)| < €. (2.1)

nérl\fmer mEF1\.7'-

Let P. be the projection onto the vector space generated by {d,},cr. Notice
that M.(z) is weakly continuous and hence uniformly continuous on S. More-
over, (0, | (K1(2) — Mc(2))0m) = (0m | (K1(2) — M(2))dy) for all m,n € T'y, so
the equation (2.1) is equivalent to |[K1(z) — M(2)|1 = || K1(2) — Mc(2)]|o < &.
Schur’s interpolation theorem then completes the proof. O

Lemma 4. For any e € [a,b], lim._.. .cc, K1(2) = Ki(e) uniformly.
Proof. Let € > 0. For e € [a,b] and z € S
1K1(2) — Ka(e)|| < [Ki(2) = Me(2)[| + ([ Ki(e) — Mc(e)|| + [|Mc(2) — Mc(e)
< IMa(z) — Mee)]| +22.
Since lim, .. .ec, M.(2) = M.(e) uniformly, the proof is complete. O
By Lemmas 2 and 4, F}(z) has a continuous extension on C4 U [a, b], so we

have reached that || F1 (e +i0)|| < oo for all e € [a, b]. Let us focus on [2(T). By the
previous work, Fy(z) is continuous on S and analytic in S. Moreover,

Lemma 5. Fy(z) is invertible in B(I*(T')) for all z € S.

Proof. Let j, be the spectral measure of a unit vector ¢ € 1?(T") with respect to
A.Forafixed z=e+iy € S, S{¢| Fo(z)p) = yf oq((t—€)? +y?) "1 dpuy(t). This
expression is bounded away from zero When  varies in the unit vectors. Thus, the
closure of the numerical range of Fy(z) is included in Cy. The result follows. [

Let Do(z) = 19D1(2)1p and Ko(z) = 19K1(2)1p. By Lemma 3, Ko(z) is
a compact operator for any z € S. Moreover, Dy(z) is diagonal; it is indeed a
constant (times the identity on /2(T")) by translational invariance. By Theorem 6.1
n [16], the number inf,_5 3Dg(z), which we denote by I, is positive.

Lemma 6. 1+ Do(2)V is invertible in B(I*(T')) for any z € S.
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Proof. First, (1+ Do(2)V)~! exists, since I > 0. If? |V (n)Do(z)| < 1/2, then
|(1+ Do(2)V) Y (n)| < 2. Otherwise, |(1+ Do(2)V)~!(n)| < 2|Do(z)|/I. Hence,
(1+ Do(2)V)~! is bounded, as claimed. O

We now transfer our result from the free resolvent to Py. Since V' is bounded,
by the argument in Lemma 5, Py(z) is invertible for each z € S. Moreover,

Lemma 7. There exists a closed_set of Lebesgue measure zero, R C |a,b], such that
Py has a continuous extension S \ R — B(I*(T)).

Proof. Let z € S. By the resolvent identity, (1 + Fo(2)V)Py(z) = Fo(z). Notice
that 1 4+ Fy(z)V is invertible, since Py(z) and Fy(z) are. Thus,

Po(z) = (1 + Fo(2)V) ' Fo(2), (2.2)
where z € S. One wonders to which extent (1 + Fy(z)V) ™" is still invertible when
z € 0S. Indeed, for any z € S, 1 + Fy(2)V = (1 — K(2))(1 + Do(2)V), where
K(z):=— Ko(2)V(1+ Do(2)V)~! is compact. Since for z € S both 1+ Dg(2)V
and 1 + Fy(z)V are invertible, 1 — K(z) is. By Proposition 3, 1 — K(z) is thus
invertible in B(I*(T")) for all z € [a,b] \ R, where R C [a,b] is a closed set of

Lebesgue measure zero. Hence, the right side in (2.2) extends continuously up to
S\ R, as desired. O

Lemma 8. There exists a closed set of Lebesgue measure zero, R C [a,b], such that
Py has a continuous extension S \ R — B(I*(T'1)).

Proof. By the resolvent identity, Fi(z)1g — P1(2)1g = Fi(2)V Py(z). Since Fi(z)
and Py(z) extend continuously up to S\ R, Pi(z)1¢ also does. By the resolvent
identity again, Fy(z) — Pi(z) = P1(2)19V Fi(z). The result follows. O

In particular, || Py (e +10)|| < oo on [a,b]\ R. Since the analogous relation has
been established for Fy, Proposition 1, the arbitrariness of [a, b], and the absolute
continuity of the spectrum of A yield the theorem.
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Application of ATS in a Quantum-optical Model

Anatolii A. Karatsuba and Ekatherina A. Karatsuba

Abstract. The problem of the interaction of a single two-level atom with a sin-
gle mode of the quantized electromagnetic field in a coherent state in an ideal
resonator in the resonance case is considered. The evolution in time of the
atomic inversion, represented by the Jaynes-Cummings sum, is studied. On
the basis of the application of the theorem on the approximation of a trigono-
metric sum by a shorter one (ATS), a new efficient method for approximating
the Jaynes-Cummings sum is constructed. New asymptotic formulas for the
atomic inversion are found, which approximate it on various time intervals,
defined by relation between the atom-field coupling constant and the average
photon number in the resonator field before the interaction of the field with
the atom. The asymptotics that we obtain give the possibility to predeter-
mine the details of the process of the inversion in the Jaynes-Cummings model
depending on the field characteristics.

Mathematics Subject Classification (2000). 34A45, 40G99, 41A60, 70K40.
Keywords. Jaynes-Cummings model, atomic inversion, coherent state, trigono-
metric sums, approximation, theorem on the approximation of a trigonomet-
ric sum by a shorter one (ATS), functional equation for the Jacobi Theta-
functions.

1. Introduction

We shall consider the behavior of an atom which reacts to one or some modes of the
radiation field. Assume the situation where the optical field is almost monochro-
matic and its frequency is close to one from the frequencies of atomic transitions.
Then it is possible not to take into account the transitions between other energy
levels and to consider the given atom as the two-level atom. Jaynes and Cum-
mings [4] showed that the equations of motion in the problem on the interaction
of a single two-level atom with a single mode of the quantized radiation field are
analytically solvable ones. At present, the Jaynes-Cummings model (JCM) [1], [2],
(3], [4], [13], [14], [15] is the most simple approximation of the process of interaction
of atoms with light, the exact description of which is not possible.
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Thus, the JCM and its generalizations (see [1], [4], [12], [14], [15]) can be
considered as an approximate answer to the question of what happens with every
active atom of a quantum generator. For a long time one referred to the JCM as
to purely theoretical construction [15]. However, the creation of one-atom maser
and microlaser, and also one-mode resonator of high quality allowed to realize the
JCM in practice. The data obtained in experiments confirmed some phenomena
theoretically predicted in the JCM. So, by measuring such experimentally observed
value as atomic inversion (the difference between the population in the excited
state and the ground state of an atom) have been registered the predicted collapses
and revivals of the inversion oscillations, which show the corpuscular nature of the
radiation field. At present the JCM has a special place in quantum optics also
for the reason that it serves for an examination and verification of conjectures
concerning of models which are more complicated and close to reality.

We shall consider the dynamics of the JCM where there is only exchange
by a single quantum of excitation between fixed atom and field. In this case the
Schrédinger equation

L0 o
iho 19 () = Hine [ (1)) (1)

for the vector of the state |¢)) of an atom-field system is usually solved (see, for
example, [14], [15]) in the so-called “rotating wave approximation”, that is sim-
plifying the Hamiltonian of the interaction ﬁint by neglecting the fast oscillating
terms. As a result the Hamiltonian takes the form

Hiny = hg (G_aTe ™ + 5, ae™™t) | (2)

where g is the atom-field coupling constant, o, c_ are the Pauli Spin Matrices,
a1, @ the Bose field creation and annihilation operators, A is the difference between
the frequency of the atomic transition and the frequency of the resonator field (for
exact resonance A = 0).

Assume that at the initial moment ¢ = 0 the atom has no connections with
the field. Then the solution of the equation (1), (2), which represents the amplitude
of the probability pg m(t) to find the atom in the excited state |a) and m photons
in the resonator, or the amplitude of the probability pp m+1(t) to find the atom
in the ground state |b) and m + 1 photons in the resonator, can be written in the
form (see [14], [15])

Pam(t) = 2" <(cos()\mt) - i% Sin()\mt)> Pam(0)

497“;;“ sin()\mt)pbmH(O)) , 3)

il <z@ sin(Amt)pa,m(0)

m

A
+ (cos()\mt) + 5

m

sin(/\mt)) pb,m+1(o)> , (4)
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where A, is the parameter which is called the generalized Rabi frequency:

Am = \/(%)2 +g%(m+1).

Definition 1. The atomic inversion W (t) is defined as
W(t) = W(t;]a)) = W(t; b)),

where
W(t;la)) = Z |pa,m(t)|27 W(t; |b)) = Z |pb,m(t)|27
m=0 m=0

are the probabilities to find atom at the moment t in the excited and in the ground
state correspondingly.

Our aim is to study the evolution in time of the atomic inversion W (t). We
shall consider the case of exact resonance A = 0, that is when

If the atom was in its ground state at ¢ = 0, then from (3), (4), (5) we have (see
for details [14], [15])

+o0
W(t) = Wo(t) = — 3 Wi cos (2gt/m), (6)

m=0

and if the atom was in the excited state at t = 0, then

—+o0
W(t) =Wi(t) = Z Wi, cos (2gtvVm + 1), (7)
m=0
where W,,, = W,,,(0) = |p,,(0)|? is the probability to find at ¢ = 0 in the resonator
field m photons.
In quantum optics in the analysis of the JCM the case of the coherent state
of the field with the Poissonian photon statistics is more often investigated:

I
Wm =€ ! W’ (8)
where
m1 = (m)

is the initial average number of photons before the interaction of the field with the
atom. Substituting (8) into (6) and (7), we have
+00 m
W(t) = W(t) = (~1) e ™ 3 Phcos (29t /m+j), j=0,1.  (9)
m!
m=0
The most direct approach to study W (t) is to approximate the sum (9) by
another sum, which is more simple for studying, for example, by the sum of a
small amount of summands, in particular, by one summand. Such an approach is
applied, for example, in [3], [13] (see also [1]), where the sum (9) is substituted by
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the infinite sum of integrals or by one integral (without estimating the remainder
term), which then are calculated by the saddle point method.

In the present work we shall study the function W (t) from (9), approximating
it by a simpler function and by considering certain, interesting, in our opinion,
particular cases of this approximation. Some of our formulas coincide with the
derived ones in [3], [13]. We note, the greater my, the better the formulas obtained.
However, for small m; these formulas are also of interest.

In what follows, to simplify the calculations for estimating, we shall assume
that in Theorems 1, 2

my > 100, m; is an integer, (10)
and in Theorems 3, 4
my > 2000, my is an integer. (11)

A general scheme of the method for the approximation of W (t) in the form
(9) was described in [11]. Tt is based on the application of the theorem on the
approximation of a trigonometric sum by a shorter one (briefly, ATS) [5]-[8] (on
other applications of the ATS to the problems of physics see [9], [10])). Besides, we
also use essentially the functional equation for the Jacobi Theta-functions (see [8]).

Let us denote .

my
T =2gt, C(m)= gl (12)

In this connection, from (9)

+oo
W(t) =W;(t) = (=1 Te™™ Y~ C(m)cos (T'/m+j), j=0,1. (13)
m=0

The structure of the paper is the following: Section 2 contains main results,
formulated as theorems, Section 3 contains the proofs of auxiliary statements —
lemmas, Section 4 contains the proofs of the theorems.

The following notations are used in the paper:

0,601,605, ... —the functions, the module of which doesn’t exceed 1, in different
formulas they are, generally speaking, different;

for the real x, the function y = {x} fractional part of the number x, that is
y = {z} = x — [z], where [z] is the integral part of x, that is an integer such that
] <z <[z]+1,

the function y = ||z|| = min({z},1 — {a}) distance from x to the nearest
integer;

the functions p(z) and o(z) are defined by

1 xT
pe) =5~ (o). o) = [ pluyin
We note, that for any z

, 0<o(x) <

[N
ol

1 1
0<{ab<1, 0=l —5<p@) <
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We emphasize that the constants in the obtained asymptotic equalities can
be replaced by smaller ones by means of more detailed calculations. However, the
role of these constants is a secondary one. We calculate them only to show that
the derived asymptotic formulas are effective. Besides, in reality, the accuracy of
the formulas, which we obtained, can be much better than this is established in
the theorems and lemmas.

2. Statements of main theorems

First of all we formulate the simplest theorem on approximation of the function
W (t) by the sum of a finite number of summands for any values of ¢.

Theorem 1. Let vy be an arbitrary natural number, such that 1 < vy < mf/‘g. Then
the formula holds:

W(t):Wj(t):(*l)jJrl <1 4 )( 3 exp(;—;l)cos(T\/m)

\/27rm1 B 127’77,1
—v1<v<vy
2
ma 141 .
80 40,0 — - ; =0,1. 15
+ ]1+ 72 71 eXp( 4m1)>7 J ) ( )

Remark 1. [t is natural to assume in (15) that v1 > +/2mq Inm;.

Then we have the theorems on approximation of W (¢) by sums of a small
number of summands.

Theorem 2. Let T < my, v = ||T/(4w\/m1)||. Then for W(t) the following asymp-
totic formula holds:

W(t) = Wj(t) = (-1 <1 + %ﬂ;) <Tf% exp <27T;%72> cos(D(my))

_1 2 50, 04T
+ 30,21, * exp (— T m1> + By g4 ) ;o 7=0,1; (16)

2T V2mmy 44/ 2mmy
where
T2 2T /mi 1 T
T =1 D =Tmi + —Y——~% — ~arct .7
L= oy (m1) mit T T g arctan <4\/m_1> (17)

Remark 2. The necessary condition of the relevance of the equation (16) is the
fulfillment of the inequality

T <m?. (18)
That is why in Theorem 2 we assume that (18) is satisfied.

Remark 3. The inequality

(19)
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is sufficient for the summand with cosine to be the main term of (16). Since

T < m5/6 then the right part of (19) will be a small number, that is the num-
ber T/(47r1 /m71) will be close to an integer.

Remark 4. Let T < 2w\/my, and consequently, v = T/(4m\/m1). Then from (16),
(17) we have

W(t) = W;(t) = (-1)7*! <1 + HL) <Tf% exp < 8T—;1> cos(D(my))

12m1
2 30,
+ 302 exp < %ml) + _73131) i =01 (20)

where 5
T 1 T
T —arct . 21
D(my) =Tymi + c5— NI (4 m1) (21)

Remark 5. The formula (20) will be relevant when

T <2+y/Inmy
From here and from (20), (21) we get
273

2
W(t)=W;(t) = (=1) T exp <%) cos(Tv/m1) + 651 \/m_l;

Remark 6. From the previous remarks, it follows that on the interval 0 < T <

2y/m1 (16) will be asymptotic one only for 0 < T < 2y/Inmy. If 2¢/lnmy <
T < 27m/mq, then we can not claim about the inversion W (t) anything besides,

it is “small” in this interval and is trivially estimated from above by the value
~ my “Y2 At the same time, we note, that in reality, (22) can be relevant and also

for T > 2+/Inm;.
Remark 7. Let now 2wy/m; < T < m?/(j. For any integer k; k =1,2,3,...,ky =
[mi/s/(éhr)} — 1, we shall consider the intervals of the form

(471’]{5\/777,1 —V/Inmy; drky/mq + \/lnml) ,

which are inside the interval (Qﬂ,/ml,m‘;’/G). For every k; k=1,2,3,...,ky and
every T of the form

j=0,1. (22)

1
T = 4nky/my + 22, |z| < 5 In/m1,
the following asymptotics for W (t) is valid:
7 - B (71)j+1 1.2
W) = W;(t) = (1 + w2k2)1/4 P T3k

x 2 e T L actan L) 16, =01
COSs —_ — — arctan — = ;
8k 173 Tk Ny g T
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where k = ko = [m}/g/(élﬂ')} — 1. As is obvious from the last asymptotic for-

mula for W (t), the mazimal values |W (t)| decrease with the increasing k as values

1/(2V/7k).

Remark 8. Using the function “fractional part”, it is possible to rewrite the as-
ymptotic formula (16) in another form. Thus, for T < m‘;’/G the following formula
is valid

W(t) = W, (1)

(—1)7+t 2mimy o7, 1 T
= W exp | — T{ cos | Tv/mq + 2—Tl£ - §arctan N
72 2T 1 T
+exp <— ﬂ-Tznl (1- 5)2) cos (T\/m1 + L(l - €)% - B} arctan 4\/771>

50,1 05T > ‘
+ + ; =0,1; 23
vV 2'/Tm1 4\/ 27rm1 J ( )

where Ty = 1+ %, E={T/(4r/m1)}.

It is clear that if £ is “close” to 0 or 1, then the main term in (23) will be the
first or the second summand respectively. If £ is “far” from both 0 and 1, then the
both terms with cosines are “small” and the inversion is also “small”. Therefore,
the greatest values of W (¢) are situated in small neighborhoods of such ¢, for which

where 7 is an integer. We note, that in [3], [13] the value ¢, is called the “time of
revivals”.

In the next theorem W(t) is approximated by the sum of a small number
(comparatively with the value of v/mj Inm;) of summands, for T > mf/ 6,

Theorem 3. Let \/my < T < y/m3. Define the number v, by the equality

h(1) = i h(v), X =+/mqlnm,
—1 -1
) )

h(v) = (’ T T
Then the following asymptotic formula holds:

dmy/m1 + v

47\/my — v

W(t) = Wj(t) = (71)j+1\/—1T <]. + 39j1m—1>

1 T2 )2 ( T2 71') 02 03 Ro
X exp|l—— | —=—==5—m cos| — — — | + + ;
agn:w p( 2m; <167r2n2 ! 8tn 4) " Jmi | 2y2rmy
J=0,1
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where
T T mi 2
=T =————— Rp=1800(14+4 ———— ) (1 .
« 4my/my + 11 h 4m\/my1 — 11 0 < T\/lnm1> ()

It is possible to formulate Theorem 3 in slightly different form, by representing
the variable of summation n in the form

T
47\ /mq

Theorem 4. In the conditions and notations of Theorem 3 the following asymptotic
formula holds:

n=a+ u, where a{ ]; w=0,£1,+£2 ....

fracl4d

W(t):Wj(t):(_l)mml7 3 (1+8409j1(M)3)

=My < p < M2

32m%m? 9 T2 7r Ry
_ _ - _Z 0 . (g
e < T2 (1 =€) ) o8 (87r(a + 1) 4) +0;2 2V/27my’ 24)

j = 07 17.
where
Tv 3 Tv? Tv 3 Tv?
M, = 13*37—517 M2:—1§+37—§17
8mms; Tm? 8mmsi Tm?

clEm e

Remark 9. The application of the ATS made possible to approzimate the initial
sum (15) with 1+ 214 summands (for integer v1) by the sum (24), that is the sum

of no more than 1 + Tul/(47rmi’/2) summands, what is less than 1+ 2vy for all

T < /mj .

Remark 10. If T' < my/(vInmy) and the number T'/(4m\/m1) is an integer, then
a =T/(4r\/m1), £ = 0, and the sum with respect to p in (24) consists of one
summand with u = 0, and the formula for the inversion obtains the following
simple form:

ml/4
W (t) = W;(t) = (—1)j+1ﬁ cos @\/m_l) +Rj; j=0,1; (25)

where

Ry
Rl < ——.
Rl < 2\ 2mmy
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Remark 11. If mi/(v/Inmy) < T < \/m3, then from (24)

1

. om* 3272 m?2
Il ey ( —u) (26)
\/T =My < p < M2 T

T2 ( T oo Ro
X — - — Rjo +0j0 ——; j =0,1;
o8 (871' <47r,/m1 +M) 4) T J22\/27rm17 J ’

=
~
~—
I
S
—~
~
~—
I

where

1 5\ 3
mi |p|m? 32m2m?
|Rj2| < 8407r3\/—1T Z <T1> exp ( T2 L2

=My < p < M2

< 84073 (In m1)3/2 m;1/4T_1/2.

Remark 12. For my such great that My > (Tul)/(167rmi’/2), that is for my > %1/1,
it is possible to approxzimate the sum with respect to p in (26) by the sum of the
same summands with |p| < (Tv/Inmy)/(4mmy). For T < mi/(v/Inmq) only one
summand with p = 0 remains in (26), and this formula will coincide with (25).

3. Auxiliary statements

The statements presented below are the basis of our proof of main theorems. Some
of them have also independent interest.

Lemma 1. The following equality holds:

W(E) = Wj(0) = (-1 = (1—1211)%), j=01  (20)

where

ﬁj(t) = Z r(m)cos (T/m + j),

m=0
m+1)...(m1—1 .
Qe Gl if m<my
1
r(m) = 1, f m=m
m—mq
my .
(m14+1)...m>? Zf m > mj.

Proof. We consider W (t) in the form (13). For any m > 0 from (12)
C(m) < C(my).
Indeed, if m < m;, then

C(m) :m_{”m%! :ml(ml—l)...gml—m+1)<1. (28)
C(mi)  m! mi™ myt ™
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And if m > m;, then

C(m)  mi my! my ™
= = 1. 29
C(imi)  m!mi"™ m(m—-1)...(m1+1) < (29)

Taking out the factor C(mq) from the sum in (13), we get

o

W(t) =W;(t) = (—1)y e 0 (my) r(m)cos (T\/m+3j), j=0,1; (30)
m=0
where
(m41)...(m1—1)m1 if m < my
| mit " ’
r(m) = %m’f%ml = ) 1, if m=m
7(7;'111)”7“, if m>my.

On the other hand, according to the Stirling formula

m7 emt 0
C =1 = 1-— )
(ml) m1! \/27rm1 ( 12m1>

From here and from (30)

, 1 0 _
W(t) = Wy(t) = (—1)7*! 1- Fi(t), j=0,1 0
0 =0 = (-1 e (1= g ) B, G0,
It is easily seen from (28), (29) that the function r(m; + v) = Cg?;:)”) is

decreasing with increase of |v|. Let us study the speed of this decreasing.

Lemma 2. Let v be an integer. Then the following formulas are valid:
— for 0 <v <my,

r(ma + ) = exp (—A(m1;)) (31)

where
A(my;v) = <m1+u+%>ln <1+mL1> —v—Ji(v), (32)
nw) = [ A0 (3)

— for1 <v<my,
r(my —v —1) =exp (—=B(m;v)),

where

ma

n) = [0 (35)

mp — )

B(ma;v) = <m1—y—%> In (1—i> bt (), (34)
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Proof. We consider r(mj +v). If v = 0, then (31) is valid, since
A(m1;0) =0; r(my) =1. (36)
Let v > 1. Then
my
(mi+1)...0m +v—1)(m1 +v)
Taking the logarithm of (37), we obtain
In(r(my +v)) =vinm; — Z In(my + z). (38)

0<z<v

r(mi +v) =

We apply the Euler summation formula (see, for example [8]) to the sum of loga-
rithms from (38). We have

Z In(m; —|—x):/ In(m +z)dx+ p(v)In(my +v) — p(0)Ilnm,
O<z<v 0
Y o(z)dz v 1 v
_ e - {14+ L) 4=m(1+2Z) 5.
/0 (1 +2)2 vin(my+v)—v+my n( +m1)+2 n( +m1) J1(v)

From here and from (36)—(38) follows the statement of the lemma for v > 0.
Let now 0 < v < my. We find successively

(my—v)(mi—v+1)...(m —1)

r(my—v—1)=

)

In(r(m;—v-1)) = Z In(mqy—a)—vinm, = /Oyln(mlm)derp(l/) In(mi—v)

O0<z<gv
Y oo(x)dx 1 v
—p(0)1 - — -yl = (- —|In{1l—— |—v—J .
p(0) Inmy /o (1 = 2)? vinmg < m1+y+2> n( ml) v—Jo(v)
From here follows the statement of the lemma for 1 < v < m;. O

Lemma 3. The functions A(mq;x) and B(my;x) of Lemma 2 are monotonically
increasing for 0 < x <mq — 1

Proof. Taking into account (14), we find for 0 <z <mq — 1

d +a+3
4 pmgsr) = (14 )4ty 0@
dx mi my+x (m1 + x)?
d x my—x— 3 o(x)
—B(my;x)=—In(1—— | — +1+ > 0. O
dx my m; —x (my — x)?
Lemma 4. For any vy such that 2 < 1y < % the inequalities
V2 v?
Almim) > =, B(myv) >,
(masvn) > . (masin) > -

are satisfied.
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Proof. From (32), (34), taking into account (14), we easily find

1 121 v? 21 vi
Amyv) > lmi+n+-=||— % | -vy-— > —,
(ma; 1)_( rea 2) <m1 2m? ! 8m?2 ~ 4my

1 21 v} w3
Bmyv) > lmi—vn—<- )| —————
(mi;v1) > 1 1 2)( . 2m? 12md + 11
v? n v v} v? 0
“2my 2myp 3m? T 4Amy’

Lemma 5. Let vy be an arbitrary number, such that 1 < vy < %5-. Then for the
function F;(t) the following asymptotic formula is valid:
2
~ mq 141 .
Fi(t) = Fo(T) + 40— ——; =0,1; 39
(0 = Rl + 167 exp (<) =0, (39

where

Fy(T) = Z r(my + v) cos (Tv/my + v). (40)

-1 vy

Proof. Using Lemmas 2-4, we get

—+00 22 4 2
> rmetn+ S rm-v<2 [ ewmgﬂexp<ﬁ>.
v 1

V1
v > v <v<mg *
From here follows the statement of the lemma. O

We remark, that from (39), (40) it follows that the function ﬁj t),5=0,1;
is well approximated by the sum Fy(7') having the total number of summands of

the order v/miInm; or /miInm;.

Lemma 6. For any v such that —vy < v < vy, where

the following formulas are valid

2 3
r(mi +v) =exp <—2:11> (1+ 0, (LZ;—L + %)) ,
1

1/2
RT= Y exp(Q—W)cos<Tm>+6e2. (41)

—v1 SV

Proof. We shall consider (32) and (34). It follows from (33), (35) that it is possible
to represent the function A(mi;v) in the form

2
A(my;v) = B + a(my;v);
where
2 1 2
v v +3) 1 v v v
V)= - | {In|(l4+—)——4+— | -1 (V).
a(mav) 2my 2m? +<m1+y+2)<n( erl) m1+2mf> 1)
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Similarly
2

B(m;v) = — +b

(ml’l/) 2m1+ (ml’ )
where
b(my;v)= Vit )+ m 71/71 In(1-— )+ — 4+ v +J2(v)

1’*2m1 2m? ! 2 mi)  mi 2m2) PV
(

43)

We estimate easily |a(mq;v)|, |b(m1;v)| from above, taking into consideration only
that 3 < v$ < im? (my > 100). Taking into account (36), we find from (42), (43)
by means of simple calculations, that

foranyv >0: J|a(my;v)| < vl i
= ) = 9my m%a

for any v > 1: \b(ml;y)\<M @
- ~2m; m?

From here and from (32), (34) we have

r(mi +v) = exp <—2V—:L1> (1+9 (':Jj + %)) . (44)

By substituting (44) into (40), we get

2
R(T) = Y exp(zLW>cos(Tm)+Rl,

—v1 SV

where

w* vl oo w2 /a3 g
< E — < 2 2m R - = 6.
[l P ( ) <m% o my o « m? + my de =6

lv] < v O

One should remark that for many applications, the relation (41) is sufficiently
precise. Nevertheless, it is possible to improve the estimate of the remainder term
n (41), taking into account the oscillation of the cosine-factor and using the fact
that a(my;v) and b(mq;v) are differentiable as the functions in v and are the
piecewise monotone functions. In the present paper we shall not do it.

We shall approximate the argument of the cosine in (41) by a polynomial of
the second degree.

Lemma 7. Let

T T
— T - —
e%y] may, aq 2\/7717 Qa2 3 m?v
2
F(T) = E exp (—E> cos (ag + a1v — apv?). (45)

—v1 SV
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Then the following formula holds
1 1
Fo(T) = Fl(T) + 693 + 594Tm1 2, (46)

Proof. Using the Taylor formula and the Lagrange finite increments formula, we
have

0 _5
cos (Tv/my + v) = cos (g + a1V — apv?) + §1T|u\3m1 2 (47)
Besides,
V2 [eS) 22
Z exp (—) lv]? < 2/ xie” 2 dy = 4mS3. (48)
2m1 0
-1 Srvsn
From (41), (47), (48) and (45) we get the statement of the lemma. O

We note that, the remainder term in (46) isn’t worse than one in (41) for all
T < 12/m;. Furthermore, just as for (41), it is possible to make more precise the
estimate of the remainder term in (46) more precise on account of the oscillations
of the summands of this sum.

Lemma 8. Let the function Fy(T) be defined by the equality

+o00 2
Fy(T) = V:goo exp <2V—ml> cos (aar? — arv — ag). (49)
Then the following formula holds
2
mi 141
F(T) = F(T 405 — -
(1) = Fa() + 465" exp (5. (50

3« 1,2
where vy < gmy.

Proof. From (45) and (49) we have

+o0 2

|Fy(T) — Fp(T)| < 2/ e 21 dz. (51)

vy

From here we find that

|F1(T) — FQ(T)| § \/27rm1, lf %1 S le,
2 2
\FU(T) — Fo(T)| < 2 exp (-”—1> L if v > 2m O
%1 2m1
For asymptotic evaluation of F5(T') we need the lemma about the functional
equation of Jacobi’s Theta-functions.
Lemma 9. Let R(7) > 0,
+oo

O(r,a) = Z exp (—m7(n + @)?).

n=—oo
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Then the following equality is valid

1 = ) _
) (;, a) = \/FHZZ_OO exp (—mrn® + 2mian) . (52)

Proof. See proof of this lemma, for example, in [8].

Lemma 10. For FQ(T) the following formula is valid:

272 _2mmy a2
Fy (T ep( (n——))cosDn, 53
(1) = \4/1+4m10z2 nzoo 1+4m1a2 2 (D(n)), (53)
where
A’ mian a\?2  p
D(n) = —~ "% ( _ _) _ ¥ 54
(n) 1+ 4m2a2 "o 2 + oo, (54)
T T
p = arctan(2miaz), ag=T/mi, a1 = ay =

Proof. From (49) we have

+oo 2
BR(T)=%* Z exp (— 2n—m1 +iagn? —ioqn — iao)

n=—oo
+oo
= Rexp(—iap) Z exp (—m7n® + 2mian) (55)
n=-—o0o
where
_ 1 . . 1
orm, T o

Using (52), we find

+o0o
Z exp (77r7n2 + 27rz'om)

n=—oo

1 1 V2mmy P
=—0(-,a) = T XD (z—)
\/F T V14 4mias 2
2

« Z exp 272 m1 (nfﬂ)2 exp [ — 47T mida (nfﬂ)2
C 1+4m2a2 27 T+ 4m3al 27 ’

where

s
= — — arctan .
L4 2 2mias

From here and from (55) we get the statement of the lemma. O
For the proof of Theorem 3 we shall need the following ATS theorem (see [5],

[8] and especially [6], [7]):

Theorem (ATS). Let the real functions f(x), o(z) satisfy on the segment [a, b] the following

conditions:
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1) f®(z) and ©"(x) are continuous;
2) there exist the nonnegative numbers H, U, A, X, ¢o, ¢1, P2, c1, ¢c2, ¢z and ca such
that the inequalities

Us150<b-a< AU [p@)| < ool |¢/@)| < 1 HU™ 5 | (0)] < g2HU™
(AT S (@) S @AY fO@) < AT U |f (@) < cAT U
are fulfilled. Then, if we define the numbers x, by the equation f'(zn) =n, we get

Y. el@exp@rif(x) = Y cn)Z(n) (56)

a<xz<b as<n<p
+0H (Kiln(B—a+2) + Ko + K3 (Ta + T1)) ,
where a = f'(a), 8= f'(b),

() = 1, if a<n<p,
an= 0.5, if n=a or n=0g0,

—1+iMex mi(f(Tn) — nax
2n) = 5~ exp (2mi(f(2) — naw),
T:{& if |If (il =0,

“T i (VAIF @I i Il £ 0

Ki=n"1 (¢0(6 54 2c1 'e2) +6.50¢1)
Ky = (1)) " ((Ae2 + 2AU ™ ") K + 2¢oca(c1 + A(b—a)™ 1))
+ (o + X1)(22.5 + 92 A™ ),
K3 =22+ "o+ (me1)” ' ((4+2.8V/er + 2 +2¢ 'ea)go + 20e” '),

3 A
K = 5¢ocs + 2¢1c1 + ZA ((15103 + ¢a2c2 + §¢203)

9 13\% _ _
+ % max <§C4+ (F) cl 1(c3+0.5kc4)2’2@k 2)7

. C1
= —_— <1
k = min (40371/ % ) 6]

4. Proof of main theorems

Using the previous auxiliary statements, it isn’t difficult to prove the main theo-
rems.

Proof of Theorem 1 follows from (27), (39), (41).

Proof of Theorem 2. We transform the function F5(7") which is defined by (53).
Let




Application of ATS in a Quantum-optical Model 227

and let
o Qi 1 a1
@], w{®)els w-n,
" [QW} Blorf =20 MT o
o Qi 1 a1
B B T S
m [QW}JF TS 727 M= 7
Then for n = nq,
-3y ) =
o) "M T o) T
Besides, for T' < my we have the bound
+Z°° o [ 2mm (n- )’
P\T T am2a2 o
n=-—oo
n#ni
B 72my N 22 2m2my 2
exp|— ————~ ex ——n
=P 2 (14 4m?a3) PAT1 + 4m?a3
2
<3exp | — T m12
2 (1 + lgml)
From here and from (53), (54) we find
2mm 212m
F(T) = 12 exp ( T21 ) cos (D(ny))
1+ 16Tm1 L+ 150
2 2
PV ITTI Y G o7
/1 + lgml 2 (1 + 16’1;”1)

where

4r?mias 5
—=* — = 4+ .
1+ 4mloz2’y 2 oo

Setting 11 = 4v/mq Inm; in Lemmas 5-8 and using (57), (27), (39), (46), (50) we
get the statement of Theorem 2. O

D(ny) =

Proof of Theorem 3. We rewrite (41) in the form Fy(T) = REo(T) + 762, where

Fory= % exp(%)exp(iT\/m).

-1z

We apply the ATS to the }~70(T)7 setting in it

2

@) = = goVATE, o) e (<o) a=w, b= (59)

2m1
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We find successively

T T T
(1) - _ (2) — - _
F(@) dm/mi + 1) 8m(my + )3/2’ ™ dm/mi — vy’
g — T T B (TN
LT T mvymiro dnymita, 0 T \amm) T

T2

f(fUn) —NTp = — m - (—nml). (59)

(n takes negative values).

We set s
Stm?

A=—21 60

i (60)

Replacing (—n) by n we obtain the following formula for Z(n):

Z(n) = exp (i) % exp <27”' < i ””“)) ’

where o < n < g3;

T T
Thvmrn . 0 T i
In accordance with the choice of 11 the values ||a|| and ||5]| are not equal to zero,
and C(n) = 1. Since m; is an integer, then exp(—2minm,) = 1, and the imaginary
exponential in Z(n) doesn’t depend on m;. Then we have:

o = —qg. (61)

1 T () 1 T2 ?
= = ex - | _ .
o) 2vemms O TP oy \Tm2nz — ™

Consequently,

Z(n) T e 1 7T2 m i e 27 —7T2 + !
2/2mns P 2my \ 167%n2 ! P 1672n 8/’

T 1 T2 2 T 7
Fo(T) = _ - L 1~
o= 2 9v2mn3 eXp( 2m, <167r2n2 ml) >COS(87m 4)

ag<n<p
+ 705 + Ro(T), (62)

where Ry (T) is the remainder term of the ATS.
We shall simplify the sum with respect to n in (62), approximating in it the

/2
. We find from (59)

number n~%/2 by the number (#ﬁ)

T 01/1
n = 1+-——.
4 /mq 2mq

(‘“Tgm_l) (1+91;—11>.

From here

njw

_3
n 2
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Therefore, it is possible to represent Fy(T') in the form

3 2
24/ 2mmi I 1 T2
Mﬂ—ﬁﬁ(“%aﬂ 2 m{%aG@WW>)

a<n<B
T2 T
_— = = 70 Ro(T). 63
xcos(&m 4>—|— o + o() ( )

Let us estimate Ro(T'). From the theorem condition

4v/mqiInm; < v < 8ymqlnm;.

Using the definition of h(4), it isn’t difficult to prove that

mi
h <8 —— 4 1.
(Vl) = o (T\/lnml + )

From (60), (61) and (58) we find successively the values of the ATS parameters:

(64)

v v} 1 3
(bO:l’ Hzla ¢1:_1U, ¢2:_12U2, 01:—, 02:_7
my my 2 2
2v1 3U 15U°2
b= =— A=—, C3=—, C4y=——=, U >1.
Vi, a Vi, U ) 3 m17 4 mea =

Setting U = 1 and taking into account (11), from (56) and (64) we come after
simple calculations to the estimate

miq 2
Ro(T)| < 1800 (1 4+ ——— )1 .
Ro(T)| (+Tmh)nm1

From here and from (63), (27), (39) the statement of the theorem follows. O

Proof of Theorem 4. For numbers « and f from (61) we find the following asymp-
totic representations

T Tl/1 + 3 Tl/12 + E
o = - Y 5 )
A7 /mq 87rmlg 327 m1§ !

T Tv 3 Tv? ~
8 LR et B Ro,

— + :
Ay /my 87rm1% 321 m?

where for the remainder terms El, Eg the relations hold

3 3
~ Tv3 T (Inmq)? Inmq)?2
Tvi Tlnmy)? (nma)?

Ry < L k=1,2.
m1% m? Vm1

Let

[t e fit)

Let us represent the number n from (63) in the form

n=a+p,



230 A.A. Karatsuba and E.A. Karatsuba

where the parameter p takes the values of integers, such that

—M; < p < Mo,
My — T 3 TV% Mo — T n 3 TV%
1= 3 5 2= 3 5 -
8rm? 32m mi 8rm} 32m m3

Since

T £+
n = — ,
4 /mq s

then, taking (11) into account, we have

2
1 T2 2 my E—n -2
T omy <167r2n2 ml) B ((1 T 47””“) -1

L 9§<u5>4wm—1>2

T2

T
32 2,2 _~\2
_ % v 8400,

ol — €Pmy
T3
Consequently,

1 T2 2
R v, <W m1>

_ (1 + 84007 | — £Pm T*f’) <exp ( 327:;22”1% (1 — g)2>) . (65)

Applying (65), we can represent (63) in the form

N 3 2\ °
22 —
Fy(T) = 2vammy (1 + lei) Z 1 + 8406, (M)

\/T m =My < p < M2 r
32m%m? 9 T2 s
- - _ = 0 T).
xexp< Tz (1 f))cos(Sﬂ(a+M) 4>+ 7635+ Ro(T)
The statement of Theorem 4 follows from here and from Theorem 3. O

5. Conclusion

The asymptotic formulas, proved above with the help of the ATS and of other more
simple theorems, allow to approximate and to compute with good accuracy the
atomic inversion on various time intervals. These formulas reflect the peculiarities
of the behavior of the inversion observed in experiments: collapses and revivals of
quantum oscillations are repeated, moreover the amplitude of the Rabi oscillations
decreases with time, and the duration of revivals increases, the interference of the
late revivals with the previous revivals occurs, and we “come out of framework”
of the ATS-theorem. As it was shown above, this moment is determined by time
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of the interaction of the atom with the field and by the parameters: the atom-field
coupling constant and the initial average number of photons before the interaction
of the field with the atom. The same parameters determine the time of collapses
and revivals.

The revivals of the JCM reflect the discrete structure of the photon distribu-
tion, which is described by the Jaynes-Cummings sum and which is a pure quan-
tum mechanical phenomenon. The discreteness, expressed in the Jaynes-Cummings
sum for the atomic inversion, has caused idea to apply the technics which was con-
structed in number theory, in particular the ATS, to approximate similar sums.
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Geometry of Carnot—Carathéodory Spaces,
Differentiability, Coarea and Area Formulas

Maria Karmanova and Sergey Vodop'yanov

Abstract. We compare geometries of two different local Lie groups in a Car-
not—Carathéodory space, and obtain quantitative estimates of their difference.
This result is extended to Carnot—Carathéodory spaces with C***-smooth ba-
sis vector fields, a € [0, 1], and the dependence of the estimates on « is estab-
lished. From here we obtain the similar estimates for comparing geometries
of a Carnot—Carathéodory space and a local Lie group. These results base on
Gromov’s Theorem on nilpotentization of vector fields for which we give new
and simple proof. All the above imply basic results of the theory: Gromov
type Local Approximation Theorems, and for a > 0 Rashevskii-Chow Theo-
rem and Ball-Box Theorem, etc. We apply the obtained results for proving
hc-differentiability of mappings of Carnot—Carathéodory spaces with contin-
uous horizontal derivatives. The latter is used in proving the coarea formula
for smooth contact mappings of Carnot—Carathéodory spaces, and the area
formula for Lipschitz (with respect to sub-Riemannian metrics) mappings of
Carnot—Carathéodory spaces.
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1. Introduction

The geometry of Carnot—Carathéodory spaces naturally arises in the theory of
subelliptic equations, contact geometry, optimal control theory, nonholonomic
mechanics, neurobiology and other areas (see works by A.A. Agrachev [1], A.A.
Agrachev and J.-P. Gauthier [3], A.A. Agrachev and A. Marigo [4], A.A. Agrachev
and A.V. Sarychev [6, 7, 8, 9, 10], A.A. Agrachev and Yu.L. Sachkov [5], A. Bel-
laiche [16], A. Bonfiglioli, E. Lanconelli and F. Uguzzoni [19], S. Buckley, P. Koskela
and G. Lu [20], L. Capogna [23, 24], G. Citti, N. Garofalo and E. Lanconelli [33],
L. Capogna, D. Danielli and N. Garofalo [25, 26, 27, 28, 29], Ya. Eliashberg
(37, 38, 39], G.B. Folland [45, 46], G.B. Folland and E.M. Stein [47], B. Franchi,
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R. Serapioni, F. Serra Cassano [56, 57, 58, 59], N. Garofalo [61], N. Garofalo and
D.-M. Nhieu [63, 64], R.W. Goodman [66], M. Gromov [70, 71], L. Hérmander [76],
F. Jean [77], V. Jurdjevic [84], G.P. Leonardi, S. Rigot [94], W. Liu and H.J. Suss-
man [96], G. Lu [97], G.A. Margulis and G.D. Mostow [105, 106], G. Metivier [107],
J. Mitchell [108], R. Montgomery [109, 110], R. Monti [111, 112], A. Nagel, F. Ricci,
E.M. Stein [114, 115], A. Nagel, E.M. Stein and S. Wainger [116], P. Pansu [118,
119, 120, 121], L.P. Rothschild and E.M. Stein [127], R.S. Strichartz [134], A.M.
Vershik and V.Ya. Gershkovich [136], S.K. Vodop'yanov [137, 139, 140, 141, 142],
S.K. Vodop'yanov and A.V. Greshnov [143], C.J. Xu and C. Zuily [152] for an
introduction to this theory and some its applications).

A Carnot—Carathéodory space (and its special case referred below to as a
Carnot manifold) M (see, for example, [70, 136]) is a connected Riemannian mani-
fold with a distinguished horizontal subbundle HM in the tangent bundle 7'M that
meets some algebraic conditions on the commutators of vector fields { X1, ..., X, }
constituting a local basis in HM, n = dim H,M for all p € M.

The distance d.. (the intrinsic Carnot—Carathéodory metric) between points
xz,y € M is defined as the infimum of the lengths of horizontal curves joining x
and y and is not equivalent to Riemannian distance if HM is a proper subbundle
(a piecewise smooth curve + is called horizontal if 4(t) € H,M). See results on
properties of this metric in the paper by A. Nagel, E.M. Stein and S. Wainger [116]
and in the monograph by D.Yu. Burago, Yu.D. Burago and S.V. Ivanov [22].

The Carnot—Carathéodory metric is applied in the study of hypoelliptic op-
erators, see C. Fefferman and D.H. Phong [44], L. Hérmander [76], D. Jerison [78],
A. Nagel, E.M. Stein and S. Wainger [116], L.P. Rothschild and E.M. Stein [127],
A. Sanchez-Calle [128]. Also, this metric and its properties are essentially used
in theory of PDE’s (see papers by M. Biroli and U. Mosco [17, 18], S.M. Buck-
ley, P. Koskela and G. Lu [20], L. Capogna, D. Danielli and N. Garofalo [25, 26,
27, 28, 29], V.M. Chernikov and S.K. Vodop’yanov [31], D. Danielli, N. Garo-
falo and D.-M. Nhieu [35], B. Franchi [48], B. Franchi, S. Gallot and R. Whee-
den [49], B. Franchi, C.E. Gutiérrez and R.L. Wheeden [50], B. Franchi and E. Lan-
conelli [51, 52], B. Franchi, G. Lu and R. Wheeden [53, 54], B. Franchi and R. Ser-
apioni [55], R. Garattini [60], N. Garofalo and E. Lanconelli [62], P. Hajtasz and
P. Strzelecki [73], J. Jost [79, 80, 81, 82], J. Jost and C.J. Xu [83], S. Marchi [104],
K.T. Sturm [135]).

The following results are usually regarded as foundations of the geometry of
Carnot—Carathéodory spaces:

1) Rashevskii-Chow Theorem [32, 126] on connection of two points by a hori-
zontal path;

2) Ball-Box Theorem [116] (saying that a ball in Carnot—Carathéodory metric
contains a “box” and is a subset of a “box” with controlled “radii”);

3) Mitchell’s Theorem [108] on convergence of rescaled Carnot—Carathéodory
spaces around g € M to a nilpotent tangent cone;
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4) Gromov’s Theorem [70] on convergence of “rescaled” with respect to g € M
basis vector fields to nilpotentized (at g) vector fields generating a graded
nilpotent Lie algebra (the corresponding connected and simply connected Lie
group is called the nilpotent tangent cone at g); here g € M is an arbitrary
point;

5) Gromov Approximation Theorem [70] on local comparison of Carnot—Cara-
théodory metrics in the initial space and in the nilpotent tangent cone, and
its improvements due to A. Bellaiche [16].

The goal of the paper is both to give a new approach to the geometry of
Carnot—Carathéodory spaces and to establish some basic results of geometric mea-
sure theory on these metric structures including an appropriate differentiability.

New results in the geometry of Carnot—Carathéodory spaces contain essen-
tially new quantitative estimates of closeness of geometries of different tangent
cones located one near another. One of peculiarities of the paper is that we solve
all problems under minimal assumption on smoothness of the basis vector fields
(they are C1**-smooth, 0 < a < 1), although all the basic results are new even
for C>-vector fields. In some parts of this paper, the symbol C!** means that
the derivatives of the basis vector fields are H“-continuous with respect to some
nonnegative symmetric function 0 : U x U — R, U € M, such that o > Cp,
0 < C < o0, where C depends only on U, and p is the following distance which is

N
comparable with Riemannian one in U: if y = exp(z ini) (x) then
i=1

ple,y) = max {[y;[}. (1.0.1)

i=1,

Some additional properties of 0 are described below when it is necessary.

Note that from the very beginning it is unknown whether Rashevskii-Chow
Theorem is true for C**-smooth basis vector fields. Therefore Carnot—Carathéo-
dory distance can not be well defined. We prove that the function dy, : MIxM — R,

N
which is defined locally as follows: if y = exp(Z ini) (z), then
i=1

1
doo(w,y) = max {ly;[*=X7 },

yeeny

is a quasimetric, and we use it instead of d... Note that, in the C°*°-smooth case
d~ is comparable locally with d.. [116, 70]. One of the main results is the following
(see below Theorem 2.4.1 for sharp statement).

Theorem 1.0.1. Suppose that doo(u,u’) = Ce, doo(u,v) = Ce for some C,C < oo,

N N
We = €xp (Z wiedegx")?f) (v) and w. = exp (Z wﬁdegxi)?i“/) (v).

i=1 i=1

Then, for a > 0, we have

max{d% (w.,w’),d% (we,wl)} < Lep(u,u’)
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where L is uniformly bounded in u,u’,v € U C M, and in {w;}X_; belonging to
some compact neighborhood of 0.
In the case of a =0, we have

max{dqo‘o(wg,w;),dfj;(wa,wg)} < eo(1)

where o(1) is uniform in u,u’,v € U C M, and in {w;}, belonging to some
compact neighborhood of 0 as € — 0.

Here we assume that U C M is a compact neighborhood (or compactly
embedded neighborhood) small enough, and p is a Riemannian metric. The symbol
)?Z“ ()?Z“/) denotes a nilpotentized at u (u') vector field (see Gromov’s Theorem
below) for each ¢ = 1,..., N. These vector fields constitute Lie algebra of the
nilpotent tangent cone at u (u’).

Further, in Theorem 2.3.1 we extend this result to the case of a “chain”
consisting of several points.

The content of obtained estimates is very profound: they imply both new
properties of Carnot—Carathéodory spaces and the above-mentioned classical ones.
Moreover, it allows to obtain these results under minimal smoothness of basis
vector fields. We emphasize that many classical results were earlier known only in
the cases of sufficiently smooth basis vector fields.

The investigation of sub-Riemannian geometry under minimal smoothness
of the basis vector fields is motivated by the recently constructed by G. Citti
and A. Sarti, R.K. Hladky and S.D. Pauls, and J. Petitot models of visualiza-
tion [34, 75, 123]. More exactly, the model of a brain perception of a black-and-
white plain image is constructed in these papers. This model makes possible the
interpretation on a computer of a human brain’s work during the visualization of
information. In particular, it is shown how the human brain completes the image a
part of which is closed. The geometry of this model is based on a roto-translation
group which is a three-dimensional Carnot—Carathéodory space with a tangent
cone being a Heisenberg group H! at each point. Since by now there are no the-
orems on regularity of the image created by a human brain, any reduction of
smoothness of vector fields is essential for the construction of sharp visualization
models.

The main result concerning the geometry of Carnot—Carathéodory spaces
is proved in Section 2. The method of proving is new, and it essentially uses
Holder dependence of solutions to ordinary differential equations on parameter
(see Theorem 2.1.16). Probably, this dependence is not a new result. For reader’s
convenience we give its independent proof in Section 5. In Subsection 2.1, all other
auxiliary result are formulated.

In Subsection 2.2 we discuss, in particular, the following statements.

A) Let X;, j = 1,...,N, belong to the class C* on a Carnot-Carathéodory
space M. On Box(g,¢er,), consider the vector fields {¢X;}={e¢XiX;} for
alli=1,...,N. Then the uniform convergence

X; = (A‘EJ?I)*EXZ-—»)?Z.Q ase —0, i=1,...,N,
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(see the definition of AY_, below in 2.2.4) holds at the points of the box
Box(g,74) and this convergence is uniform in g belonging to some compact
neighborhood, where the collection {)?Zg}, i=1,...,N, of vector fields around
g constitutes a basis of a graded nilpotent Lie algebra.

B) For each compact domain U C M small enough, there exists a constant Q =
Q(U), such that the inequality

doo (1, v) < Q(doo (1, w) + doo (w, v))
holds for every triple of points u, w, v € U, where Q(U) depends on U.
C) Given points u,v € M, doo(u,v) = Ce for some C < 0o, for points

N N
We = €xp (Z wisdegXiXi) (v) and w. = exp (Z wﬁdegxi}?iu) (v),
i=1

i=1
we have
max{doo(wg,w;),dgo(wa,w;)} <eo(l)

where o(1) is uniform in u,v belonging to a compact neighborhood U C M,
and in {w;}}¥., belonging to some compact neighborhood of 0 as & — 0.

Statement A is just Gromov’s Theorem [70] on the nilpotentization of vector
fields. Gromov has formulated it for C'-smooth fields, however, Example 2.2.15 by
Valerii Berestovskii makes evident the fact that arguments of the proof given in
[70, pp. 128-133] have to be corrected. In Corollary 2.2.13, in one particular case,
we give a new proof of this assertion based on an another idea.

Statement B says that d., meets the generalized triangle inequality, i.e., it is
a quasimetric. The implication A = B is proved in Corollary 2.2.17.

Statement C gives an estimate of divergence of integral lines of the given
vector fields and the nilpotentized vector fields.

The implication B = C is a particular case of Theorem 2.7.1.

In the theory developed in Subsection 2.4, the generalized triangle inequality
plays the crucial role.

In Subsection 2.4, we prove one of the basic results of Section 2, namely,
Theorem 2.4.1 which compares local geometries of two different local Lie groups. It
is essentially based on the main theorem of Subsection 2.3 which compares “global”
geometries of different tangent cones (i.e., it looks like Theorem 2.4.1 with ¢ = 1).
Subsection 2.5 is devoted to approximation theorems. In particular, we compare
quasimetrics of two tangent cones, and the quasimetric of a tangent cone with the
initial one. There we give their proofs and the proofs of some auxiliary properties
of the geometry. Further, in Subsection 2.6, we prove Theorem 2.3.1, which is the
“continuation” of Theorem 2.4.1. In Subsection 2.7, we compare the geometry of a
Carnot—Carathéodory space with the one of a tangent cone. In Subsection 2.8, we
give applications of our results to investigation of the sub-Riemannian geometry.
From Gromov type theorem on the nilpotentization of vector fields [70], we obtain
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Rashevskii-Chow Theorem, Ball-Box Theorem, Mitchell Theorem on Hausdorff
dimension of Carnot manifolds and many other corollaries.

Main results of Section 2 are formulated in short communications [144, 145].

Section 3 is devoted to differentiability of mappings in the category of Carnot—
Carathéodory spaces.

We recall the classical definition of differentiability for a mapping ¢ : M —
M of two Riemannian manifolds: @ is differentiable at * € M if there exists a
linear mapping L : T, M — Tw(z)./i\/lj of the tangent spaces such that

pri(plexp, h),expypy Lh) = o(||hllz), h € TyxM,

where exp, : T, M — M and exp,, : Tw(z)/’\/lv — M are the exponential map-

pings, and p 3 is the Riemannian metric in M, ||h]|, is the length of h € Ty M.

It is known (see [70, 110]) that the local geometry of a Carnot manifold at a
point g € M can be modelled as a graded nilpotent Lie group G4M. It means that
the tangent space T,M has an additional structure of a graded nllpotent Lie group.
If M and M are two Carnot manifolds and p:M— M is a mapping then a suitable
concept of differentiability (that is, the hc-differentiability) can be obtained from
the previous concept in the following way: ¢ is he-differentiable at © € M if there
exists a horizontal homomorphism L : G,M — Gw(I)M of the nilpotent tangent
cones such that

decl@lexp, ), exD () L) = o([hl,),  h € G,M,

where d,. is the Carnot-Carathéodory distance in M and | - |, is an homogeneous
norm in G,M.

For us, it is convenient to regard some neighborhood of a point g both as a
subspace of the metric space (M, d..) and as a neighborhood of the unity of the
local Lie group G*M with Carnot—Carathéodory metric dY, (see Definition 1.2).
In the sense explained below (see Definition 2.1.21), exp~! : G*M — G,M is an
isometrical monomorphism of the Lie structures. Then the last definition of the
hc-differentiability can be reformulated as follows. Given two Carnot manifolds
(M, d,.) and (M,Jw) and a set £ C M, a mapping ¢ : F — M is called he-
differentiable at a point u € E (see the paper by S.K. Vodop'yanov and A.V. Gresh-
nov [143], and also [139, 140, 141, 142]) if there exists a horizontal homomorphism

Ly : (Q“M,digc) — (QW(“)M, dféu)) of the local Lie groups such that
d? (p(w), Ly (w)) = o(d® (u,w)) as ENGY 3 w — u. (1.0.2)

The given definition of the hc-differentiability of mappings for Carnot manifolds
can be treated as a straightforward generalization of both the classical definition
of differentiability and the definition of P-differentiability. Clearly, if the Carnot
manifolds are Carnot groups then this definition of hc-differentiability is equiva-
lent to the definition of P-differentiability introduced by P. Pansu in [121] for an
open set £ C G. For an arbitrary E C G, the last concept was investigated by
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S.K. Vodop’yanov [137] and by S.K. Vodop’yanov and A.D. Ukhlov [150] (see also
the paper by V. Magnani [98]).

In Section 3, we introduce the notion of hec-differentiability, which is ade-
quate to the geometry of Carnot manifold, and study its properties. Moreover, in
this section, we prove the hc-differentiability of a composition of hc-differentiable
mappings.

In the same section we prove the hc-differentiability of rectifiable curves. In
the case of curves, the definition of the hc-differentiability is interpreted as follows:
amappingRD> E 3>t () € M is he-differentiable at a point s € F in a Carnot
manifold M if the relation

A1) (v(s +7),exp(ra)(v(s))) = o(r) asT—0,s+7€FE, (1.0.3)

holds, where a € HA/(S)M ((1.0.3) agrees with (1.0.2) when M = R, see also
[105]). On Carnot groups (Carnot manifolds), relation (1.0.3) is equivalent to
the P-differentiability (cc-differentiability) of curves in the sense of Pansu [121]
(Margulis—Mostow [105]). Our proof of differentiability is new even for Carnot
groups. We prove step by step the hc-differentiability of the absolutely continuous
curves, the Lipschitz mappings of subsets of R into M, and the rectifiable curves.
Here we generalize a classical result and obtain the following assertion: the conti-
nuity of horizontal derivatives of a contact mapping defined on an open set implies
its pointwise he-differentiability (Theorem 3.3.1).

As an important corollary to these assertions, we infer that the nilpotent
tangent cone is defined by the horizontal subbundle of the Carnot manifold: tangent
cones found from different collections of basis vector fields with the same span of
horizontal vector fields are isomorphic as local Carnot groups (Corollary 3.3.3).
Thus, the correspondence “local basis — nilpotent tangent cone” is functorial.
In the case of C'*°-vector fields, this result was established by A. Agrachev and
A. Marigo [4], and G.A. Margulis and G.D. Mostow [106] where a coordinate-free
definition of the tangent cone was given.

Main results of Section 3 are formulated in short communications by S.K. Vo-
dopyanov [139, 140] (see some details and more general results on this subject
including Rademacher—Stepanov Theorem in [141, 142]).

Section 4 is dedicated to such application of results on hc-differentiability as
the sub-Riemannian analog of the coarea and area formulas.
It is well known that the coarea formula

/jk(%x)de/dz / dH" " (u), (1.0.4)

RE  p-1(2)

where Ji(p,z) = +/det(Dy(z)Dy*(z)), has many applications in analysis on
Euclidean spaces. Here we assume that ¢ € C1(U,R¥), U C R", n > k. For the
first time, it was established by A.S. Kronrod [93] for the case of a function ¢ :
R? — R. Next, it was generalized by H. Federer first for mappings of Riemannian
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manifolds ¢ : M"™ — N* n > k, in [41], and then, for mappings of rectifiable
sets in Euclidean spaces ¢ : M™ — N* n >k, in [42]. Next, in the paper [117],
M. Ohtsuka generalized the coarea formula (1.0.4) for mappings ¢ : R* — R™,
n,m > k, with H¥*-o-finite image ©(R"). An infinite-dimensional analog of the
coarea formula was proved by H. Airault and P. Malliavin in 1988 [11] for the
case of Wiener spaces. This result can be found in the monograph by P. Malliavin
[102]. See other proofs and applications of the coarea formula in the monographs
by L.C. Evans and R.F. Gariepy [40], M. Giaquinta, G. Modica and J. Soucek [65],
F. Lin and X. Yang [95].

Formula (1.0.4) has applications in the theory of exterior forms, currents, in
minimal surfaces problems (see, for example, paper by H. Federer and W.H. Flem-
ing [43]). Also, Stokes formula can be easily obtained by using the coarea formula
(see, for instance, lecture notes by S.K. Vodop'yanov [138]). Because of the develop-
ment of analysis on more general structures, a natural question arise to extend the
coarea formula on objects of more general geometry in comparison with Euclidean
spaces, especially on metric spaces and structures on sub-Riemannian geometry.
In 1999, L. Ambrosio and B. Kirchheim [12] proved the analog of the coarea for-
mula for Lipschitz mappings defined on H"-rectifiable metric space with values in
R¥, n > k. In 2004, this formula was proved for Lipschitz mappings defined on an
H"-rectifiable metric space with values in an H*-rectifiable metric space, n > k,
by M. Karmanova [85, 87]. Moreover, necessary and sufficient conditions on the
image and the preimage of a Lipschitz mapping defined on an H"-rectifiable metric
space with values in an arbitrary metric space for the validity of the coarea for-
mula were found. Independently of this result, the level sets of such mappings were
investigated, and the metric analog of Implicit Function Theorem was proved by
M. Karmanova [86, 87, 89].

All the above results are connected with rectifiable metric spaces. Note that,
their structure is similar to the one of Riemannian manifolds. But there are also
non-rectifiable metric spaces which geometry is not comparable with the Riemann-
ian one. Carnot manifolds are of special interest. Up to now, the problem of the
sub-Riemannian coarea formula was one of well-known intrinsic unsolved problems.

A Heisenberg group and a Carnot group are well known particular cases of a
Carnot manifold. In 1982, P. Pansu proved the coarea formula for functions defined
on a Heisenberg group [118]. Next, in [74], J. Heinonen extended this formula to
smooth functions defined on a Carnot group. In [113], R. Monti and F. Serra
Cassano proved the analog of the coarea formula for BV -functions defined on a
two-step Carnot—Carathéodory space. One more result concerning the analogue of
(1.0.4) belongs to V. Magnani. In 2000, he proved a coarea inequality for mappings
of Carnot groups [100]. The equality was proved only for the case of a mapping
defined on a Heisenberg group with values in Euclidean space R* [101]. Until now,
the question about the validity of the coarea formula even for a model case of a
mapping of Carnot groups was open.

The sub-Riemannian analogs of the well-known area formula are proved in
recent papers by V. Magnani [98] and S. D. Pauls [122] for Lipschitz mappings of
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Carnot groups ¢ : G — G:

/jmwwww:/wmm (1.0.5)
J J

G
However, in their works, these authors do not give the analytic description of
sub-Riemannian Jacobian since they construct the Hausdorff measures H” with
respect to Carnot—Carathéodory metrics where v is the Haudorff dimension of G.
The definition is the following:

Tong) — ti T EBewr) _ HD () Bely.r))

r—0  HY(Bee(y,7)) r—0 HY(Bee(y,r))
where Bc.(y,r) is the Carnot—Carathéodory ball and ﬁ(p(l‘) is the P-differential
of ¢ at y. Obviously, it is impossible to calculate this value.

We prove the sub-Riemannian area formula for Lipschitz (with respect to sub-
Riemannian metric) mappings of Carnot—Carath-éodory spaces. The result is new
even for mappings of Carnot groups: instead of (1.0.5), for a Lipschitz mapping
w:M— I\7JI, we prove that

/\/det Dy(y Dgp( ) dH" (y /f )dHY (z (1.0.6)

where ﬁgp(m) is the hc-differential of ¢ at y and and Hausdorff measures H" are
constructed with respect to a special (sub-Riemannian) quasimetric dy which is
locally equivalent to the Carnot—Carathéodory metric d.. and v is the Haudorff
dimension of M. Notice that the sub-Riemannian area formula (1.0.6) looks like
in the Riemannian spaces with sub-Riemannian differential instead of Riemannian
one.

Main results of Section 4 are formulated in [146, 147, 90].

2. Metric properties of Carnot—Carathéodory spaces

2.1. Preliminary Results
Recall the definition of a Carnot—Carathéodory space.

Definition 2.1.1 (compare with [70, 116]). Fix a connected Riemannian C°°-mani-
fold M of a dimension N. The manifold M is called the Carnot—Carathéodory
space if, in the tangent bundle TM, there exists a tangent subbundle HM with a
finite collection of natural numbers dim H,M = dim H; < --- < dimH; < --- <
dimHy; = N, 1 < i < M, and each point p € M possesses a neighborhood
U C M with a collection of C'-smooth vector fields X7, ..., Xn on U enjoying the
following three properties. For each v € U we have

(1) X1(v),...,Xn(v) constitutes a basis of T, M

(2) H;(v) = span{Xi1(v),..., Xaimm, (v)} is a subspace of T,M of a dimension

dimH;,i=1,..., M, where Hy(v) = H,Mj;



Carnot—Carathéodory Spaces, Coarea and Area Formulas 243

(3) [Xian}(U) = Z Cijk(U)Xk(’U) (2.1.1)
deg X, <deg X;+deg X;
where the degree deg X}, equals min{m | X, € Hy,};

If, additionally, the fourth condition holds then the Carnot-Carathéodory space
will be called the Carnot manifold:

(4) a quotient mapping [,-Jo : Hy x H;j/Hj—1 — Hji1/H;j, induced by Lie
brackets by the rule [X,Y mod Hyegy—1]o = [X,Y] mod Hyeg v, is an epi-
morphism for all 1 < j < M (here X € Hy, Y € H; are C'-smooth vector
fields). Here Hy = {0}.

Remark 2.1.2. For any Carnot—Carathéodory space, we prove below, in Theorem
2.1.8, that the coefficients

{Cijk(v)}deg Xp=deg X;+deg X;

meet the Jacobi identity (2.1.8) and, thus, they define a nilpotent graded Lie
algebra. As soon as

[X,fY] = f[X’Y] + (Xf) Y = f[X,Y] mOdeegX+dng—1

for a C'-function f, it follows that, at the point v € U, in the standard way, the
operator |-, -]o defines the structure of this algebra on

9o @Hk )/Hi-1(v), Ho(v) ={0}.

(Here the first equality means that there is an isomorphism between g, and the
canonical representation of the algebra Al(7,M) independent of the choice of a
local basis fields.) Really, for X; € Hyeg x, and X; € Hyeg x; we define the com-
mutator in g, as

[X; mod Hyeg x,—1, X; mod Hyeg x, 1]

= ( Z Cijk(’l})Xk(’U)) mod HdegXﬁ-deng—l- (2.1.2)
k:deg X =deg X;+deg X;

In view of saying above, we have

(X1 mod Hyeg x; -1, [Xi mod Hyeg x; -1, X; mod Haeg x;—1]]

- Z Cijk(v)[Xl mod HdegXl—l’Xk(U) mOdeegXH-deng—l}
k:deg Xp=deg X;+deg X;
- > > Ciji(V)Cikg (V) Xq mod Haeg x,—1-

q: deg X =deg X;+deg X}, k:deg Xp=deg X;+deg X

This equality can be obtained by continuity like in the proof of Theorem 2.1.8.
Applying the equalities (2.1.5), we verify that the commutators (2.1.2) meet Jacobi
identity.
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If we denote Vi (v) = Hi(v)/Hg—1(v) then
[Vi(v),Vi(v)]o C Vg1 (v) if 1<k < M, and [Vi(v),Vi(v)]o = {0}. (2.1.3)

It is well known [47] that a connected simply connected nilpotent Lie group
G whose Lie algebra g is nilpotent and graded, is called the homogeneous group.
On a Carnot manifold, instead of (2.1.3) we have a stronger property

[Vi(v), Vi(0)]o = Vir1(v) if 1<k <M, and [Var(v), Vi(v)]o = {0}. (2.1.4)

In this case, a connected simply connected nilpotent Lie group G whose Lie algebra
g has properties (2.1.4), is called the stratified homogeneous group [47] or the
Carnot group [118].

Notice that all results of Section 2, except of Subsubsections 2.8.1, 2.8.2, and
Subsection 3.2, except of Subsubsection 3.2.3, are valid in any Carnot—Carathéodo-
ry space. From another side, Condition (4) is necessary only for obtaining results
of Subsubsections 2.8.1, 2.8.2 and 3.2.3, Subsection 3.3 and Section 4. The point
is that, in the second case, we use the property on connection of any two points
of a local Carnot group (see the definition below) by a horizontal (with respect to
the local Carnot group) curve that consists of at most L segments of integral lines
of horizontal (with respect to the local Carnot group) vector fields. The latter is
impossible without Condition (4). By another words, we obtain a part of results
only for Carnot manifolds.

Example 2.1.3 (A typical example of a Carnot manifold). For the fixed horizontal
subbundle HM, choose CM-smooth vector fields X1, . .., Xgim 7, in U constituting
a basis of Hy = HM at every g € U (here M € N is a fixed number). Denote by
H;(g) the subset of the tangent space generated by the values of all kinds of
commutators of the vector fields X, ..., Xdim #, up to order i —1; we assume here
that the commutators of order zero of vector fields are the vector fields themselves.
Suppose that X, ..., X4im g, meet the Hormander condition [74] on U; i.e., for
each g € U, we have T,M = Hj(g) where M is the above-mentioned number.
The (equi)regularity condition [70] is that dim H;(g) is independent of the choice of
g € U for every ¢ > 1; moreover, we assume that M = min{n € N | T,U = H,(9)}.

Define by induction vector fields X;, ¢ = 1,..., N, constituting a basis at
every g € U, as follows: at the first step, to the vector fields X, ..., Xdim 1,
that form a basis of Hy, we add vector fields Xdim i, +1,-- -, Xdim H, SO that the
vector fields X7, ..., Xqim i, constitute a basis of Ha; at the (k — 1)th step, to
the vector fields X1, ..., Xdim H,_,, add vector fields Xdim rr,_,+15 - - - Xdim H, SO
that X1, ..., Xdim 7, form a basis of Hy. As a result, in M — 1 steps, we obtain
a desired set of vector fields X;, i = 1,..., N. The construction of the basis of
TU yields X, € CM+1-dee Xy \oreover, we obtain the commutator table of the
form 2.1.1 in which ¢;;,(g) are continuous functions which are identical zero if
deg Xj, > deg X; + deg X;.

Example 2.1.4 (A Carnot manifold with C'-smooth vector fields). Like in the
previous example consider the CM _smooth vector fields X1, ..., Xdim m, € H in
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U C M constituting a basis of Hy = HM at every g € U. Suppose that the
dimensions of [H, H|(x), [H, [H, H]|(x),. .., [H,[H,...[H, H]...]](z) do not depend
on z (here the last space consists of commutators of X, ..., X,, of the order M —1).
Choose a basis in Hy = span{H, [H, H]} by the following way:

Za” )X, X5](0) + ) b (v) X,
l

where a¥ s (v), bF(v) € CY i, 5,0l = 1,...,n, k = n+1,...,dim Hy. Similarly, we
choose the following basis in H,,+1 = span{H,,, [H, H,,|}, m=2,...,.M — 1:

Zaw )X, X;5( +Zbl ) X1,

where af (V) bk( ye ClLi=1,...,n, j,l = dmH, 1 +1,...,dimH,,, k =
dim H,, +1 S dim Hypyyq.

Remark 2.1.5. Consider a C%-smooth local diffeomorphism 7 : U — RN, U C M.
Then 7. X; = Dn(X;) are also C'-vector fields, i = 1,..., N. We have the following
relations instead of (2.1.1):

[ X, Xl (w) = [0 X3, 0 X;](w) = Z cije (™ (W) Xk (w).
deg X <deg X;+deg X;

Denote by X (w) the matrix, the ith column of which consists of the coordinates of
N« Xi(w) in the standard basis {0; }N . Then the entries of X (w) are C!-functions.
Note that

11X, X)(w) = X (w) (e (0™ (), -, cign (™ (w)))"

Consequently,

(cijr(n (W), -, eizn (™ (w)" = (X(w)) ™" 0] X5, Xj)(w).

From here it follows that all functions ¢;jx on~! are continuous, 7,5,k =1,..., N.
Since 7 is continuous, then we have that each ¢;j; = (cijk © n~1) on is also contin-
uous, 4,5, k=1,..., N.
Similarly, if the vector fields X; belong to the class Ct®, o € (0,1], i =
., N, then the functions c;;;, belong to the class H*, 4,5,k =1,...,N.

Assumption 2.1.6. Throughout the paper, we assume that all the basis vector
fields X1, ..., Xy are C1**-smooth, and, consequently, their commutators are H%-
continuous, o € [0,1].

In some parts of this paper, we consider cases when the derivatives of the
basis vector fields are H“-continuous with respect to some nonnegative symmetric
function 0 : U x U — R, U € M], such that 9 > Cp, 0 < C' < oo, where C' depends
only on U, and p is defined in (1.0.1). Some additional properties of d are described
below when it is necessary.
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Notation 2.1.7. In the paper:

1. The symbol X € C™% means that X € C', and the symbol X € H® means
XecC.

2. 0-Holder continuity means the ordinary continuity. We denote a modulus of
continuity of a mapping f by wy(-).

3. We use the distance p from (1.0.1) which is equivalent to Riemannian one.

Theorem 2.1.8. The coefficients

S cijk(u) of (2.1.1), if degX; + deg X; = deg Xy,
k= 0, in other cases

define a graded nilpotent Lie algebra.

Proof. Fix an arbitrary point u € M and show that the collection {c;;x(u)} with
deg X}, = deg X; + deg X; defines the structure of a Lie algebra. To do this, we
should prove that (see, for example, [125, 19])

1) Ciji = —Cj for all 4,5,k =1,...,N;
2) the collection {¢;;x} enjoys Jacobi identity, that is,

Zfijk( ) Crmi (u +Zcmzk u)Crji(u +chmk u)Cri(u) =0 (2.1.5)
[

for all i, 5,m,l=1,...,N.

The property €;;x = —Cjix is evident. Prove that the collection {&;;} under
consideration enjoys Jacobi identity. Note that, the case of deg X; + deg X; +
deg X, > M we have Gymi(u) = Cxji(u) = Grir(u) =0 for all k,l=1,..., N, thus,
such case is trivial.

First step. We may assume without loss of generality that Xi,..., Xy are the
vector fields on an open set of RV (otherwise, consider the local C2-diffeomorphism
7 similarly to Remark 2.1.5).

N
For a vector field X;(z) = Y n;;(x)9;, consider the mollification (X;);(z) =
j=1

N
Z (mij * ¢¥p)(x)0;, i =1,..., N, where the function ¢ € C§°(B(0,1)) is such that
‘7:
[ W(x)dz =1,and ¢p(z) = 75 (%). By the properties of mollification 1;; 1y,
B(0,1)

i,7=1,...,N, wehave (X;)n h*> X, locally in some neighborhood of u. Note that

the vector fields (X;)n(v), i = 1,..., N, meet the Jacobi identity, and are a basis
of T,M for v belonging to some nelghborhood of u, if the parameter h is small
enough. Consequently, defining the coeflicients {C%k}fj,kzl by [(Xi)n, (Xj)n] =
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N
Sk "1 (Xk)n, we have

k=1
Z chkckml X + Z Zcmzkck]l Xi)n
+ chmkckil Xi)h — Z[(Xm)hC?jz](Xz)h
ko
- Z mzl Xl)h - Z[(XZ) jml}(Xl)h = 0.

l

Note that, since (X;)p hil(») X;; locally, and the vector fields {(X;),}Y; are linearly

independent for all h > 0 small enough, we have
(elas o)™ = (X0ns oo (X)) (Xo)ns (X))

and, consequently, c?jk — cijk as h — 0.
Now, fix 1 <1 < N. Since the vector fields {(X;),}Y, are linearly indepen-
dent for h > 0 small enough, we have

ho ok Wk Wk
§ CijkChmi T+ E CrmikChji T E CimkChil
k k &

o [(Xm)hczhjl} - [(Xj)hcgu'ﬂ - [(Xi)h‘f?mz] =0 (2.1.6)

for each fixed [ in some neighborhood of u. Fix i, j,m and [ such that deg X; =
deg X; +deg X; + deg X,,,, and consider a test function ¢ € C§°(U) on some small
compact neighborhood U 3 u, U @ M. We multiply both sides of (2.1.6) on ¢ and
integrate the result over U. For h > 0 small enough, we have

_ h
*/{E cii (V) Chmt (v +§ cpin(v Ck‘jl
vk

+ 3 0] - lo) o~ / (Xmnelyl(e) - (o) do

U

- / (X nchal () - o(v) do — / (Xl ](0) - (o) do.
U U

Show that, among the last three integrals, the first one tends to zero as h — 0.
Indeed,

J1elile) o0 do = = [1C6m)iel) -l ) o

U U
where (X;); is an adjoint operator to (X;);. The right-hand part integral tends
to zero as h — 0 since the value [(X,,,)} ¢](v) is uniformly bounded in U as h — 0,
and (ci;1)n(v) — 0 as b — 0 in view of the choice of I. The similar conclusion is
true regarding the last two integrals.
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Consequently, taking into account the facts that c?jk — ¢;1 locally, and
cijr. = 0 for deg X, > deg X; 4+ deg X, and using du Bois-Reymond Lemma for
h — 0 we infer

> Ciji (V) Crmi (V) + > Cmike (V) i (V)

k: deg X <deg X;+deg X; k: deg X <deg X,,+deg X;

* Z cimk(V)egi(v) =0 (2.1.7)

k: deg X <deg X;+deg Xm
for all v € M close enough to wu.

Second step. For fixed [, such that deg X; = deg X; + deg X; + deg X, inves-
tigate the properties of the index k. Consider the first sum. Since deg X; <
deg Xj, + deg X,,, we have deg X}, > deg X; — deg X,,, = degX; + deg X;. By
(2.1.1), deg X, < deg X; + deg X, and, consequently, deg X, = deg X; + deg X;.
The other two cases are considered similarly. Thus, the sum (2.1.7) with deg X; =
deg X; 4+ deg X; + deg X;;, and v = u is

> Cijie (W) Crmi (u) + > Cmik (1) Crji ()

k: deg Xp=deg X;+deg X; k: deg X=deg X,,+deg X;
+ Z Cimk(W)eki(u) =0. (2.1.8)
k: deg X =deg X j+deg X
The coefficients {;jx = cijr (1) }deg X\ =deg X, +deg X; €njoy the Jacobi identity, and,
thus, they define the structure of a nilpotent graded Lie algebra. O

We construct the Lie algebra g* from Theorem 2.1.8 as a graded nilpotent Lie

algebra of vector fields {()?Z“)’ N, on RY such that ()?Z“)’(O) =e,1=1,...,N,
N ~

and the exponential mapping (z1,...,zy) — exp(z T; (qu)/) (0) is identical [124,
i=1

19]. By the construction, the relation

(X, (X3 = > cin(u) (X2 (2.1.9)
deg X =deg X;+deg X
holds for the vector fields {()?ZL)/ Y| everywhere on RY.
Notation 2.1.9. We use the following standard notations: for each N-dimensional

N
multi-index g = (p1,. .., 4N), its homogeneous norm equals |u|p, = > p; deg X;.
i=1

Definition 2.1.10. Consider the ODE
) N
J(t) = Zlszz(’Y(t))
1=
~v(0) ==z, t €[0,1],



Carnot—Carathéodory Spaces, Coarea and Area Formulas 249

where the vector fields X1, ..., Xy are C'-smooth. Then, for the point y = (1),

N
we write y = exp( inZ) (z).
i=1

Definition 2.1.11. The graded nilpotent Lie (homogeneous) group G,M corre-
sponding to the Lie algebra g, is called the nilpotent tangent cone of M at u € M.
We construct G,M in RY as a group algebra [124], that is, the exponential map is
identical. By Campbell-Hausdorff formula, the group operation is defined for the
basis vector fields ()?Z“)’ on RN i=1,...,N, to be left-invariant [124]: if

N N N
T = exp(; w(R)), y=exp (g yi(X1)) then oy = 2 = exp (g (X)),
where

zi=mi+y;, degX;=1,

2; = x5 +y; + Z Feihej (W) (i — yiz;), degX; =2,

lei+ej|n=2,
I<j
Zi=x; +yi + Z Ffbyﬁ(u)x” P (2.1.10)
|u+B|n=k,
pn>0,3>0
=z +yi + Z Gl 1wty (my; — yay), degX; =k,

|pt+e+B+ejn=k,
I<j

and the coefficients F, 5(u) depend on the constants c;jx (u) of (2.1.9).
(COMMENT: it is just formula (2.1.9) of the paper).

Theorem 2.1.8 implies
Theorem 2.1.12 ([47]). If {‘%l}{il is the standard basis in RN then the jth coor-

~ N
dinate of a vector field (X}) (x) = > 2! (u,m)% can be written as

Jj=1
4 6ij Zf j S dim HdegXi,
2l (u, ) = > F . (u)zt if j > dim Hyeg x, - (2.1.11)
|ut-ei|n=deg X,
n>0

Definition 2.1.13. Suppose that u € M and (vy,...,vn) € Bg(0,r), where Bg(0, )
is a Euclidean ball in RY. Define a mapping 6, (v1,...,vyx) : Bg(0,7) — M as
follows:

0u(v1, ..., un) = exp @v; viXZ-> (w).
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It is known, that 6, is a Cl-diffeomorphism if 0 < r < r, for some r, > 0. The
collection {v;} ¥, is called the normal coordinates or the coordinates of the 1 kind
(with respect to u € M) of the point v = 6, (v1,...,vN).

Assumption 2.1.14. The compactly embedded neighborhood &4/ € M under con-
sideration is such that 6, (Bg(0,7,)) D U for all u € U.

By means of the exponential map we can push-forward the vector fields ()?Z“)’
onto U for obtaining the vector fields X} = (0,,).(X*)" where

(62)+(Y) (0u(2)) = DOu(2)(Y),
Y € T,RY. Note that )?Z“(u) = X;(u). Indeed, on the one hand, by the defi-

nition, we have (6,);1(X;)(0) = e;. On the other hand, Theorem 2.1.12 implies
(X)'(0) = e;. Thus X' (u) = X;(u).

Theorem 2.1.15. The vector fields )/(\'2“, i =1,...,N, are locally H"-continuous
on u.

The proofs of this theorem and of many other assertions concerning smooth-
ness use often the following lemma (see its proof in Section 5).

Theorem 2.1.16. Consider the ODE

% = f(y,v,u), (2.1.12)
y(0)=0

where t € [0,1], y,v,u € W C RN and Lip,(f) =L < 1.

1) If the mapping f(y,v,u) = f(y,u) € C*(y)NH(u) then the solution y(t,u) €
H*(u) locally.

2) If f(y,v,u) € CHo(y,u) N Ct(v) and % € CY%(y,u) then W € H*(u)
locally.

Notation 2.1.17. If a mapping 7 is a-Holder with respect to d then we write n € Hy'.

Remark 2.1.18. The following statements are proved similarly to Theorem 2.1.16.

1) If in (2.1.12) the mapping f(y,v,u) = f(y,u) € C'(y) N H§(u), where 0 is a
nonnegative symmetric function defined on U x U, U € M, such that 0 > C)p,
0 < C < o0, where C' depends only on U, then the solution y(¢,u) € Hg (u)
locally.

2) If f(y,v,u) € C'(y,u)NC* (v), its derivatives in y and in u belong to HS (y,u)
locally, % € C(y,u), and the derivatives of % in y and in u belong to
H§ (y,u) locally then W € H§ (u) locally.

Notation 2.1.19. Hereinafter, we denote a nonnegative symmetric function defined
onU x U, U € M, possessing properties from item 1 of Remark 2.1.18, by 0.
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Proof of Theorem 2.1. 15 First step. Fix U € M small enough. Recall that the
vector fields {(X“) N., u € U, are smooth on 0;1(U) € RN. By (2.1.9), for
v € U we have the table of commutators

(XY (X)) = > cigne(u)(X}) (v).

deg X =deg X;+deg X;

By means of Assumption 2.1.6 and Definition 2.1.1, the functions c¢;jx(u) from
(2.1.1) are H“-continuous.

N ~
IfX=> (X" andY = Z yZ(X“) then by Campbell-Hausdorff formula
i=1
we have exptY oexptX(g) = epo( )(g) where Z(t) =tZy +t*Zo+--- +tM Z)y
and Zy, Za,... are some vector fields independent of ¢. Dynkin formula (see, for
instance, [124]) for calculating Z;, 1 <1 < M, gives

Zl: yh—1 5 (ad V)% (ad X)P* ... (ad V)% (ad X)P1—1 X
— pilga!. . prlar!

SIH

(»)(q)
=Y Ciyg@dY)*(@d X)™ ... (adY)" (ad X)P' ' X,
(P)(9)
where C(,y(q) = const, (p) = (p1,...,p%), (@) = (q1,-..,qx). We sum over all

natural p1, g1, -..Pk, gk, such that p; +¢; >0, p1 + @1 + -+ pr + qx = [, and
(ad A)B = [A, B], (ad A)°’B = B. According to (2.1.9), each summand can be

represented as a sum

N
Zi(w) =Y djalu,z,9)(X}) (v),
j=1
where d;;(u,x,y) are polynomial functions of z = (x1,...,2n5), ¥ = (Y1,---,YN)

coefficients of which are polynomial functions of {€;mx(¢)}im ik and, consequently,
are Holder in u. More exactly (see, for example, [47]),

M
ST 9 WINTRRIE 0 31 ) SIS SR O
1=2 1=2 j=1 J=1r=2 N

n>0,6

Consequently,

i)=Y Y ey
=248, =1,
n>0,5>0

Hence, Fiﬁ(u) are H%-continuous in u, and ()?Z“)’ are also H*-continuous in u
(see (2.1.11)).
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Second step. Consider the following Cauchy problem:

N
e 3 & Xi(®)
1=

(2.1.13)
®(0,u,§) = u,

N
where £ = (&1,...,&n). Note that ®(t,u, &) = exp( t&XZ)(u). We can assume

i=1

without loss of generality, that M = RY. Setting ¥ = ® — u, rewrite this Cauchy
problem the following way:

N
dqj(ctz%u’g) = Z; §iXi(V +u),

U(0,u,&) =0.

N
If Assumption 2.1.6 holds then the mapping f(¥,&,u) = > &X(V + u) is Che-
i=1

smooth in ¥ and u, and it is C'-smooth in £&. Moreover, g—g € CH%(¥,u). Note
that, from the definition it follows 0,,(§) = ®(1,u,&) = U(1,u, &) + u.

By theorem 2.1.16 (with ¥ instead of y and ¢ instead of v) on smooth de-
pendence of ODE solution on parameters (see Section 5 for details), it is easy to
see, that the differential D@, (y) is H“-continuous in u locally.

Since )?Z“(m) = (9u)*()?zu)’(y), x = 0, (y), the proposition follows from results
of the 15T and 2" steps. O

Remark 2.1.20. If the derivatives of X;, ¢ = 1,..., N, are locally Holder with
respect to 0, then X', i =1,..., N, are locally Holder on u with respect to 9.

Definition 2.1.21. To the Lie algebra {)?ZL}ZAL1 at u € M, it corresponds a local
homogeneous group G*M. Define it in such a way that the mapping 6, is a local
group isomorphism of some neighborhood of the unity of the group G,M and G*M.

The canonical Riemannian structure on G"M is defined by scalar product
at the unit of GY*M coinciding with those in T,,M. The canonical Riemannian
structure on the nilpotent tangent cone G,M is defined by such a way that the
local group isomorphism 6, is an isometry.

Assumption 2.1.22. Hereinafter in the paper, we assume that the neighborhood
U under consideration is such that & C G*M for all u € U. Consider the map-

N ~

ping 0 (v1,...,2N) = exp(z xZXZ“)(g) It is well defined for (x1,...,2Nn) €
i=1

Bg(0,74.4). We suppose that U C 03 (Bgr(0,7,.)) for all u,g € U.

Remark 2.1.23. Recall that the vector fields )A(Z“, i =1,...,N, are locally H%-

N ~
continuous on M, « € [0,1]. The exponential mapping exp(z ain?‘)(g) is not
i=1
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defined correctly for such fields. Therefore, in view of smoothness of (6, 1).(X*),
1=1,...,N, we define the point

o = exp (i wxt) ()

according to Definition 2.1.21: first, we obtain a point

0 = exp (i o+ (050 X)) (67 (0) = exp (i o (1) 0 @)

and then we define a = 6,(a,). Moreover, we similarly define the whole curve
corresponding to this exponential mapping. Suppose that

3u(0) = 3 a1 (07 (RE) 0 (0)
Yu(0) = 6,1 (9).
Then, for the curve y(t) = 0, (74(t)), we have
(0 = - a:Xr (D)
7(0) = g.

In particular, we have:

~ N ~
1) The exponential mapping 0, (v1,...,v,) = exp(Z viXZ?L) (u) is defined as

6. [exp (ﬁ m()?f)’) <o>} ;

~ N
and the mapping 0% (v1, ..., v,) = exp(z viXZ“) (w) is defined as
i=1

N
ou[exp (3w (R0 0 )|
i=1
2) The inverse mapping exp ' is also defined by the unique way for vector fields
{X¥}N | since it is defined by the unique way for {(X*)'} .
N ~
3) The group operation is defined by the following way: if z = exp(z xiXZ?L>,
i=1
N ~ N ~ N ' ~
y = exp(z in;‘) then =z -y = exp(z %qu) o exp(z xiXZ“) =
i=1 i=1 i=1

exp(z zl)?“) where z; are taken from Definition 2.1.11.

%
=1
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4) Using the normal coordinates é\; 1 define the action of the dilation group 6%

N ~
in the local homogeneous group G*M: to an element z = exp(z xZXZ“> (u),
i=1

N ~

assign 0%x = exp(z z;edes Xi qu) (u) in the cases where the right-hand side
i=1

makes sense.

Property 2.1.24. It is easy to see using Property 2.1.23 that the mapping 6 is dif-
ferentiable. Moreover, for each vector field X, i =1,..., N, we have (6%).X*(g) =
EdegXi)?u(éug)

3 € :

This property comes from the “canonical” homogeneous group T,,M [47].

Lemma 2.1.25 ([139]). Suppose that uw € U. The equality

j
Z Z xiFZ’ei(u)x“:O, z=(z1,...,25) € RY,

1=1 |ute;|p=deg X;,
[utes|=l, p>0

holds for all deg X; > 2,1 =2,...,deg Xj;.

N ~

Proof. Consider a vector field X = > x;(X;"). It is known that exprsX o
i=1

exprtX(g) = expr(s +t)X (g). Therefore, by (2.1.10), we have

Z r‘“J’B‘Fj,ﬁ(g)s'“'x“ tBlB = (2.1.14)

|p+Blr=deg X;,
u>0, >0

for all fixed s and ¢, deg X; > 2. It follows that the coefficients at all powers of r
vanish. In particular, if |u + 8] =1 > 2 then
> Rt o

[p+B|n=deg X;,
>0, 8>0, |u+pB|=l

for all ¢ and arbitrary fixed z and s. Consequently, if |3] = 1 then we infer

deg X; j
P(s) = Z i1 E Z z F] . (g)z" =0,
=2 =1 |p+e;|p=deg X;,

|pteil=t, p>0
where s is an arbitrarily small parameter. Therefore, all coefficients of the polyno-
mial P(s) at the powers of s vanish. The lemma follows. O

Lemma 2.1.26 ([139]). Let u € U be an arbitrary point. Then

exp (i aiXZ-) (u) = exp <§_V; ai)?g> (u)

for all la;| < ry,i=1,...,N.
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Proof. Let a = (ai,...,ay) € RY. Relations (2.1.10) and (2.1.14) imply the fol-
lowing equalities:

Ztal Y(tay, ..., tay)

tai<aii+ > > Fg,ei(u)(m)ua%)

j>dim Hyeg X; |pte;|n=deg X;,
n>0

N N N+1 j _ P
Z + Z lz: t! (Z a; Z .. (u)a“) (‘3—1:3

Jj=2 i=1 ‘H+ez|h deg X,

|ptei|=t, p>0
N
0> iy
= Ay —~—.
: Ox;
i=1

By the definition of the exponential map, we infer

N
RN 3 (ai,...,an Zaz al,...,aN):exp<Zai(Xiu)'>
i=1

since the exponential map is 1dent1cal. From this, it follows immediately that

Ou(ar,...,an) =0y, <ZaZ al,...,aN)>

—9, (exp <; ai()?;‘)’)> = exp (é aﬁ?ﬁ)

according to Remark 2.1.23. O

I
Mz

.
Il
_

Definition 2.1.27. Suppose that M is a Carnot—Carathéodory space, and u € M.

For a,p € G“M, where
N
o= ep( S0kt ) 1),
i=1

we define the value d¥ (a,p) = max{|a;| T X } on G*M.

The following properties comes from those on the “canonical” homogeneous
group G, M [47].

Property 2.1.28. It is easy to see that d% (z,y), u € U, is a quasimetric on G*M
meeting the following properties:

1) d¥% (z,y) >0, d% (z,y) = 0 if and only if x = y;

2) dgo (u7 U) - dgo (U, u);

3) the value d¥% (x,y) is continuous with respect to each of its variables;
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4) there exists a constant Qa = Qa (U) such that the inequality
ds(z,y) < Qalds(z,2) + d5(2,y))

holds for every triple of points z,y,2z € U N G"M, i.e., d% is a quasimetric.
Property 2.1.29. Let
N N
We = exp (Z EdegxiwiXi“) (v) and g¢.=exp <Z €degXigiX;‘> (v).
i=1 i=1
Then d¥% (we, gc) = ed¥ (w1, g1)-
Notation 2.1.30. By Box"(z,r) we denote a set {y € M : d¥ (z,y) < r}.
Property 2.1.31. We have 6%(Box"(u,r)) = Box"(u,er).

2.2. Gromov’s theorem on the nilpotentization of vector fields
and estimate of the diameter of a box

Definition 2.2.1. Suppose that M is a Carnot—Carathéodory space, and let Y C M
be as in Assumption 2.1.14. Given

b= exp (i 0, ) ()

u,v € U, define the value doo(u,v) = max{\vi\m}. By Box(z,r) we denote a
set {y e Mt doo(z,y) <7}, 7 <71y. Z
Proposition 2.2.2. The relations
p(t,v) < doc(u,v) < plu,v)
hold for all u,v € U € M.
Remark 2.2.3. d., is one of particular cases of 0.
Definition 2.2.4. Using the normal coordinates 6, 1, define the action of the dilation

N
group A¥ in a neighborhood of a point u € M: to an element z = exp(z xiXZ) (u),
i=1

N
assign Alz = exp(Z xisdegXiXi) (u) in the cases where the right-hand side

i=1
makes sense.

Property 2.2.5. By Lemma 2.1.26 we have Az = §2x.
Property 2.2.6. By Lemma 2.1.26 we have Box"(u,r) = Box(u, ).

Property 2.2.7. We have AY(Box(u,r)) = Box(u,er), r € (0,1,], e < 1.
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Property 2.2.8. The value d., has the following properties:
1) doo(u,v) >0, doo(u,v) = 0 if and only if u = v;
2) doo(u,v) = doo (v, u);
3) the value doo(u, v) is continuous with respect to each of its variables;
4) there exists a constant @@ = Q(U) such that the inequality
oo (U, V) < Q(doo(u, w) + doo (w, v))

holds for every triple of points u,w,v € U, i.e., d is a quasimetric.

Proof. The proof of Properties 1-3 is based on known properties of solutions to
ODE’s. We prove the generalized triangle inequality at the end of the current
subsection (see Corollary 2.2.17). O

Theorem 2.2.9. Let X; € C' and M = 2. Fiz u € M. If doo(u,w) = Ce, then

Xt w) = 3 [0k + O(e)] Xy + > o(edeg Xk—deg X5) x, (1),
k:deg X <deg X k:deg X >deg X;

j=1,...,N. All o(-) and O(-) are uniform in u belonging to some compact subset

of U.

Proof. First step. Fix u € M and put z]k(s) = zf(u,s), k,j=1,...,N, s € RN,

from relations (2.1.11). Applying the mapping 6, ! to each vector field )/(\']“, j =
., N, we deduce

N
Do,
]; % axk

N
where {%} is the collection of the vectors of the standard basis in RY =
k=1

T,RY and by _(2.1.11) we have
zf(s) = 0k + Z Fj’ej (u)st.

|| =deg X}, —deg X ;>0
Note that, here |s#| = O(gde8 Xx~dee Xi) "since
doo (0, 8) = doo (0, (u), 8) = di (u, 0u(s)) = O(e).

Then, for s = (s1,...,SNn), we obtain
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since DO, (s )<8zk> Xi(0u(s)) + l[Xk, g: lel}(H (s)). The latter is doubtless

true for C*°-vector fields since in this case gaker Campbell-Hausdorff formula does
all job:

0.(s + rex) = exp (zN: s X + er> ()

=1

N N N
= exp <Z 51X + er> o exp < Z Sle> o exp (Z Sle> (u)
=1 =1

=1

—exp<er+ {Xk,zslxl] + o(r ))(9 (s)) asr — 0.

It follows directly that, for C*°-vector fields, we have

0

D0u(5)<8—$k> - %Hu(SnLrek)‘T: = X5 (0u(s [Xk,Zlel] (5). (2.2.1)

Otherwise, in some local coordinate system around the point u we can approximate
the given C'-vector fields X; by C*-vector fields XI(Q), geN, I =1,...,N, in
C'-topology (see the proof of Theorem 2.1.8 for details). Then, in some neighbor-
hood of 0 small enough, we have correctly defined the mapping 9( )( ) constructed
according to Definition 2.1.13 by means of vector fields X ,1=1,...,N (note
that the mentioned neighborhood of 0 can be chosen the same for all qg € N).
Moreover, 91([1)( ) converges to 6,(s) uniformly in some neighborhood of 0 as

q¢ — oo, and DO (s )<81 > = %97(;1)(5 + rey) , converges to Xi(04(s)) +

=1
knownlclassical result on the differentiability of a limit mapping, the equality
(2.2.1) follows for the given Cl-vector fields X;, 1 =1,..., N.

In view of the properties of the point s, we get |s;| = O(e%°8X1) [ =1,... N.
Moreover, taking into account the table of commutators (2.1.1) from the definition
of the Carnot—Carathéodory space, we have

N

[Xk, Zlel:| (HU(S)) = Z Z Cklm(eu(s))Xm(eu(s))
=1

=1 m:deg X,, <deg X +deg X

N
%[Xk, > lel] (0 (s)) uniformly in the same neighborhood of 0. By the well-

Consequently,

+ % Z Z Z zf(S)Szckzm(9u(5))Xm(9u(5))

k=1 1=1 m:deg X, <deg X +deg X
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> () + 5 > 2 (3)s1Cmik (0u())| Xi(0u(5)):

k=1 m,l: deg X <deg X,,+deg X;
Represent the last sum as

> [Fe+ > () stCmik (00 (5))| X (0u(5))

k:deg X <deg X; m,l: deg X <deg X,,+deg X;

+ Z [zjk(s) + % Z ij(S)Sllek(@u(S))} X1 (0u(s))

k:deg Xp=deg X m,l: deg X <deg X,,+deg X

+ Z [zjk(s) + % Z ij<3)slcmlk(9u(5))} Xio(0u(s))-

k:deg X >deg X; m,l: deg X <deg X,,+deg X

|~

(2.2.2)

Note that, we have zf(s) = 0 if deg X} < deg X;. Next, if deg X}, < deg X, and
deg X}, = deg X, + deg X, we have deg X, < deg X; and z]"(s) = 0. Thus, the
first sum equals

> [z > (st (0 ()] X 0u()).

2
k:deg X <deg X m,l:deg X <deg X,, +deg X;

Similarly, for the second sum we have z]k(s) = 0;, and if deg X; = deg X,,+deg X;

then z"(s) = 0 since this relation implies deg X,,, < deg X;. Thus, we obtain

> [t > 2 ($)stemis (0u(5))] X, (0u(5)).

k:deg Xp=deg X; m,l:deg X ; <deg X,,+deg X;

In the third sum, the functions zf(s) and 27"(s) can take any possible values.

Second step. Now, we calculate exact estimates of three sums in (2.2.2).
1) Let deg X > deg X; and deg X}, = deg X,,,+deg X;. From the above estimate
we infer
|27 (5)s1| = O(eos Xumes s,
Next, suppose that deg X; > deg X; and deg X;, < deg X,, + deg X;. Then

all the situations deg X,,, > deg X, deg X,;, = deg X; and deg X, < deg X
are possible. Here we have

O (e48X1) < cO(ede8 Xr—de8 Xi)  if deg X,, > deg X,
|z}"(s)sl| = < O(g9e8X1) < gO(edes Xr—deg X)) if deg X, = deg X,
0 if deg X,,, < deg X;.

2) Let now deg X, = deg X; and deg X, < deg X,, + deg X;. We again have to
consider the situations deg X,,, > deg X, deg X,,, = deg X; and deg X,, <
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deg X;. It follows

eO(edee Xty <eO(1) if deg X,,, > deg X,
|z (s)s1] =  O(ed8X1) < eO(1)  if deg X, = deg X,
0 if deg X, < deg Xj;.

3) Finally, let deg X < deg X; and deg X < deg X, + deg X;. In three situa-
tions deg X, > deg X, deg X,,, = deg X; and deg X,,, < deg X;, we obtain
the same result as in the previous case:

e0(ed8X1) < eO(1)  if deg X,,, > deg X,
|2 (s)si| = { O(edeXt) <eO(1)  if deg X, = deg X,
0 if deg X, < deg Xj;.
Thus, in the first sum of (2.2.2), the coefficients at X}, equal O(e), and in

the second sum the coefficient at X, equals 1 4+ O(e), and the coefficients at X},
for k # j equal O(e).

Third step. Consider the last sum (where deg X > deg X;). Note that,
Cmik (04(8)) = cmir(u) + o(1). (2.2.3)
Then, taking into account the results of the second step, we deduce

Z 27" (8)s1¢mik (0u(s))

m,l:deg X <deg X,,+deg X

— Z 27 (8)s1Cmik (Bu(s))

m,l:deg X =deg X, +deg X;

+ Z 27" (8)s1cmik (0u(s))
m,l:deg X, <deg X,,+deg X

N Z zjm<8)slcmlk(u) + 0(1) . gdegxk—deng

m,l:deg X =deg X,, +deg X
Le. O((L:dengfdeng)
= E 23" (8)s1emuk (u) + o(1) - gdeg Xy —deg X; (2.2.4)
m,l:deg X =deg X,, +deg X;
Consequently,

X! (0u(s)) = > [0k + O(e)] Xk

k: deg X3, <deg X

1 X
Y [ L e + ol )] X6, (),
k:deg X >deg X; m,l

(2.2.5)
where m, [ in the last sum are such that deg X = deg X,,, + deg Xj.
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Fourth step. It only remains to show that

1 m
28 (s) + 5 > 27(8)81Cmue (1) = Ok (2.2.6)
m,l:deg X =deg X, +deg X;

For obtaining this, consider the mapping

QAu(x) = exp (ZN: xﬁ?ﬁ) (u) = 6, (x),

where © = (z1,...,zn), and apply the arguments of the first step with the follow-
ing difference: it is known, that the vector fields )/(\'Z“, i =1,...N, are continuous,
but they may not be differentiable, and formally, we cannot consider commutators
of such vector fields. Therefore we modify previous arguments. For doing this, we
consider the following representation of the identical (see Lemma 2.1.26) mapping:

fo(s) = exp (i siD@:w?w) (0) =,

and represent % = D§0(5)<8—2k> as before we represented Deu(s)<ai>. It is

T
possible, since the vector fields D@jl()?ﬁ, i=1,..., N, are smooth. Similarly to
the first step, we infer

N
Dl (5){ 5= = DB () Bolo) + 5 | D), 3 5108, (37| Bl
=1

Since 50(5) = s, in view of properties of the vector fields D@\;l()?g‘), i=1,...,N,
we deduce

a _ ~ 1, Su 1 ~—1/,vu a n—1/,vu
a_xk_m“ (Xk>(s)+§[D9u <Xk>,l;sm6u (X (s)

N
n—1/u 1 n—1/%u
= DO Y(XM)(s) + 5251 > Crtm (W) DO (XY (s).
=1 m: deg X, =deg X +deg X;

It follows

N
DB.(5)( ) = K(0u(s) + 5> ) ki () X2 (0,(5)).
=1

m: deg X,,=deg X+deg X;
Applying further the arguments of the first step, we have
N

K3 0u() = S0 [256) + 5 ) 7 (5)stemin(u)| K2 (6u(5)),

k=1 m, l:deg X =deg X, +deg X

and thus (2.2.6) is proved.
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Taking into account the result (2.2.5) of the third step, we obtain

Xj(w) = > bk +0E)Xk + > o(e9eE BN ) X (w),
k:deg X, <deg X k:deg X >deg X;
j=1,...,N. The theorem follows. O

Remark 2.2.10.

1) If the vector fields X;, i = 1,..., N, belong to the class C1'% o € (0,1], then
in (2.2.3) and, consequently, in (2.2.4), we obtain o(1) = O( (u,0,(s))). I
this case, we have

Xj(w) = > [0k; + O(e)]X
k:deg X3, <deg X;
+ > pu, 0u(s))" - O(e98 Xk =98 %) X, (w).
k:deg X >deg X;
2) If the derivatives of the basis vector fields are Holder with respect to deo, we
obtain 0(1) = O(deo (u, 0,(s))¥) = O(e®), and
XH(w) = > [04;+0(2)]| X+ > O (o8 Xn—deg Xjtey x| ()
k:deg X <deg X k:deg X >deg X;

3) If the derivatives of the basis vector fields are Holder with respect to 9, we
have

Xrwy= Y o+ 0@E)IXe

k:deg X <deg X

Y o, 0u(s) - O(e2E Xk BN Xy (w).

k:deg Xy >deg X;

Corollary 2.2.11. For x € Box(u, ), the coefficients {a; ()} Y,y from the equal-
ity

N
x) = Zaj7k(x)X,?(m) (2.2.7)
k=1
enjoy the following property:
O(e) if deg X; > deg Xy,
ajr(x) = < ok + O(e) if deg X; = deg X, (2.2.8)

o(edea Xk—des X5y i deg X; < deg Xy,

j=1,....,N. Allo(-) and O(-) are uniform in u belonging to some compact neigh-
borhood within U.

Proof. According to Theorem 2.2.9, the coefficients b; () from the relation

N
2) =Y bik(x)X
k=1
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j =1,...,N, have the same properties. Put A(z) = (aj’k(x))j-\szl and B(x) =
(bj7k(m))§\fk:1. Then A(x) = B(z)~!.

We use the well-known formula of calculation of the entries of the inverse
matrix to estimate all a;x(x), j,k = 1...,N. We estimate the value |a;,(x)| =
%, where the (N —1) x (N —1)-matrix B, j is constructed from the matrix
B(x) by deleting its jth column and kth line.

It is easy to see that |det B(z)| = 14 O(e), where O(e) is uniform for « and
u belonging to some compact neighborhood U C M.

Next, we estimate |det Bji(x)|. Obviously, |det B;;(z)] = 1 + O(e) and
| det B; i (z)| = O(e) for deg X; = deg X, and j # k, where O(e) is uniform for
and u belonging to some compact neighborhood Y C M, 5 =1,..., N.

Let now deg X, > deg X;. By construction, the diagonal elements of B; 1 (z)
with numbers (i,), 7 < i < k, equal o(e9e Xi+1=dee Xi) "and the elements under
these ones equal 1+ O(e). Note that, det B; x(x) up to a multiple (14 O(e)) equals
the product of determinants of the following three matrices: the first P(x) = p; ;(x)
isa (j—1) x (j — 1)-matrix with p;;(z) = b;;(x), the second Q(z) = ¢; () is a
(k —j) x (k — j)-matrix with ¢; ;(z) = bi+;j—1,+4;(2), and the third R(z) = r;;(x)
isan (N — k) x (N — k)-matrix with r;;(z) = bitx—1,11x-1(2).

For the matrices P(z) and R(z), we have

|det P(z)| =1+ O(e) and |detR(z)| =14 O(e).
By construction, ¢; ;(z) = o(gd°8Xi+17d8 Xi) and ¢; 41 (x) = 1 + O(e). We have
that the product of the diagonal elements of Q(z) equals

k-1

H O(Edeg X71+1—degXi) — O(Edeg Xk—deng)_

i=j
It is easy to see that, for all other summands constituting det Q(x), we have the
same estimate.

Similarly, we show that for deg X; < deg X; we have |det B; ()| = O(e).

Here O(g) is uniform in z and u belonging to some compact neighborhood & C M.
The lemma follows. |

Remark 2.2.12. Similarly to Remark 2.2.10:
1) if X; € CH® then
O(e) if deg X; > deg Xy,
ang(l‘) =4 O0kj + O(e) if degX; = deg Xy,
plu,z)® - O(edes Xr—dee Xi) if deg X; < deg X,
2) if the derivatives of the basis vector fields are Hélder with respect to doo then
O(e) if degX; > deg Xy,
aj’k(x) = q 0 + O(e) if degX; = deg Xy,
O(gdes Xi—deg Xj+ay if deg X; < deg X,
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3) if the derivatives of the basis vector fields are Holder with respect to ® then

O(e) if deg X; > deg X,
ajrx(r) = 4 ox; + O(e) if deg X; = deg X,
o(u, x)* - O(edeeXn—deeXi) if deg X; < deg Xy,

j=1,....N.

Corollary 2.2.11 implies instantly Gromov’s Theorem on the nilpotentization
of vector fields [70].

Corollary 2.2.13 (Gromov’s Theorem [70]). Let X; € C'. On Box(u,er,), consider
the vector fields {¢X;}={e°8Xi X;} i=1,...,N. Then the uniform convergence

Xf=(A")) (X)) —» X ase—0, i=1,...,N, (2.2.9)

holds at the points of the box Box(u,r,) and this convergence is uniform in u
belonging to some compact neighborhood.

Proof. Really, by (2.2.7), (2.2.8) and in view of Corollary 2.2.11 and Proper-
ties 2.1.24 and 2.2.5, we infer

N
Xi(2) = (ML), (X (@) = %550 Y agp (Al (@) (M%), (X (@)
k=1

N
= e XimdeaXig,  (AY(2)) X(x)
k=1

_ Z cdeg X;—deg Xy, (5z‘k + O(g))j(:;:(qj) + Z 0(1))?;;(@

k: deg X <deg X; k:deg X, >deg X;

as ¢ — 0. From here it follows the uniform convergence X{ = (Ag,l)*EXi — )?Zg
ase — 0,7=1,...,N, at the points of the box Box(g,r,) and this convergence is
uniform in g belonging to some compact neighborhood. O

Remark 2.2.14. For C*°-vector fields and arbitrary M, the above corollary is for-
mulated in [107, 127] in another way: )?zg is a homogeneous part of X;, 1 =
1,..., N. This statement implies Corollary 2.2.13. It is shown in [68] that, apply-
ing arguments based on Campbell-Hausdorff formula, the smoothness of vector
fields can be reduced to be 2M + 1.

Estimates (2.2.8) were written in the proof of [142, Thereom 3.1] as a con-
sequence of the Gromov’s Theorem which can be proved by method of [127] un-
der an additional smoothness of vector fields: X; € C?M~desXi_Corollary 2.2.13
shows that estimates (2.2.8) are not only necessary but also sufficient for the va-
lidity of the Gromov’s Theorem. In our paper estimates (2.2.8) are obtained under
minimal assumption on the smoothness of vector fields: X; € C', j =1,...,N.
Thus, taking into account the footnote in [142; p. 253]: If Gromov’s Theorem is
proved under weaker assumptions then all main results of the present paper and
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[139, 140, 141, 142, 144] hold under the same assumptions on the smoothness of
vector fields, i.e., all results of the mentioned papers [139, 140, 141, 142, 144] are
valid under the minimal assumptions on the smoothness of basis vector fields.

Recall that Gromov [70, p. 130] has formulated the theorem under assump-
tion X; € C'. Valerii Berestovskii sent us the following example confirming that
arguments of Gromov’s proof have to be corrected.

Example 2.2.15. Let X = £~ Y*xyquLderx . Then Z := [X,Y] *y01+az,
(X, Z] =0, [Y,Z] = ——y(yaz—i— L) =(1-y*)Z —yZ. One can easily see
that X,Y, Z constitutes a global frame of smooth vector fields over the ring of
smooth functions in R3. Also for corresponding one-parameter subgroups X (z),
Y(y), Z(2), we have (X(z) o Y (y) o Z(2))(0,0,0) = (z,y, 2). Under this X = 2
on R3, Y = % onx=0,7= % on z-line (even on y = 0). On the other hand,
%Z = X #[Y, Z] (see above) on x = 0. This contradicts to Gromov’s statement
that (A) of [70, p. 131] implies (B) of [70, p. 132] in general case.

Corollary 2.2.16 (Estimate of the diameter of a box). In a compact neighbor-
hood U C M, for each point w € U and each € > 0 small enough, we have
diam(Box(u,€)) < Le, where L depends only on U.

Proof. Assume the contrary: there exist sequences {e }ren, {uk}ren, {vk tren and
{wg }ren such that e — 0 as k — 00, doo(uk, Vi) = € and doo (ug, wi) < € but
doo (U, w) > keg. Since Y C M is compact, we may assume without loss of
generality that ug — ug as k — oo. Then vy — ug and wy — ug as k — oo.
Assume without loss of generality that 46Xt DA, X;(z) — )?Z“’“ (x) as
e — 0 for « € Box(ug, Kr9), o < 1, uniformly in ug, ¢ = 1,..., N, where K =
max{5, 5¢t}, ¢ is such that d% (v,w) < c(d“ (u,v) + d% (u,w)) for all u,v,w €
Box(ug, K19) and k& € N (see Corollary 2.2.13). Note that, ¢ < oo since ¢ =
¢(ug) continuously depends on values of {Fi 5(uk)}j,u,ﬁv consequently, it depends
continuously on uy. Moreover, the choice of K implies the following:

1) For k big enough, we have that an integral curve of a vector field with constant

coefficients connecting A?’“E_l (wg) and A?’“E_l (vk) in the local homogeneous
0€), 0€),
group G**M lies in Box(ug, Kro).

2) We may choose k by the following way: duoo(ug, ur) < ro and the Riemann-
ian distance between the integral curves corresponding to the collections
{X*}N | and {(ro’lek)degXiDA:f’“E_l(Xi)}i]il (with constant coefficients)

0k
that connect points A"* _, (wy) and A" _, (vg), is less than 7.
’l‘oak T0€k

Fix k € N. Then

kaexp(zg deg Xi )uk), wk‘fexp(an deg 7X> k),



266 M. Karmanova and S. Vodop’yanov

Mz

and wy, = exp(
We have

i (sk)sk eXix, )( ). Apply the mapping Azf;a;l to vy and wg.

i=1

d X u Uk

A7’06 U}k = ©Xp <Z CZ eg DAT:€;1 <XZ>) (Arga,:l (Uk)) .

Note that, dso (uk,A:()E;l(vk)) = 7o and ds (uk"A:;a;l(wk)) < 7. In view of

Corollary 2.2.13, the vector fields (ro ey ) Xi DA™ _ (X;)(z) = X" (z)+ o(1),
’l‘oak

i = 1,...,N, where o(1) is uniform in z and in wu. Consequently, since

dim span{)?;““ (z)}¥, = N at each = € Box(ug, o), the Riemannian distance be-
tween A:;E,l (wg) and Ar:e” (vg) is bounded from above for all k¥ € N big enough.
k k

Therefore, the coefficients (;(e), ¢ = 1,..., N, are bounded from above for all
k € N big enough. The assumption du, (vk, wy) > kej, contradicts this conclusion.

Thus there exists a constant L = L(U) such that diam(Box(u,¢)) < Le for
u € U. The statement follows. |

From the previous statement we come immediately to the following

Corollary 2.2.17 (Triangle inequality). The quasimetric doo(x,y) meets locally the
generalized triangle inequality (see Property 2.2.8).

Corollary 2.2.18 (Decomposition of the basis vector fields). Fiz a point 0,(s) €
Box(u,O(g)). Remarks 2.2.10 and 2.2.12 imply the following decomposition of
DO;UX,), i=1,...,N:

N
(D6, (Xi)(s)]; = i+ > (@i = ) [(XE) (o))
k=1

If doo (u, 04 (s)) = O(e), we have
(D6, (X} (s)]; = =] (u,5) + > O(e)#(us )

k:deg X, <deg X;
+ > aik(0u(5))z] (u, s).
k:deg X, >deg X;

If deg X; < deg X; then [DO,'(X;)(s)]; = 8ij + O(). For deg X; > deg X; we
have:

1) If the basis vector fields are C*'-smooth then we deduce [DO;'(X;)(s)]; =
2] (u, s) + O(edes Xi—des Xitl) 4 (1) . gdes Xi=dee Xi " g therefore

(D8, (X,)(s)]; = =] (u, 5) + oe?e8 78 %s),

2) If the derivatives of the basis vector fields are H*-continuous with respect to
0, then if deg X; > deg X; we have

(DO (5); = 2 (1, 8) +0(1, 0u(s))7 - O(etesXo—des Xy,
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In particular, for a =1 and 0 = doo o1 0 = dZ, where dog(u, z) = O(e) (see
further Local Approzimation Theorem 2.5.4), we have

D6 (X0)(5)]; = 2/ (u, ) + O(e2e8 Ko —des Xi1),

Remark 2.2.19. Next we assume that Gromov’s Theorem 2.2.13 holds for arbitrary
M. In particular, it follows that all corollaries of this subsection are valid under
the same assumption.

2.3. Comparison of geometries of tangent cones

The goal of Subsections 2.3, 2.4 and 2.6 is to compare the geometries of two local
homogeneous groups. The main result of Section 2 is the following

Theorem 2.3.1. Let u,u’ € U be such that doo(u,u’) = Ce. For a fized Q € N,
consider points wo, deo(u, wo) = Ce, and

N N
w§ = exp (Z w;, 48 Xv?f) (w5_), w5’ = exp (Z w; ;1% XX’) (w51),
i=1 i=1
wi =w§ =wo, j=1,...,Q. (Here Q € N is such that all these points belong to
the neighborhood U C M, for all € > 0.) Then, for a > 0,

max{dgo(wéQ’ wg)’ dgc (UfQ’ wg)} =& [@(C’C’ Q, {F;{,ﬁh/l}j,uﬁ)]p(u? ul)ﬁ'
(2.3.1)
In the case of a =0, we have

max{d, (w, wg), di (wg, wy)} =& - [O(C,C, Q. {FY gluu}jup)lwlp(u, u))]™

where w — 0 is a modulus of continuity. (Here © is a bounded measurable function:
O] < Cy < o0, it is uniform in u,u’,wy € U and {w;;}, 1 =1,...,N, j =
1,...,Q, belonging to some compact neighborhood of 0, and it depends on Q) and
on {Fi,ﬁ|l/l}j7uﬁ')

Notation 2.3.2. Throughout the paper, by the symbol ©, we denote some bounded
function absolute values of which do not exceed some 0 < C' < oo, where C' depends
only on the whole neighborhood where © is defined (i.e., it does not depend on
points of this neighborhood).

Remark 2.3.3. If the derivatives of X;, i =1,..., N, are locally Holder with respect
to 0, then we have d(u,u)# instead of p(u,u’)™ in (2.3.1).

In the current subsection we prove the “base” of the main result, i.e., we
obtain it for @ = 1 and € = 1. The proof for the general case is written in
Subsection 2.6.

Fix points u,u’ € U, where U is such that Assumption 2.1.14 holds. Recall
that the collections of vector fields {X*}N | and {X* } | are frames in G*M and

in G¥M respectively.
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Definition 2.3.4. By )/(\'p(q), we denote the matrix, such that its ¢th column consists
of the coordinates of the vector XP(¢),i=1,...,N,p € M, ¢ € GPM, in the frame

{Xj}é‘v:r

Lemma 2.3.5. Suppose that Assumption 2.1.6 holds. Let E(u,v’, q), u,u’,q €U, be
the matriz such that
X" (q) = X"(@)E(u, v, q). (2.3.2)

Then the entries of E(u,u’, q) are (locally) H®-continuous in v and u’.

Proof. This statement is a direct consequence of Theorem 2.1.15. Indeed, the latter
asserts that the vector fields {)?Z“}fil are locally H“-continuous in u. Since we
prove a local property, and M is a Riemannian manifold, then, instead of M, we
may consider without loss of generality some neighborhood U C RY containing
v and u'. Then it is easy to see that the entries of the matrices Xv and X¥'
are (locally) H*-continuous on U x Y. Since both matrices are non-degenerate in
U C M, we have that Z(u,u’,q) = )A(“(q)_l)?“/ (q) is also non-degenerate, and its
entries Z;;(u, v, ¢) belong locally to H*(U x U), i,5 =1,..., N. Moreover, these
Holder constants are the same for all ¢ € U. O

Remark 2.3.6. If the derivatives of X;, ¢« = 1,..., N, are locally Holder with
respect to 0, then the entries of E are also locally Holder with respect to ? (see
Remark 2.1.20).

Remark 2.3.7. Suppose that Assumption 2.1.14 holds. Since E(u, v/, q) equals the
unit matrix if v = v’ then =;; = d;; + Op(u,v')*, where © = O(u,v’,q) is a
bounded measurable function: |6 < Cy < oo, and the constant Cy > 0 depends
only on the neighborhood U C M.

Indeed, it follows immediately from the a-Holder continuity of all vector
fields: we have |Z;; (u, v, q) — d;5] < Co(p(u, v')®), where
Co= sup \Eij(u,u’,q/) — i < 00
u,u’ ,qeU P(Uau )a

depends only on the neighborhood ¢/ C M.

Remark 2.3.8. If the derivatives of X;, i =1,..., N, are locally Holder with respect
to 0, then Z;;(u, v, q) = d;; + Ov(u, u’)*.

Theorem 2.3.9. Suppose that u,v € U. Consider points

w = exp(iiT wz)?zu) (v), and w' = exp(i wz)?f/>(v)

Then, for a > 0, we have
max{d (w, w'), d" (w,w')} = O[p(u, u')*p(v, w)] 7, (2.3.3)
where u,u’ ;v €U, {w;}N, € U(0) C RV,
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In the case of a =0,
max{d% (w,w'), d (w,w')} = Ow=(p(u, u))p(v, w)] 7.

Here the symbol w= denotes the modulus of continuity of = on the variables u
and u'.

Remark 2.3.10. Here (see Notation 2.3.2), the value
sup [0 (u, ', v, {w; }1¥1)| < o0
depends only on & C M and U(0) C RY.

Proof of Theorem 2.3.9. First step Fix ¢ € U € M. Notice that both collections of
vectors { X*(q)}¥, and {X“ ()}, u,u' €U, are frames of T,M. Consequently,

there exists the transition (N x N)-matrix E(u, v/, q) = (E(u, v, ¢))ik such that
N
X' (q) = ) _(E(u, ', )k X5 (q)- (2.3.4)
k=1
Remark 2.3.7 implies that
— 14+0;p(u,u)* ifi=j
:‘(uaulaq)i,j = ’Jp(, a ) . 3 (235)
Oijp(u, u’) if i # j,

where the values ©; ; are bounded uniformly in all u,u’,q € U. Thus )/(:Zul (9) =
X*q) + X*“(q)[E(u, v, q) — I], where |[E(u,v,q) — I]|k,; = O, jp(u,u ) for all
k,j=1,...,N.

N S0
Second step. Consider the integral line () of the vector field > w; X} starting at
i=1

v with the endpoint w’. Rewrite the tangent vector to y(t) in the frame {X*}¥
N P

as y(t) = > wi(v(#) X (y(t)). From (2.3.4) it follows that
i=1

ZwkEuu q))ik

From (2.3.5) we can estimate the coefficient w? at X:
N
wi =w; + Y [ pp(u,u)*], i=1,...,N. (2.3.6)
k=1
Third step. Next, we estimate the Riemannian distance between w and w’. By k()
denote the integral line of the vector field g: wl)?lu connecting v and w, i.e., a line

i=1
such that x(0) = v and

N ~
= > wi Xy (s()
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By means of the mapping 6, ! we transport x(t) and y(t) to RY. Let r,(t) =
0,1 (k(t)) and v, (t) = 0,1 (y(t)). Then

N
Fu(t) = (03 1) (A1) = Zwi()?f)’(ﬂu(t))
and similarly
N . N R
Gult) = Do w0 (R = Y w (O (ue)

since (671, (X¥) 671 (@)) = 52 (Eu o, 0)) (XY (0 (a)) (see (2.3.4)). Using

formula (2.1.11), rewrite the tangent vectors in Cartesian coordinates:

0

N N
t):Zwisz(u,fiu ZW U, Ko (¢ axj
i=1 j=1
where

umu ng umu —w]—l—gwl u%u

since zf =0if j <. Slmllarly

N d
Vult) = W;‘(u,%(t))a—xj

j=1

where
Wj(ua’)/u +Zw u » Yu t))

Now we estimate the length of the curve )\u( ) = Yu(t) — ku(t) + 0, (w) with
endpoints ;! (w) and 6, *(w’). The tangent vector to \,(t) equals

N
Nalt) = 7u(t) = Falt) = (W ,7u0) = Wi, mt))]a%
N "~ . 5
= Z {( —wj) + sz (u,Yu(t)) — 2 (u, nu(t)))} or;
" N N ZJ o
#2230 ) — w3 0)] - 23.7)

Notice that for the last sum we have
N

\Z[iwm wi) 2] (u, 7 () }—( = Op(u, u')* p(v, w)

=1 i<y
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since wl(t) = w; + Op(u, u')*p(v,w) by (2.3.6). By properties of 2/,

2 (7)) — 2w (1) = O] 3 i) — (1))
[u|=1
Notice that

ult) — ru(t |</m ~ Ku(r)] dr.

Consequently
ma () — £u(8)] < max [7(t) — £u(8)] = max X, (1)
Applying these estimates to (2.3.7) and taking into account (2.3.6), we obtain
max [\, (t)] = Op(u, u')*p(v, w) + Op(v, w) max | Xu(t)]-

From here it follows

Op(u, )" p(v, w)
1—0p(v,w)

if Op(v,w) < % Further, we denote the function 20 also by the symbol ©. Thus,

< 20p(u, 1) p(v, w)

max IXu(t)] =

PO, (w), 0, (")) < / Au(®)ldt < max X (t)] = Op(u,u)*p(v,w),
0

and p(uw, u) < ©p(u, ) p(v,w).
Fourth step. By the inequality d¥% (p,q) < C’p(p,q)ﬁ, we obtain the estimate of
d¥ (w,w'):
dio (w,w') = Op(u, u')*p(v, w)] ¥
in a compact neighborhood U. The same estimate is true for d% (w,w’). The the-

orem follows. 0

Remark 2.3.11. If the derivatives of X;, ¢ = 1,..., N, are locally Holder with
respect to 0, then we have d(u,u')® instead of p(u,u')* in (2.3.3) (the proof is
similar, see Remarks 2.1.20 and 2.3.8).

2.4. Comparison of local geometries of tangent cones

Consider points

N N
We = exp wiEdegXi)?“ v) and w. = exp wiadegx")?”' v).
3 € 1

i=1 i=1

Theorem 2.4.1. Assume that u,u’ ;v € U € M. Suppose that dso(u,u’) = Ce and
doo (u,v) = Ce for some C,C < co. Then, for a > 0, we have

masc{d (we, wl), d% (we, wl)} = £[O(C,O)]p(u, u) (24.1)
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In the case of a =0, we have
max{dl (we, wl), di (we, wl)}
= <[0(C. ) max{wz(p(u, u')), war | oaw, (pluu)} 7,
where AY_, | is defined below in (2.4.5) and (2.4.6). (Here © is uniform inu,u',v €

U C M, and in {w;} Y, belonging to some compact neighborhood of 0 (see Notation
2.3.2), and all the values WAu | onw () are uniform in u,u’,v €U and e > 0).

1

Remark 2.4.2. If the derivatives of X;, i = 1,..., N, are locally a-Holder with
respect to 0 (instead of p), then we have d(u, ') instead of p(u,u’)™ in (2.4.1)
(the proof is similar, see also Remark 2.3.11).

Proof of Theorem 2.4.1. First step. We put w = w; and w' = w). In the frame
{X¥}N |, we have

N
w' = exp (Z w;)?zu) (v).
i=1
Consider the point

N
We = €xp (Z w)edee X )/(\'Z“) (v).
i=1

Note that wq = w’. In view of the generalized triangle inequality, d¥% (w.,w.) <
e(d (we, we) + d% (we, wl)). By the above estimate

A (we, we) = ed” (w,w') = £O(p(u, u')* p(v, w)) ™. (2.4.2)

Note that, if @ = 0, then we obtain here e©(w=(p(u,u))p(v, w)) ™ instead of
£0(p(u, u')* p(v, w)) .
Now we estimate the distance d¥ (we,w’.). Represent w’ in the frame )?Z“,
i1=1,...,N:
N
wl. = exp (Z ai(s)edegx")?f) (v), (2.4.3)
i=1
and consider the point

N
W' = exp (Z a; (5))?1“) (v).
i=1
Here the coefficients a;(g), i =1,..., N, depend on u, u’, {w;}¥, and € > 0. Note
that, in view of definition, we have d% (we, w.) = ed¥% (v, w’).

Second step. Next, we show that the coefficients «;(¢), i =1,..., N, are uniformly
bounded for all ¢ > 0 uniformly on u, v/, v and {w;}Y ;. By another words, we
prove that there exists S < oo such that d¥% (v, w.) < Se for all € > 0 small enough
and all u and {w;}}¥,. Indeed, by the generalized triangle inequality for Carnot
groups, we have

a2 (v,100) < e(d (u,0) + d (u, wl)).
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Next, d¥% (u,w.) = doo(u,w.). Since doo(u,v) = Ce, it is enough to show that
doo (u, wl) < Ke. We obtain it via estimating the value do(v’, w’) and taking into
account the fact that du (u,u’) = Ce. Since doo (u/, w.) = d¥ (u/, w’), then in view
of the generalized triangle inequality for homogeneous groups, we have

4 (u',wl) < e(d (u',v) 4 d% (v, w!)). (2.4.4)
The conditions de (u,u’) = Ce, do(u,v) = Ce and Corollary 2.2.16 imply
d (u',v) = doo (v, v) < Lmax{C,C}e.
Applying (2.4.4) and Corollary 2.2.16 to points u, v’ and w’., we infer
doo(u,wl) < Ke.
From here and from the fact that de(u,v) = Ce, we have
d (v,wl) < Se

for all £ > 0 small enough, u, v/, v € U and {w;}}Y, belonging to some compact
neighborhoods.

From here, we have that all o;(¢), i = 1,..., N, are bounded uniformly in
e > 0.

Third step. Note that d¥ (we, wl) = ed? (w',w’). Consider the mapping
N
Al (z) = exp (Z zedes X qu) (v). (2.4.5)
i=1
More exactly, if we fix u,v € U, then
N
U>z— {x1,...,xzn} by such a way that z = exp(z xZXZ“> (v)
i=1

u N
ey exp (Z x;ed8 XZ)/(:Z“) (v). (2.4.6)
i=1

Show that the coordinate functions are H“-continuous in v € U uniformly on
e>0.
1. The case of « > 0. Indeed, the mapping

N
Opu(21,...,2N) = exp(z xz)/(\'1“> (v),
i=1

where (z1,...,2zn5) € Box(0,T¢), is H*-continuous in v € U as a solution to an
equation with H*-continuous in w right-hand part (see Section 5), and its Holder
constant does not depend on v belonging to some compact neighborhood. This
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mapping is also quasi-isometric on (z1e~ 9% X1 pye~deeXN) € Box (0, T) with
respect to the metric p: there exist 0 < K7 < Ky < oo, such that

Kil(y1,- -5 yn) = (2155 28)] < p(0v,u (), Ov,u(2))
S KQ‘(ylwu,yN) - (217"',ZN)|7

where y = (y1,...,yn), 2 = (21,...,2N), ¥,z € Box(0,T). Consider now the
inverse mapping, which assigns to a given point « € M, d¥% (v, z) < T¢, the “coor-
dinates” x1(u, z)e~ 98 X1 . xn(u,x)e” 48XV such that

T = exp (i_v: x;(u, x))?zu) (v).

Note that the quasi-isometric coefficients of the mapping 8, ,, are independent
of (z1,...,zn), u and v belonging to some compact set (here we suppose that
d% (v,z) < Te). Show that the functions xq(u,z)e~ X1 .. 2y (u,z)e” des Xn
are H%-continuous in v € U for a fixed z € M, and their Holder constants are
bounded locally uniformly in z, v and in € > 0. (Here, to guarantee the uniform
boundedness of z; (u, z)e~ 98 X1 . 2 (u,z)e” 98 XN we assume that

1) both values do(u,v) and d¥% (v, x) are comparable to &;
2) the point u can be changed only by such a point «’, that the distance doo (u, u’)
is also comparable to ¢ (see second step).)

The latter statement follows from the fact, that 6, ,(z1,...,2n) is locally
Holder in u, and its Holder constant is independent of v belonging to some com-
pact neighborhood, and of (z1,...,zxN) belonging to some compact neighborhood
U(0) of zero. Since we prove a local property of a mapping then we may assume
that u, v/, x and v meet our above condition on d.-distances and they belong
to some compact neighborhood U such that the mapping ,,, is bi-Lipschitz on

(rre—dee Xy pyeTdeeXN) if o € U: there exist constants 0 < Q1 < Q2 < 00
such that
1_—degX 1 _—degX 2 _—deg X 2 _—degX
Q1|(xye™ 982 L ayeT COBAN) — (gieT G AL geT O8N
1l,e 2,e
< p(eu,'u<m )aeu,'u(x ))
1_—deg X 1 _—degX 2_—deg X 2 _—degX
< Qaol(xge™ B2 L ppyeT GBAN) — (gieT GBI L pfeT CBAN))
for 1 = (pie—deeXa | glemdeeXn)and 22 = (ze—des Xy | g% e dee Xy,
Moreover, its bi-Lipschitz coefficients are independent of points u, v, and
—deg X —deg X
(.Ilé“ & 1,...,.’131\/6 & N)

belonging to some compact neighborhoods. Indeed, consider the mapping
Op(uy1,...,2N) = Oy o(T1,...,ZN)

and suppose that for any L > 0 there exist ¢ > 0, points v,z € U, a level set
0,1 (z), and points (u,z1(u)e™ X1 xn(u)e™ 98XN) and (u/, 21 (u')e~ e X1,
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yxy(u)e” 48 XN) on it such that
‘(xl(u)s_degxl, oy (u)e des Xy
— (a1 (u)e e X ,xN(u’)s*degXN)‘ > Lp(u,u/)®  (2.4.7)

for some u and u’. The assumption (2.4.7) leads to the following contradiction:

0= p(@v<u’x1(u)8—degX1’ o 7xN(u)E—degXN)’
Oy (', 2y (u)e™ 48X (u)e degXN))
> (B, 21 (w55, (u)e o),
O (u, 1 (u)e= 8 X1 ’xN(u/)E—degXN))
- p<9v<ua$1(u/)€_degxl, o xy(u)e T dee XNy
o (U (u)em e X ey (u)eT degXN))
> Oy |(a1 (w)e 98X gy (u)e™ de8Xn)
_ (x1<u/)8—degX1’ . 7xN(u/)€—degXN)‘
— Cup(u,u')* > (LCy — Cy)p(u,u)* >0  if L>C,/C,. (2.4.8)
Note that ' = Ag—l,v(Ag:v(wl))» and w' = A?'_l,v(A?,'v(w’)). Here, for the
point w. = A, (w'), we have z;(u,w.) = a;(e) - €8+ on the one hand, and

we have z;(u/,wl) = w; - €4°®X on the other hand, i = 1,...,N. Since the
points u,u’,v and w. meet our assumption on points (see above two assump-
tions marked by “e”), we have that the Holder constants of z;(u,z)e™ 9&Xi are
bounded uniformly in {wj}évzl belonging to some neighborhood of zero. Hence,

p(w',w") = BOp(u,u ), and
d* (W', w') = Op(u,u’). (2.4.9)

2. The case of o = 0 is proved similarly to the previous case. We prove that
the functions z;(u, z)e~9%8X1 . xn(u,x)e” 48XV are uniformly continuous in
u € U for a fixed x € M, and this continuity is uniform in z,v and € > 0. The
points under consideration meet the above condition:

1) both values doo(u,v) and d¥ (v, ) are comparable to ¢;
2) the point u can be changed only by such a point «’, that the distance doo (u, u’)
is also comparable to e (see second step).

To prove our result, we assume the contrary that there exists o > 0 such that
for any § > 0 there exist ¢ > 0, points v,z € U, a level set 6, (x), and points
(u, w1 (u)edes X1 wn(u)ed®e XN ) and (v, 2 (u/)edes X1 an(u)ed® XN ) on it
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such that p(u,u') < §, and in the right-hand part of (2.4.7) instead of Lp(u,u’)?,
we obtain o.

Repeating further the scheme of the proof almost verbatim and replacing
(LCy — Cy)p(u,u’)* by 0Cy — wy, (p(u,u')) in the right-hand part of (2.4.8), we
obtain the similar contradiction and deduce

p(w' w') = War, oAw (p(u,u')). (2.4.10)

We may assert without loss of generality, that w INERIN does not depend on z
and v (see (2.4.7) and (2.4.8)).

Fourth step. Taking (2.4.2), (2.4.9) and (2.4.10) into account we obtain
db, (we,wy) = e[O(C,C)]p(u, u') ¥ and di (we, wy) = e[O(C,C)lp(u, u') ¥
for a > 0. Similarly, we obtain the theorem for o = 0:

a2 (w, w) = e[0(C,C)] max{wz(p(u, ), w0

s

1
o, (P W)}
The theorem follows. O

1

Corollary 2.4.3. 1. Note that do(u,u’) = Ce implies p(u,u’) < Ce. Then, for
a > 0, we have
d" (we,wl) = O(e'T3r) as e — 0
where O is uniform in u,u’,v € U C M, and in {w;}¥, belonging to some compact
neighborhood of 0, and depends on C' and C.
2. If « =0 then
d (we,wl) = o(g) as e — 0

where o is uniform in u,u’,v € U C M, and in {w;}}¥; belonging to some compact
neighborhood of 0, and depends on C' and C.

Remark 2.4.4. The estimate O(e1*17) is also true for the case of vector fields X;,
i=1,..., N, which are Holder with respect to such d that de(u,u’) = Ce implies
0(u,u’) = Ke, where K is bounded for u, v’ € Y.

A particular case is 0 = d?_, where do (2, u) < Qe (see Local Approximation
Theorem 2.5.4, case a = 0, below).

2.5. The approximation theorems
In this subsection, we prove two Approximation Theorems. Their proofs use the

following geometric property.

Proposition 2.5.1. For a neighborhood U € M, there exist positive constants C > 0
and rog > 0 depending on U, M, N and values {Fiﬁm}j%ﬁ such that for any
points u and v from a neighborhood U the following inclusion is valid:

U  Box“(z,6) € Box“(v,r +C¢), 0<&r <.

z€Box¥ (v,r)



Carnot—Carathéodory Spaces, Coarea and Area Formulas 277

N N
Proof. Suppose z = exp(z xZXZ“> (v), d% (v,z) <r, and z = exp(Z )( ),
i=1 i=1
d¥ (z,z) < & We estimate the distance d¥% (v, z) applying formulas (2.1.10) to

points z and z. Denote by {¢;}}¥, the coordinates of z with respect to v: 2z =
N

exp( X GRY) (),
i=1

CASE of deg X; = 1. Then |G| < |z + |2i] < (r + €)de8 Xi,
CAsE of deg X; = 2. Then

Gl < lail + il + Y0 1FE o ()llanzg — 2

ler+ej|n=2,
I<j
§T2+52+CZ( )’I"§<T'+2 ()£+(Cz(2u)£>2

(S s e

Here we assume without loss of generality that C;(u) > 1.
CASE of deg X; = k > 2. We obtain similarly to the previous case
Gl < il + [z + > B g (u)]a - 2"

|n+Bln=k,n>0,8>0
< D AP (uyrln P < (r 4 Ci(u)g)der e
[u+Bln=Fk

Here we assume without loss of generality that C;(u), ¢;(u) > 1. Denote by C(u) =
max C;(u). From above estimates we obtain
7

4% (v, 7) = max{|G;| 9% X} < max{(r + Ci(u)€) %1 } < 7+ C(u)e.

Since all the C;(u)’s are continuous on « then we may choose C' < oo such that
C(u) < C for all u belonging to a compact neighborhood. The lemma follows. O

Theorem 2.5.2 (Approximation Theorem). Assume that u,u’',v,w € U. Then the
following estimate is valid:

[o(u, u') i (v, w)] 7 if o >0,
Olwz(p(u,u))p(v,w)] 7 if a=0.

All these estimates are uniform on U € M.

|2 (v, w) — d% (v,w)| = { (2.5.1)

N N
Proof. Let o > 0. Denote by z = exp(Z ZZX;‘>( ) and 2’ = exp( Y. 2z X )( ).

i=1 i=1
If z € Box" (v, d% (v, w)) then 2’ € Box" (v,d% (v,w)) and z € Box" /(z R(u,u)).
Here
R(u,u) = sup d“ (p.p),
p’ €Box™ (v,d% (v,w))
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2

~ N ~
where p = exp( piXZ?L> (v) and p’ = exp(Z DX} )(v) Using Proposition 2.5.1
i=1 i=1

(2

we have that
Box* (v, d% (v,w)) C U Box" (z, R(u, u'))
z€Box™ (v,d¥, (v,w))
C Box" (v, d% (v, w) + CR(u,u'))
for some 0 < C' < oo. Note that, in view of Theorem 2.3.9 we have

R(u, ') = sup Olp(u, u')p(v,p')] 37 < Op(u, u)*d% (v, w)] 37
p’ €Box® (v,d%, (v,w))

Thus, we can write
Box" (v, d% (v, w)) C Box" (v, d" (v,w) + CR(u,u')) C
Box" (v, d“ (v, w) + O[p(u, u)*d™ (v, w)] 7). (2.5.2)
If d“ (v, w) < O[p(u,u')*d", (v, w)]* then the theorem follows:
|8 (v, w) = d (v, w)] < di (v, w) + d% (v, w) = Op(u, w)*d (v, )] 7.

If d¥ (v, w) > ®[p(u,u’)ad’;o(v,w)]ﬁ then applying again Proposition 2.5.1
we obtain

Box" (v, d% (v, w) — O[p(u, u’)*d% (v, w)]37) C Box" (v, d% (v, w)).

From the latter relation, taking into account the fact that w € 9 Box" (v, d% (v, w))
and relation (2.5.2), we infer

d (v, w) — O[p(u,u')*d% (v,w)] ¥ < d¥
< d% (v, w) + Op(u, u')*d¥ (v, w)] 7.

The case of & = 0 is proved similarly. The theorem follows. O

(v, w)

Remark 2.5.3. If the derivatives of X;,7 =1,..., N, are locally Holder with respect
to 9, then we have d(u, u')® instead of p(u,u)* in (2.5.1) (the proof is similar).

Approximation Theorem and local estimates (see Theorem 2.4.1) imply Local
Approximation Theorem.

Theorem 2.5.4 (Local Approximation Theorem). Assume that u, v/, v, w € U.
Suppose that doo(u,u’) = Ce, doo(u,v) = Ce and d(u,w) = Ce for some C, C,
C < .

1. If a > 0, then
|2 (v, w) — d (v, w)| = £[O(C, C, C))p(u, u') . (2.5.3)
Moreover, if ' = v and o > 0, then

| (v, w) — dos (v, w)| = £[O(C, C)]p(u, v) 7.
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2. If a =0, then
|2 (v, w) — d% (v, w)| = £0(1) = o(e)
as € — 0, where o is uniform in u,u’,v,w € U C M. Moreover, if v’ = v and
a =0, then
|d5e (v, w) — doo (v, w)| = o(e)

as € — 0, where o is uniform in u,v,w € U C M.
The Proof follows the same scheme as the proof of Approximation Theorem 2.5.2
with R(u,u’) = £[0(C,C, C)]p(u,u’) . The latter equality is valid by the unifor-
mity assertion of Theorem 2.4.1.
Remark 2.5.5. If the derivatives of X;, 7 =1,..., N, are locally Holder with respect
to 0, then we have 0(u,u')# instead of p(u,u’)™ in (2.5.3) (the proof is similar).
2.6. Comparison of local geometries of two local homogeneous groups
Proof of Theorem 2.3.1. First step. Consider the case of > 0. The case of Q =1

is proved in Theorem 2.4.1.

Second step. Suppose that Q = 2. For e = 1, put wy = wi and w) = w%/. Then,
we have

N
Wy = exp (Z w@gX;‘) (wo) (2.6.1)
i=1
and
N ~ 7
wh = exp (Z wi o X' )(wo). (2.6.2)
i=1

It follows from the formulas of group operation in G*M and g“/M, that

N
wh = exp( E wi’gedegXiX?) (wo)
i=1
and

N
w;l = exp (Z wz/_’2€degXi)?iu/) (’u)o)
i=1
To estimate d“ (w§, w'), consider the auxiliary points
N N
wh = exp (Z wi 2 X} )(wo) and wh® = exp (Z wy 298 X1 X 1 )(w0)~
i=1 i=1
From the generalized triangle inequality we deduce
i (ws, w3') < e(di(wh, wi®) + dig (wy", wg)). (2.6.3)

In view of Theorem 2.4.1, we have d¥ (w§, w}®) = eOp(u, u')# . By the homogene-

ity of the distance d“ we have

4% (Wi, wg) = ed™ (w), wh). (2.6.4)
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Now, we estimate the value dg; (wh, wj). For doing this, we use the group operation
in the local homogeneous group Gv M.

First of all, note that |w;2 — wj,| = Op(u,u’)*. Indeed, if we calculate
these values w; 2 and wj , via formulas of group operation (2.1.10), we see that all
thgse expressions differ only in values of the function {Fi,ﬁ}j,uﬂ Since |FZB (u) —
F7 5(u')| = ©p(u,u’)* for all j, u, B, we have also |wi 2 — w] o] = Op(u,u’)®.

Next, note that while applying the group operation (see (2.1.10)), all sum-
mands look like w; 2 — wj 5 or wi2 —wj o + > O(Wk2w) 5 — wj2wy, o). By (2.1.10),
we deduce

/ /
wk’gwjg — Wj’gwkg
= wr2(wj2 + Op(u,u')*) — wja(wr 2 + Op(u,u')*) = Op(u, u')*,

o

and finally d¥ (wl,wh) = O(p(u,u')7r). Here © depends on C, C, Q@ = 2 and
{F, 5(u)}is-
Taking into account the relations (2.6.3) and (2.6.4), we obtain
i (w5, w5') < eOp(u,u)®
In view of Local Approximation Theorem 2.5.4, we derive
db, (w5, w3') = eOp(u, u') ir.
Third step. In the case of Q = 3, it is easy to see from the previous case and the
group operation, that if
N
ws = exp (Z wi’gXZ‘) (wo)
i=1

and
N
wh = exp(D w5 X1 ) (wo),
=1

then again |wiz — wj3| = Op(u,u)*. Here © depends on C, C, Q@ = 3 and
{Fi,ﬁ‘U}Wﬁ' (It suffices to apply the group operation (2.1.10) in the local ho-

mogeneous groups G*M and G* M to expressions (2.6.1) and (2.6.2) and to points
ws and w}, respectively.) From now on, for obtaining estimate (2.3.1) at Q = 3,
we repeat the arguments of the second step.

Fourth step. It is easy to see similarly to the third step, that the group operation
and the induction hypothesis |w;;—1 — wi; ;| = Op(u,v)*, 3 < | < Q, imply
|lwii —w;i | = Op(u,u’)*. Indeed, it suffices to put w;; and w; ; instead of w; 3 and
w§73, and w;;—1 and w;l_l instead of w; 2 and w§72 in the third step, and apply
arguments from the second step.

The case of a = 0 can be proved by applying the similar arguments.

The theorem follows. |
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2.7. Comparison of local geometries of a Carnot—Carathéodory space
and a local homogeneous group

In this subsection, we compare the local geometry of a Carnot—Carathéodory space
manifold with the one of a local homogeneous group.

Theorem 2.7.1. Let u,wg € U be such that doo(u,wy) = Ce. For a fixed Q € N,
consider points

N N
~c __ ~_deg X; Yu /e e __ . deg X v e
w; = exp( E wj ;€ X; )(wjfl), w; = exp( E w; j€ XZ> (wjfl),

i=1 i=1
w§ = w5 =wp, j=1,...,Q. (Here Q € N is such that all these points belong to a
neighborhood U C M small enough for all € > 0.) Then, for a > 0 we have

max{d (05, W), doo (T, W) }_Z@ (C ke AF2 glutjpp) - e T3 (2.7.0)

In the case of a =0 we have

{d (@, w§), dos (W5, wE) } = € - OC, Q{FY luu}jp)w(e)] ¥

where w(e) — 0 as e — 0. (Here © is a bounded measurable function: |©] < Cy <
00, it is uniform in u, v, wo € U and {w; ;},i=1,...,N,j=1,.. ,Q, belonging
to some compact neighborhood of 0, and it depends on Q and on {F ,@‘u}J,u,B )

Proof. For simplifying the notation we denote the points @]1 by w;, and we denote

wjl- by w; for e =1, j = 1,...,Q. First, we estimate the distances between the
points wg and wg. To do it, we construct the following sequence of points.
Let

Wik, fexp(zww ) Wk, j— 1)

WE,0 = W, kJ—O,...,Q—l, i=1,...,Q —k.
By another words, for ¥ = 0 we obtain such sequence of integral lines that its

first fragment coincides with exp(Z w; 1698 Xi X; ) (wg), and the other ones may
=

diverge. Next, for kK = 1, we obtain such sequence of integral lines that its first frag-

N
ment coincides with exp(Z wi’gedeg Xi Xi) (w1), and the other ones may diverge,
i=1
etc. Hence, wg—1,1 = wg and
Q-

do (W, wq) =© - (d (g, wo,q) Z (Wk,Q—ks Wk—1,0— k+1)>
k=1

If @ > 0 then Theorem 2.3.1 implies
di. (D, w0,q) = O(C, Q: {F slutju6)p(u, wo) ¥
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Moreover, for each of the summands we have

=P

di (Wr,g—k> Wk—1,0—k+1) = O(C,Q — F, {Fi,,@|u}j,u,ﬁ) (wk, wi—1)

By the same theorem, if we replace w;; by wi,jgdegxi, and wy and Wy by wf

and @j, respectively in all the above formulas, ¢ =1,...,N, j,k=1,...,Q, then
it is easy to see using induction by k that firstly d% (wf,wf_,) = Cge, secondly
di (u, wy) = Cre and di (u,wf o ) = cre forall k =0,...,Q — 1 (this fact gives
possibility to estimate d¥, instead of d2*, see Local Approximation Theorem 2.5.4),
thirdly

di (0, w5,q) = €0(C, Q, {F) lu} ju)plu, wo) i
fourthly,

dy) (chQ k> Wh— 1,Q— k+1)*56(c Q—k,{F Lg\u}yuﬁ) (wi,wi,l)%

and

do (wi,Qflm wlifl,ka+1) =¢e0(C,Q — k, {Fi,gW}j,u,ﬁ)P(wia wiq)%

Thus we obtain df, (@, wg) = Z o(C, k, {F ﬁ‘U}LM,B) el

Since dy, (w5, wg) = O(e ) and d (u, W5 ) = O(e) then, by Local Approxi-
mation Theorem 2.5.4, we have

Q
doo (W, w)) = Y OC, k {F] slu}jpup) - 3.
k=1

If a = 0 then we repeat the above arguments replacing p(-,-)* by o(1). The
theorem follows. |

Remark 2.7.2. If the derivatives of X;,7 =1,..., N, are locally Hélder with respect
to 0, such that deo(z,y) < € implies ?(z,y) < Ke, where K is bounded on U, then
the same estimate as in (2.7.1) is true (the proof is similar).

A particular case of such 0 is dZ_, doo(u, z) < Qe (see Local Approximation
Theorem 2.5.4).

2.8. Applications

In Subsubsections 2.8.1 and 2.8.2 below, we assume that a Carnot—Carathéodory
space M is a Carnot manifold meeting the 4th condition in the definition 2.1.1:
(4) a quotient mapping [-,-]o : Hy x Hj/H;—1 — Hj+1/H; induced by Lie
brackets, is an epimorphism for all 1 < j < M.
Under Condition (4) a local homogeneous group will be a local Carnot group
(a stratified graded nilpotent group Lie).
We will not need this condition only in Remark 2.8.7 and subsubsection 2.8.3.
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2.8.1. Rashevskii—-Chow theorem.

Definition 2.8.1. An absolutely continuous curve v : [0,a] — M is said to be hori-
zontal if 4(t) € H., M for almost all ¢ € [0,a]. Its length I(7) equals f |4 (t)| g dt,

where the value |¥(t)|g, is calculated using the Riemann tensor gy on M. Anal-

ogously, the canonical Riemann tensor ggupy on G“M defines a length 1 of an
absolutely continuous curve 7 : [0, a] — G“M.

Definition 2.8.2. The Carnot—Carathéodory distance between points x,y € M is
defined as dec(z,y) = inf I(y) where the infimum is taken over all horizontal curves
B!

with endpoints x and y.
The Carnot-Carathéodory distance di.(z,y) between points z,y € G“M is
defined in the local Carnot group G*M similarly.

Corollary 2.8.3 (of Theorem 2.7.1). Let M be a Carnot manifold. Suppose that
Assumption 2.1.6 holds for o € (0,1]. Let y € M. Let also € be small enough to
provide G*M D Box(y, €) for all x € Box(y,¢), and u,v,® € Box(y, ). The points
v, W € Box(y, e) can be joined in the local Carnot group (G*M, d¥) D Box(y,€) by a
horizontal curve y composed by at most L segments of integral curves of horizontal
felds X ,i=1,...,dim Hy. To the curve 7 it corresponds a curve 7, horizontal
with respect to the initial horizontal distribution HM, constituted by at most L
segments of integral curves of the given horizontal fields X;, i = 1,...,dim H;.
Moreover,

1) 1(R) is equivalent to d" (v, @): 0 < o < EZ) y < B < oo
2

) the curve v has endpoints v, w € Box(y, (€));
3) [l(y) =1(A)] = ole);
4) max{d% (0, w), deo (0, w)} < Cel*ir where C is independent of y,u, v, in
some compact neighborhood U € M

5) if v =u then I(v) is equivalent to deo(v,w): 0 < oy < 3 l((z)w) < B < .

All these estimates are uniform in @, v and y of some compact neighborhood U € M
as e — 0.

Proof. The desired curve comes from those on any Carnot group [47]: given a

Carnot group G with the vector fields )/(\'1, e ,)?N, each point z can be repre-
sented as

T = exp(aL)?iL) o--- oexp(al)?il), ij €{l,...,dim Hy},

where each |a;| is controlled by the distance c/l\cc(O,x) (or JOO(O,x)), j=1,...,L,
and L is independent of . To this composition of exponents it corresponds a
horizontal curve 5 constituted by at most L segrnents 75, =1,...,L, of integral
curves of the horizontal vector fields X“ , Xlz, e XZL with endpomts 0 and z. For
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doing this, we set

"(t) = exp(tal)?il),
t€[0,1],

75(t) = exp(ta; X;;)(F;-1(1)) = Fj-1(1) - exp(ta; X;,),
t €[0,1],

j=2,...,L, and from here we have z = 7;, (1).

Now we carry over a construction described above to the local Carnot group
(G*M,d%) D Box(y,e): the given points w,v € G*M can be connected by a
horizontal curve 4 corresponding to the composition:

@ =exp(ap X ) o--oexp(ar X2)(v), i€ {1,...,dimH,}, (2.8.1)

j=1,..., L. It follows immediately the first statement of the corollary.
Then the curve 7, corresponding to the composition

w=exp(arX;,)o---oexp(a1 Xy, )(v), i; €{l,...,dimH;}, (2.8.2)

and constituted by segments

71(t) = exp(ta1 Xy, )(v),
t €[0,1],

7;(t) = exp(ta; Xi;)(vj-1(1)),
t €[0,1],

j=2,...,L,and from here we have w = ;, (1), is horizontal and its length equals

1(7) + o(e) due to small difference of Riemann tensors in M and in G“M. It can be
verified by a direct estimation of the length integral

L !
[ 1l de =3 [ 10, (50
0 J=19%
taking into account the following evaluations: gy (x) = gm(v)+o0(1) for Riemannian
tensor on Box(y, ), and the same behavior of Riemannian tensor gguy on G“M,
|a;| = O(e), and the evaluations of Theorem 2.2.9 and Corollary 2.2.11.
The estimate

max{d" (w,w'), doo (w,w')} < CelT3r

follows immediately from (2.7.1).

The last statement of the corollary is a consequence of previous ones: we may
assume that doo (v, w) = d¥ (v, w) = ¢, then
1) |y -1 l @) () -7
16) o) =Tl _ 1) 1) M) =T _ 5,y
€ doo (v, W) doo (v, w) 5 doo (v, W)

a—o(l) <

O
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Theorem 2.8.4. Let M be a Carnot manifold. Suppose that Assumption 2.1.6 holds
for some a € (0,1]. Let y € M. Given two points w,v € B(y,e) where ¢ is
small enough, there exist a curve vy, horizontal with respect to the initial horizontal
distribution HM, with endpoints w and v, and a horizontal curve ¥ in the local
Carnot group (GYM, d¥,) with the same endpoints, such that

1) T(ﬁ) is equivalent to d¥ (w,v);

2) 1(7) = 1)| = o(e);

3) if v =y then the length I(v) is equivalent to doo(y,w).

All these estimates are uniform inw, v and y of some compact neighborhood U € M
as e — 0.

o2

Proof. We can choose ¢ from the condition of the theorem by requests C?* e <
land e < %, where C is the constant from Corollary 2.8.3.

Apply Corollary 2.8.3 to the points u = y, v and w. It gives a horizontal curve
~v1 (7) with respect to the initial horizontal distribution HM (in the local Carnot
group (GYM, d¥,)) with endpoints v and w; (v and w) constituted by at most L
segments of integral curves of given horizontal fields X; ()/(\'Zy), i=1,...,dim H;.
In view of Corollary 2.8.3, the curve 4 has length comparable with d¥% (v,w),
[1() — lA(’V\)| = o(e) and max{d¥, (w1, w), deo (w1, w)} < Ce'tir.

Next, we apply again Corollary 2.8.3 to the points © = v = w; and w. It
gives a horizontal curve o with respect to HM with endpoints w; and ws. Its
length is O(e'*31) where O is uniform in u,v,w € Box(y,¢), and duoo (w2, w) <
C(Celtir )i < gl+i7,

Assume that we have points w1, . .., wy and horizontal curves v;, I = 2,..., k,
with respect to HM with endpoints w;_; and w;, such that +; has a length not
exceeding C(e1T 57 ®), and duo (wy, w) < '+ 5

We continue, by the induction, applying Corollary 2.8.3 to the points u =
v = wy, and w. It results a horizontal curve 7,41 with endpoints wy and wg1, such
that 41 has a length O(erﬁa) and doo (Wry1,w) < C’(C&:Hkﬁ)l*% < e,

A curve I, = 1 U+ - - Uy, is horizontal, has endpoints v and w,,, its length

does not exceed I(y1) + o(e) + C 3. e85 < I(71) + 0(e) and deo (W, w) — 0 as
=1

m — oo. Therefore the sequence I';,, converges to a horizontal curve v as m — oo
with Property 2 mentioned in the theorem.

Under v = y we can take do(y,w) as € in above estimates: it gives an
evaluation {(y) < Cds(y,w). The opposite inequality can be verified directly by
means of the above-obtained estimate: indeed, if do (y, w) = € then du(y, w) =

~

d%,(y, w) < CI(7) < Cl(y) + o(€); it follows that deo (y, w) — o(duo(y, w)) < Cl(7)
and the estimate deo(y,w) < C1l(7) holds with C; independent of y from some
compact neighborhood if w is close enough to y. Thus we have obtained the Prop-
erty 3. g



286 M. Karmanova and S. Vodop’yanov

As an application of Theorem 2.8.4 we obtain a version of Rashevskii-Chow
type connectivity theorem.

Theorem 2.8.5. Let M be a Carnot manifold. Suppose that Assumption 2.1.6 holds
for a € (0,1]. Every two points v, w of a connected Carnot manifold can be joined
by a rectifiable absolutely continuous horizontal curve v composed by not more than
countably many segments of integral lines of given horizontal fields.

2.8.2. Comparison of metrics, and Ball-Box theorem.

Corollary 2.8.6. Let M be a Carnot manifold. Suppose that Assumption 2.1.6 holds
for a € (0,1]. In some compact neighborhood U € M, the distance d.. is equivalent
to the quasimetric ds.

Proof. An estimate d..(z,y) < Cidoo(z,y) for points z,y from a compact neigh-
borhood U € M follows from Theorem 2.8.4. Our next goal is to prove the con-
verse estimate. Fix a compact neighborhood & € M and assume the contrary:
for any ! € N there exist points z;,y; € U such that doo(x, 1) > ldee(zi,y1)-
In this case we have doo(2,;) — 0 as I — oo since otherwise, for some subse-
quences z;, and y;,, we have simultaneously de.(zi,,v,,) — 0 as n — oo, and
doo(z1,,91,,) > a > 0 for all n € N what is impossible. We can assume also
that 2; — = € U as | — oo and x; # y;. Setting doo(21,) = & we have
doo (ml,Afé,lyl) = r where r > 0 is normalizing factor. Let v : [0,1] — M
be a Lipsdllitz horizontal path such that its length equal d..(z;,y;) [22]. Then a
length I(T';) of the curve I';: [0,1] 2 ¢ — Afél‘l (7(t)), equal Zdcc(x1, yi) where the

el/r
4

length I(T';) is measured with respect to the frame {X } with pushed-forward

dim H,
Riemannian tensor. Really, if 4(¢) = > 4 (t)X;(y(t)) a. e. in ¢t € [0,1], then
i=1

) dim Hy

Lit)=2 X Y ()X /(T (t)) a. e. in t € [0,1]. Tt follows directly the equality
i=1

W) = édcc(xl,yl). As far as the vectors Xf’/r, i =1,...,dim Hy, are closed to

the corresponding nilpotentized vector fields X Soi=1,...,dim Hy, by Gromov’s
Theorem (see Corollary 2.2.13), the Riemannian distance p(wl,Af;_lyl) — 0 as
l

| — oo:
p(x, AT y) < CUIY) = ngcc(wz,yz) < CTZ_IM =Crl Y,
TEl l l

where the constant C' is independent of [.
It is in a contradiction with d (a:l, Afé,lyl) = r for all ] € N (see Proposition
l

2.2.2 for a comparison of metrics). (]
Remark 2.8.7. Note that, for obtaining the estimate doo(z,y) < Caodec(x,y), the

value a need not to be strictly greater than zero. Thus, the estimate do(z,y) <
Cad.c(z,y) is valid not only for o = 0 but also in a Carnot—Carathéodory space.
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Another corollary is the so-called Ball-Box Theorem proved earlier for smooth
vector fields in [116, 70].

Theorem 2.8.8 (Ball-Box Theorem). Let M be a Carnot manifold. Suppose that
Assumption 2.1.6 holds for o € (0,1]. The shape of a small ball Be.(x,r) in the
metric de. looks like a box: given compact neighborhood U C M there exist constants
0 < C; <0y < and rg independent of x € U such that

Box(z, Cyr) C Bee(z,7) C Box(z, Car) (2.8.3)
for allr € (0,79).
Theorem 2.8.8 implies

Corollary 2.8.9. Let M be a Carnot manifold. Suppose that Assumption 2.1.6 holds
for a € (0,1]. The Hausdorff dimension of M equals

= i(dim H; — dim H; 1)
i=1

where dim Hy = 0.

This corollary extends Mitchell Theorem [108] to general Carnot—Carathéo-
dory spaces with minimal smoothness of basis vector fields.

Remark 2.8.10. Let Assumption 2.1.6 hold for « € (0, 1]. Applying Corollary 2.8.8,
we obtain

1) the generalization of Theorem 2.3.9 for points w and w’ close enough:
maxc{df, (w, w'), dec(w, w')} = Olp(u, v)p(v,w)] 7 < Oldee(u, v)dec(v, w)] 7
2) the generalization of Theorem 2.4.1:
max{dg, (we, wl), dec(we, wl)} = €[O(C, C)]p(u, v) ¥

3) the generalization of Theorem 2.7.1:
Q
mas{dy, (G, ). dee(. 1))} = 3 OC.k: {F} gyp) -1
k=1

Corollary 2.8.6 and [72, Theorem 11.11] imply the following statement con-
taining a result of [67], where only the first assertion is obtained under assumption
of higher smoothness of vector fields.

Proposition 2.8.11. Let M be a Carnot manifold. Let X and Y be two families
of vector fields on Ml with the same horizontal distribution HM for both of which
Assumption 2.1.6 holds with some « € (0,1]. Then, in some compact neighborhood
U € M, the following assertions are equivalent:
1) There exists a constant C > 1 such that C~1dX < d¥, < CdX.
2) There exists a constant C > 1 such that C~ Y Xpgp| < |Yae| < C|Xgy| for
all p € C*(M).
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Here dX and dY, are quasimetrics constructed with respect to the bases X
and Y, and Xy and Yy are horizontal gradients (i.e., horizontal parts of the
gradients) of ¢.

Remark 2.8.12. If the derivatives of X;, ¢ = 1,..., N, are locally Holder with
respect to 0, where 0 meets conditions of Remark 2.7.2, the statements of Corol-
lary 2.8.3, Theorem 2.8.4, Theorem 2.8.5, Corollary 2.8.6, Theorem 2.8.8, Corol-
lary 2.8.9, Remark 2.8.10 and Proposition 2.8.11 are also true.

2.8.3. Mitchell Type theorem for quasimetric Carnot—Carathéodory spaces. In
the papers [129], [130] the theory of convergence for quasimetric spaces is devel-
oped. It includes as a particular case the Gromov—Hausdorff theory for metric
spaces [22]. Using main results of the present paper, Svetlana Selivanova proves
the existence of the tangent cone (with respect to the notion of convergence intro-
duced in her papers) to a quasimetric Carnot—Carathéodory space. The matter of
this subsection is taken from [129], [130]. Now we formulate some definitions and
statements from those papers. The following notion generalizes definition 2.2.1.

Definition 2.8.13 ([133]). A quasimetric space (X,dx) is a topological space X
with a quasimetric dx. A quasimetric is a mapping dx : X x X — R* with the
following properties
(1) dx(u,v) > 0; dx(u,v) =0 if and only if u = v;
(2) dx(u,v) < exdx(v,u), where 1 < cx < oo is a constant independent of
u,v € X
(3) dx(u,v) < Qx(dx(u,w) + dx(w,v)), where 1 < Qx < oo is a constant
independent of u,v,w € X (generalized triangle inequality);
(4) the function dx (u,v) is lower semicontinuous on the first argument.

If cx =1, Qx =1, then (X, dx) is a metric space.
The distortion of a mapping ¢ : (X,dx) — (Y, dy) is the value
dis(p) = sup |dy (p(u),¢(v)) — dx (u,v)|.
u,veX

Definition 2.8.14 ([129]). The distance dgm(X,Y) between quasimetric spaces
(X,dx) and (Y, dy) is defined as the infimum is taken over p >0 for which there
exist (not necessarily continuous) mappings ¢: X —Y and ¢:Y — X such that

max {dis(¢), dis(1), sup dx (z,9(p(x))), sup dy (y, (V) } < p-

Note that for bounded quasimetric spaces the introduced distance is obviously
finite.

Proposition 2.8.15 ([130]). The distance dgm possesses the following properties:
1) if quasimetric spaces X andY are isometric, then dg,,(X,Y) =0; if X andY
are compact and dg, (X,Y)=0, then X andY are isometric (nondegeneracy).
2) dgm(X,Y) = dgn (Y, X) (symmetricity).
3) dgm(X,Y) < (Qz+1)(dgm (X, Z)+dem(Z,Y)) (analog of the triangle inequal-
ity).
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Definition 2.8.16 ([129]). A sequence of compact quasimetric spaces (X,,dx, ),
n € N, converges to a compact quasimetric space (X, dx), if im dgm,(X,, X) =0.
n—oo

Proposition 2.8.15 implies

Proposition 2.8.17 ([130]). If compact quasimetric spaces (X,dx), (Y,dy) are
obtained as limits of the same sequence of compact spaces (X,,dx, ) such that
Qx,| < C < oo foralln €N, then X and Y are isometric.

For noncompact spaces the following more general notion of convergence is in-
troduced. A pointed (quasi)metric space is a pair (X, p) consisting of a (quasi)metric
space X and a point p € X. Whenever we want to emphasize what kind of
(quasi)metric is on X, we shall write the pointed space as a triple (X, p,dx).

Definition 2.8.18 ([129]). A sequence (X, pn,dx, ) of pointed quasimetric spaces
converges to the pointed space (X, p, dx), if there exists a sequence of reals ¢,, — 0
such that for each r > 0 there exist mappings ¢, , : Bxn (p, 7+ On) = X, Ynr:
B (p,r + 26,) — X, such that

1) <pn,7'(pn) =D, wn,r(p) = Pn;
2) dis(pn,r) < 0p, dis(Pn,r) < On;
3) sup dx, (, Ynr(Pnr(x))) < dp.

z€B¥Xn (Pr,r+8n)

Recall that a quasimetric space X is boundedly compact, if all closed bounded
subsets of X are compact. Two pointed quasimetric spaces (X, p) and (Y, q) are
called isometric, if there exists an isometry 1 : Y — X such that n(q) = p.

The following theorem (see [129, 130] for details) informally states that, for
boundedly compact spaces, the limit is unique up to isometry.

Theorem 2.8.19. Let (X,p), (Y,q) be two complete pointed quasimetric spaces
obtained as limits (in the sense of Definition 2.8.18) of the same sequence (X, pr)
such that |Qx,| < C for all n € N. If X is boundedly compact then (X,p) and
(Y, q) are isometric.

Definition 2.8.20. Let X be a boundedly compact (quasi)metric space, p € X.
If the limit of pointed spaces )\lim (AX,p) = (T, X, e) (in the sense of Definition

2.8.18) exists, then T, X is called the tangent cone to X at p. Here AX = (X, \ -
dx); the symbol /\lim (AX,p) means that, for any sequence \,, — oo, there exists
—00

lim (A, X, p) which is independent of the choice of sequence A,, — 0o as n — oo.

Ap —00

Remark 2.8.21 ([130]). According to theorem 2.8.19, the tangent cone is unique
up to isometry, i.e., one should treat the tangent cone from definition 2.8.20 as
a class of pointed quasimetric spaces isometric to each other. Note also that the
tangent cone is completely defined by any (arbitrarily small) neighborhood of the
point.

In [129], [130] the introduced definitions are then compared with their coun-
terparts for metric spaces [22]. Recall that the Hausdorff distance between subsets
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A and B of a metric space (X,
U.(B),B C Uy(A)}, where U, (A

set A.

dx) is the value dy(A,B) = inf{r > 0|A C
) = U B%(a,r) is the r-neighborhood of the
acA

Definition 2.8.22. The Gromov-Hausdorff distance dgp(X,Y) between metric
spaces X and Y is the infimum over » > 0 for which there exists a metric space
Z and its subspaces X’ and Y, isometric to X and Y, respectively, such that
dg (X", Y < r.
Proposition 2.8.23 ([130]). Let (X,dx), (Y,dy) be metric spaces and p > 0.
1) If there exist (not necessarily continuous) mappings ¢ : X — Y and 9 :
Y — X such that dis(p) < p, dis(y) < p, sup dx(z,¢¥(¢(x))) < p, then
zeX
deu(X,Y) <p.
2) If deu(X,Y) < p, then for each € > 0 there exist mappings ¢ : X — Y and
Y Y — X such that dis(p) < 2p+e¢, dis(y)) < 2p+e, sup dx(z,¥(p(z))) <
zeX
2p +e.
As noted in [130], the conditions on the behaviour of sup dx(x,¥(e(x)))
zeX

(missing in [16], where an analog of Proposition 2.8.23 is formulated) are indeed
necessary for validity of this proposition. From Proposition 2.8.23 it follows

Proposition 2.8.24 ([129, 130]). Distances dgm and dgm are equivalent. More pre-
cisely, the following inequality holds: dau(X,Y) < dgm(X,Y) <2dau(X,Y).

Definition 2.8.25 (][22, 69, 71]). A sequence of compact metric spaces {X,}5,
converges in the Gromov-Hausdorff sense to a compact metric space X, if

lim dGH(Xn,X) =0.
According to Proposition 2.8.24, one obtains

Proposition 2.8.26 ([129, 130]). For metric spaces, Definitions 2.8.16 and 2.8.25
are equivalent.

Definition 2.8.27 ([22]). A sequence (X, p,) of pointed metric spaces converges
in the Gromov-Hausdorff sense to a pointed metric space (X, p), if for all r > 0,
€ > 0 there is a number ng such that for all n > ng there exist mappings ¢, , :
B (p,,r) — X such that

1) <pn,7'(pn) =D;
2) dis(¢n,r) < €
3) Ug(wn,,.(Ban (pn,7)) D B¥X(p,r —¢).

Using known criteria of convergence in the Gromov—Hausdorff sense [22], it
is not difficult to show [130] the equivalence of Definitions 2.8.18 and 2.8.27 for
metric spaces.
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Thus, taking in account Theorem 2.8.19 and its metric analog, one derives

Corollary 2.8.28 ([130]). Tangent cones to the metric space X at p € X, obtained
using convergences from Definitions 2.8.18 and 2.8.27, respectively, are isometric.

Consider again Carnot—Carathéodory spaces. The main result of [129] is the
following statement.

Theorem 2.8.29. Let M be a Carnot—Carathéodory space. The quasimetric space
(G"M, 0,d%) is the tangent cone at the point uw € M to the quasimetric space
(U, u,dso), U C M.

Recall that the quasidistance d% for points x,y € G"M such that x =
N ~

exp(Z mZ(XZ“)’) (y), is defined as d¥% (zr,y) = max{|mi\deglx7t }. Theorem 2.8.29
i=1 i

follows from Local Approximation Theorem 2.5.4. The dilations Ay, , AY

are
Ant

taken as the mappings ¢y r, ¥n,» in Definition 2.8.18.

Remark 2.8.30 ([129]). The metric version of Theorem 2.8.29 (in the case when
the Carnot—Carathéodory space M can be equipped with the intrinsic metric d..)
is proved in [70, 108] with the help of Gromov’s criterion (based on finite e-nets) of
convergence for compact metric spaces. Moreover, the convergence of noncompact
pointed spaces is defined as convergence of the corresponding balls in the sense
of Definition 2.8.25. The definition of the tangent cone obtained in this way is
equivalent to the definition with respect to convergence from Definition 2.8.27
only for length metric spaces. Thus, this approach is not applicable to the situation
under consideration.

Remark 2.8.31. In fact, one can consider an abstract quasimetric space with dila-
tions (which generalizes Carnot—Carathéodory spaces) and prove that the tangent
cone exists at each point satisfying some condition similar to the Local Approx-
imation Theorem [130] (compare with [21]). Moreover, assuming additionally a
certain regularity condition one can show that the tangent cone has the structure
of a Lie group, the Lie algebra of which is graded and nilpotent. The proof of this
fact is based on the well-known theorem due to A.I. Mal’cev [103] that provides
necessary and sufficient conditions for a local topological group to be locally iso-
morphic to a topological group, and on results of [132] concerning the structure of
contractible groups. The last result will appear in a forthcoming paper [131].

3. Differentiability on a Carnot—Carathéodory spaces

3.1. Primitive calculus

Recall that the dilation group 6 is defined in the local homogeneous group G“M:
N N N ~

to an element x = exp(Z mZXZ“> (u), it assigns 0¥x = exp(z z;ed8 XiXZ?L) (u) in

i=1 i=1
the cases where the right-hand side makes sense.
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Further, we extend the dilations ;" to negative t by setting df'x = c%( x 1)
for t < 0. The convenience of this definition is seen from the comparison of different
kinds of differentiability.

3.1.1. Definition.

Notation 3.1.1. Let M, M be two Carnot— Carathéodory spaces. We denote the
vector fields on M by X;. We label the remaining objects on M (the distance, the
tangent cone etc.) with the same symbols as on M but with a tilde ~ excluding the
cases where the objects under consideration are obvious: for example, for a given
mapping ¢ : E' — M, it is clear that G“M is the tangent cone at a point v € M and
G*WM is the tangent cone at the point ¢(u) € M d¥, is Carnot— Caratheodory

metric in the cone G*M, dfo(“) is Carnot—Carathéodory metric in ge(w) M, etc.

Recall that a horizontal homomorphism of homogeneous groups L : G and G
is a continuous homomorphism L : G — G such that

1) DL(0)(HG) C HG.
The notion of a horizontal homomorphism L : (Q“M, d;‘o) — (QQM, ggc), u € M,
q € M, of local homogeneous groups is different from this only in that the inclusion
L(G"M Nexp HG*M) C GIM N exp HGIM holds only for v € G“*M N exp HG*M
such that L(v) € GIM.
Since a homomorphism of Lie groups is continuous, it is easy to prove that a
horizontal homomorphism L : G — G also has the property
2) L(6v) = §;L(v) for all v € G and t > 0 (in the case of a horizontal homo-
morphism L : (Q“M,dgo) — (QQM, Jgo) of local homogeneous groups, the
equality L(d;v) = 6,L(v) is fulfilled only for v € G*M and ¢t > 0 such that
v € G"M and 0;L(v) € GIM).

Definition 3.1.2. Given two Carnot—Carathéodory spaces M and M, and a set
E C M, a mapping ¢ : £ — M is called he-differentiable at a point u € E' if there
exists a horizontal homomorphism L : (Q“M, dfjo) — (QW(“)M, &ﬂu)) of the local
homogeneous groups such that

A2 (p(v), L(v)) = o(d¥ (u,v)) as ENG*M 3 v — u. (3.1.1)

A horizontal homomorphism L : (Q“M, dgo) — (QW(“)M, Jfo(u)) satisfying
condition (3.1.1), is called an he-differential of the mapping ¢ : E — M at u € E
on E and is denoted by De(u). It can be proved [141] that if u is a density point
of E then the hc-differential is unique.

Moreover, it is easy to verify that the hc-differential commutes with the one-
parameter dilation group:

57 o Dep(u) = Dep(u) o 6% (3.1.2)
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Proposition 3.1.3 ([141]). Definition 3.1.2 is equivalent to each of the following
assertion:

1) agt™ (Af_(?)w(éf(v)),L(v)) = o(1) as t — 0, where o(-) is uniform in the
points v of any compact part of G*M

2) dso (Af,(?)w(éf (v)), L(v)) = o(1) ast — 0, where o(-) is uniform in the points
v of any compact part of G*M;

3) doo(p(v), L(v)) = o(d% (u,v)) as ENG*M 3 v — u;

4) dso(p(v), L(v)) = 0(doo(u,v)) as ENG*M 2 v — u.

Proof. First, we prove item 1. Consider a point v of a compact part of G*M and a
sequence ¢; — 0 as 7 — oo such that 6% v € F for all i € N. From (3.1.1) we have

agt™ ((0%v),L(6%v)) = o(d (u, 0% v)) = o(e;). In view of (3.1.2), we infer

dz(w (Afi(“) (A?qf)w(égv)) , 5;’;(“)L(v)) = o(g;) uniformly in v.

From here and properties of quasimetric Jféu) item 1 follows. Obviously, the ar-
gument is reversible.

Further we have apgew (z,y) < Jfo(u) (x,y) < Bpgeww (m,y)ﬁ, where pge(w
is the Riemannian metric on G#™), p(z,y) < doo(z,y) < p(z,y)¥ (a and 3
depend on the choice of the compact part), and metrics pgec) (2, y) and p(z,y) are
equivalent on any compact neighborhood part of point u. It gives the equivalence
of item 1 to item 2.

By Local Approximation Theorem 2.5.4, we obtain the equivalence of (3.1.1)
to the items 3 and 4. Really, it is enough to apply the following relations:

3.1.2. Chain rule. In this subsubsection, we prove the chain rule.

Theorem 3.1.4 (The Chain Rule [141]). Suppose that M, M, M are Carnot-Carathé-
odory spaces, E is a set in M, and ¢ : E — M is a mapping from E into M
he-differentiable at a point u € E. Suppose also that F is a set in I\NAI, o(E) C F
and Y : F — M is a mapping from F into M he-differentiable at p = p(u) € M.
Then the composition Yoy : E — M is he-differentiable at u and

D( 0 9)(u) = Dip(p) o Dp(u).
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Proof. By hypothesis, dfé“)(go(v),ﬁ@(u)[v]) = o(d¥% (u,v)) as v — u, v € E, and
also d2P (p(w), DY (p)[w])) = o(d?,(p,w)) as w — p, w € F. We now infer
&P (1 0 ) (v), (D(p) © Dep(u)) o))
< Q(dw(p)(l/f( (©)), DY) [¢(v)]) + d%P (D (p)[i2(v)], Dy (p)[Dip(u) (v)]))
o(d5( )+O(dp ( (v >,fvso<u>[v1))
(go )+0(( v)) = olds(u,v)) asv—u,
¢(u) and

I/\ I/\

since p =

d% (. (v)) < Q(d% (p, Dp(u)[v]) + dZ (i2(v), Dp(u)[v]) )
= O(d% (u,v)) + o(di (u,v)) = O(d% (u,v)) asv— u.

The estimate d& (p, ﬁgp(u)[v]) = O(d% (u,v)) as v — u follows from the continuity
of the homomorphism Dg(u) (see [151]) and (3.1.2). O

3.2. hc-differentiability of curves on Carnot—Carathéodory spaces

3.2.1. Coordinate hc-differentiability criterion. Recall that a mapping v : E — M,
where £ C R is an arbitrary set, is called a Lipschitz mapping if there exists a
constant L such that the inequality doo (v(y),y(z)) < L|ly—2| holds for all z,y € E.

Definition 3.2.1. A mapping v : E — M, where £ C R is an arbitrary set, is

called hc-differentiable at a limit point s € E of E if there exists a horizontal
dim H, -
vector a = Y. aiX;/(s)(v(s)) € H,-)M such that the local homomorphism
i=1
dim Hy Sr(s)
T — exp (T ¥ooaX]Y )(’y(s)) € G7)M is the hc-differential of the mapping
i=1
v E—=M, ie., 4 (v(s + T),(ﬂ(s)a) = o(r) for 1 — 0, s + 7 € E. The point
dim H,
exp( > aiXZ(S)) (7(s)) € G¥)M is called the hc-derivative?.
i=1
Some properties of the introduced notion of hc-differentiability can be ob-
tained from Proposition 3.1.3. For instance, the coefficients «; are defined uniquely:

N = .

if, in the normal coordinates, v(s+7) = exp(Z ")/Z'(T)X;/(é)) (v(s)), s+ 7 € E, for
i=1

sufficiently small 7 then Proposition 3.1.3 implies:

Property 3.2.2 ([141]). A mapping 7 : [a,b] — M is hc-differentiable at a point
s € (a,b) if and only if one of the following assertions holds:

(1) vi(7) = ay7 +o(7), i = 1,...,dim Hy, and (1) = o(79€Xi) i > dim Hy, as
T—0,s+7€KE;

1See Remark 2.1.23 for the cases of C'1»®-smooth basis vector fields, a € [0, 1].
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dimH,
(2) the vector > aiX;’(s)(’y(s)) € H, oM is the Riemannian derivative of
i=1
7y : [a,b] — M at a point s € (a,b), and v;(1) = o(r9€Xi) i > dim Hy, as
7T—0,s+7€F.

Proof. Really, consider an arbitrary real number 7 of a compact neighborhood of 0
such that s+7 € E and any sequence t,, going to 0 as n — oo such that s+t,7 € E.

Then, by 3.1.3, A’Y(l)’}/(S +t,T) = exp( ”;if;;)xt")( (s)), s +tn7 € E, has to

dim H4
go to exp( Z TozZXV( ))( (s)), s+ 7 € E. As far as, by Corollary 2.2.13, X/~

converges unlformly to X;’( %) we derive 4i(s) = «; for i = 1,...,dim H; and
7i(1) = o(r4°8Xi) as T — 0, s + 7 € E, for i > dim H;. O

3.2.2. he-differentiability of absolutely continuous curves. If a curve 7 : [a, 0] — M
is absolutely continuous in Riemannian sense then all coordinate functions v, (t) are
absolutely continuous on the closed interval [a,b] (it is clear that this property is
independent of the choice of the coordinate system). Therefore the tangent vector
4(t) is defined almost everywhere on [a,b]. If, moreover, ¥(t) € H,yM at the
points ¢ € [a,b] of Riemannian differentiability then the curve v : [a,b] — M is
called horizontal.

It is well known that almost all points ¢ of a closed interval E = [a,b] are
Lebesgue points of the derivatives of the horizontal components, that is, if, in the

N
normal coordinates y(t 4+ 7) = exp(Z ’)/j(T)Xj) (v@®),t+ 7€ E, 7€ (—¢,¢) for
j=1

some ¢ > 0, then the horizontal components v;(c), j = 1,...,dim H;, have the
property

1i(0) = 4;(0)|do =o(B —a) asfB—a—0 (3.2.1)
{oc€(a,B) |t+o€E}

on intervals («, 8) 2 0. Note that property (3.2.1) is independent of the choice of
the coordinate system in a neighborhood of ~(t).

Below we formulate some statements on hc-differentiability of curves on
Carnot—Carathéodory space.

Theorem 3.2.3 (see also [141]). Let a curve 7y : [a,b] — M on a Carnot-Carathéo-
dory space be absolutely continuous in the Riemannian sense and horizontal. Then
v : [a,b] — M is he-differentiable almost everywhere: any point t € [a,b] which
is a Lebesgue point of the derivatives of its horizontal components is also a point

N
at which v is he-differentiable. If y(t + 1) = exp (X 7;(7)X;) (v(¢t)), where T €
j=1
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(—¢,¢€) for e small enough, then hc-derivative +(t) equals

esp (mZH HO) (60) = exp (mZH 505 ) (1)

Jj=1 j=1

Proof. Fix a Lebesgue point ty € (a,b) of the derivatives of the horizontal compo-
N

nents of the mapping v(to +7) = exp(Z ’7j(T)Xj> (v(t0)). Put w = 7y(to). In this
j=1

proof, we also fix a normal coordinate system 6,, at u. To simplify the notation, we
write the vector fields X/* = (671),X; and X/* = (6;1), X" defined in a neigh-
borhood of 0 € RN without the superscript u: X! = (0, !).X; and )A(Z’ = (9;1)*)?1?‘
respectively.

For proving the hc-differentiability of the mapping v at ¢y, we need to estab-
lish the estimate ;(7) = o(79%€%Xi) as 7 — 0 for all j > dim Hy, to + 7 € [a, b]
(see Property 3.2.2). The proof given below is new with those on Carnot groups
[118] and on Carnot manifolds with some restrictions on a system of given vector
fields [105]. The main goal of the proof is to obtain the following behaviour of the
derivative 4,(7): if deg X; =1 > 1 then %,(7) = o(r'"1) as 7 — 0 (it follows from
(3.2.11)). After that the Newton—Leibnitz formula does job. Partition the proof of
the desired estimate into several steps.

First step. Here we show that the hypothesis implies the Riemannian differentia-
bility of the mapping 7 at to, and (tg) € H,M. Put I'(1) = 6,1 (v(to + 7)) =
(71(7),...,vn(7)). The curve I'(7) is absolutely continuous, and its tangent vector
['(7) is horizontal in a neighborhood of 0 € T,,M with respect to the vector fields
{X!}:T(r) e (05, 1)«(Hy (tg4+)M) for almost all 7 since v is horizontal. From here,
for almost all 7 sufficiently close to 0, we infer

. N a dim H4
I(r) = Z%(T)a—xj = Z a; (1) X! (D (7). (3.2.2)

The Riemann tensor pulled back from the manifold M onto a neighborhood
of 0 € T,M is continuous at zero. Therefore, using this continuity and taking into
account the horizontality of v, we see that, for any 7 such that tg + 7 € [a, ],
(3.2.1) implies

dec(y(to), (b0 + 7)) < €1 / [T(0)], do

(0,7)
dim H4

<c Y [ (o) = 5,00 + 500 dor = O(r)
=1 (o)

as 7 — 0, where |I'(0)|, stands for the length of the tangent vector in the
pulled-back Riemannian metric. By Proposition 2.8.6 and Remark 2.8.7, we have
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doo (Y(t0),7(to + 7)) = O(dee(v(t0),¥(to 4+ 7))) as 7 — 0. Therefore the coordinate
components v;(7) of the mapping ~ satisfy

7 (1) = O(r9€X3) as T — 0 for all j > 1. (3.2.3)
It follows that the curve I'(7) is differentiable at 0 and

F(O) = (71(0)7 s ,’s/dimHl (0),0, e ,0)

Hence, the curve + is differentiable in the Riemannian sense at to and ¥(to) € H,M.
From (3.2.3) we also obtain v(7) € Box(u, O(7)).

Second step. Corollary 2.2.11 and the fact that y(7) € Box(u, O(7)) imply that, in
a neighborhood of 0, each vector field X/ can be expressed via {X é}ffvzl so that

O(Tdeg kadegXi) if

) = Zaik(T)Xé(F(T)), where a;i(7) = deg X > deg X,
dir, + O(7) otherwise

as 7 — 0 (here a;x(7) = a;,(I'(7)) from Corollary 2.2.11). Now, using expan-
sion (2.1.11) of the vector fields X/ in the standard Euclidean basis, for all points
7 sufficiently close to 0, from (3.2.2) we now obtain

N a dim H4 . N dim Hq R
DA (Mg = Y a(nXiT(n) =) a;(7) ik (1) X3, (T(7))
=1 J i=1 k=1 i=1

N J
:ZZ ai(r)ain (1) 2] (u, D(7)) 5 —. (3.2.4)

Third step. For 1 < j < dimH;, we have deg X; = 1. Then from (2.1.11)

and (3.2.3) we conclude that 2] (u,T(7)) = djx + O(r). Therefore, from (3.2.4)
we infer

Jj dim Hy dim H;
=3 > a0+ 0 +0() = > ai(r)ai;(7),
k=1 1i=1 =1

where, as before, &;;(7) = d;; + O(7).
Hence,

a;(1) = g (T)Bqi (7)), (3.2.5)
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where {84(7)}, ¢, =1,...,dim Hy, is a matrix inverse to {&;;(7)}, has the ele-
ments Bq;(7) = d4; + O(7). Consequently,

dim Hq dim Hq dim H4
ai(t) = Z Ya(T)Bai (1) = Y #q(M)Bai(r) + > 44(0)Bgi(7),
where  1y(7) = / (Aa(0) = 4 (0)) dor (3.2.6)
0

Fourth step. Fix dimH;_1 < j < dimH;, 1 < | < M. For estimating 4,(7), we
replace a;(7) in (3.2.4) by (3.2.5) to come to

dim Hq
33(r) = Y Aq(7)Bai(T)aar (1) 2] (u, T(7)) (3.2.7)
k,i,q=1
dim H; ,
+ Z > A7) Bai(T)ain (1) 2 (uw, T(7)) = I; + 11,

k=dim H1+1 i,q=1

where
dim Hy .
Ii= > Ag(r)Bi(T)ein(r)2] (u,T(7))
k,i,q=1
and
J dim Hy

= % > Aa(m)Bu(r)ain(r)z] (u,I(1)).

k=dim H1+1 i,q=1
From the one hand, since in this case we have deg X > deg X;, then consequently
(1) = o(rdes Xr—dee Xi) Next,
2] (u, T(7)) = O(rde8 X —deg Xu) (3.2.8)

in view of the fact that I'(7) € Box(0,O(7)). From here, taking into account that
deg X; = [, we deduce that all the components in the double sum II; have a factor
o(7'=1). Therefore

dim H;
I = )" Ag(r)o(r71). (3.2.9)
q=1
From the other hand, in view of Corollary 2.2.11, (2.1.11) and (3.2.8) we infer
dim H4 dim Hq .
Li= Y Aa(Mzw () + Y 4g(r)o(1)z](u,I(7)) (3.2.10)
g=1 k,q=1
dim H4 dim Hq dim Hq

= > O IE)+ Y (M) + Y A(T)e1)= (uw,T(7))

g=1 k,q=1
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dim H,
= Yq(0) > F e, )D(7)*
q=1 |pteq|n=deg X;, >0
dim H; dim H;
+ T (T)O(T! 1) + Z Fq(T)o(rH7h).
q=1 q=1

In the estimation of the increment of v;(7) on [0, 7] by the Newton—Leibnitz for-
mula, the components of (3.2.9) and the last two summands in (3.2.10) have order
o(t). Indeed, for all 1 < ¢ < dim H; and s > 0, from (3.2.1) and (3.2.6) we have

Fa ()] < [Y4(0)] + [74(7)] from (3.2.6), |rq(7)] < OfTI"Yq(U) —Y4(0)| do = o(7) and

‘/rq *)do

Fifth step. In the remaining double sum in (3.2.10), the summands with index
for which |p + e,| < deg X; contain the factor I'(7)* = o(r!~1), since, in this case,
the product I'(7)* necessarily contains the factor ;(7) = 4;(0)7 + o(1) = o(7),
j > dim H;. Therefore, expression (3.2.10) for 4;(r) is reduced to the following:

<0G |/|’yq — 44(0)] dor = o( 1),

dim H;
B = D0 4O YD Fi, @@ o). (3211)
q=1 |pteq|n=deg Xj,

[pteq|=deg X;

Since also T'(7) = I'(0)7 + ( ), we see that each summand in (3.2.11) is equal
to "yq(O)Fg’eq ()T (T)* = 717144 (0)F ,(u )L(0)* + o(7'~1). Consequently, (3.2.11)
can be written as

dim H,
Yo Y AOFL, (D0 +o(r ). (3.2.12)
a=1 lul=|pln=1-1

Similarly, the second summand in the estimation of the increment of v;(7) is equal
to o(7!). Consequently, for the validity of the theorem, it is necessary and sufficient
that the double sum in (3.2.12) equals zero. This was established in Lemma 2.1.25.

Thus, we have proved that ;(7) = o(74°¢%i) for all j > dim H;. Since the
horizontal components of v are differentiable at ¢y, by Property 3.2.2, the estimate
7; (1) = o(r9¢8 X3) for all j > dim H; yields the hc-differentiability of v at to. O

The method of proving Theorem 3.2.3 is applicable to a wider class of map-
pings and makes it possible to make additional conclusions about the nature of
he-differentiability.

Corollary 3.2.4. Suppose that a curve v : [a,b] — M on a Carnot—Carathéodory
space is Lipschitz with respect to the Riemannian metric and horizontal, i.e.,
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Y(s) € Hys M for almost every s € [a,b]. Then the curve v : [a,b] — M is
he-differentiable almost everywhere?.

Proof. Every Lipschitz curve with respect to the Riemannian metric is also abso-
lutely continuous in the Riemannian sense. Thus all conditions of Theorem 3.2.3
hold. O

Corollary 3.2.5. Suppose that we have a family of curves v : [a,b] x F — M on a
Carnot—Carathéodory space M that is bounded and continuous in the totality of its
variables, where F is a locally compact metric space. Suppose that, for each fixed
u € F, the curve y(-,u) is differentiable in the Riemannian sense at all points of
[a,b] and horizontal, i.e., %’y(s,u) € Hy (s )M for all s € [a,b]. If the Riemannian
deriwative disv(s, u) 4s bounded and continuous in the totality of its variables s and
u then its he-derivative is also bounded and continuous on [a,b] X F. Furthermore,
the convergence AZ(_Sl)’y(s +7,u) to A(s,u) € GVSWM is locally uniform in the
totality of s € [a,b] and u € F.

Proof. Tt suffices to prove in all items of the proof of Theorem 3.2.3 that the
smallness of all quantities converging to zero is locally uniform on [a,b] x F. O

Corollary 3.2.6. Suppose that a curve v : [a,b] — M on a Carnot—Carathéodory
space M belongs to C* and its Riemannian tangent vector %;(t) is horizontal for
all t € [a,b]. Then the curve v : [a,b] — M is he-differentiable at all t € [a,].
Furthermore, the convergence of AZ(_Sl)v(s +7) to 4(s) € GYOIM is uniform in
s € [a,b].

Proof. For any x,y € [a,b], the length L(7[[; ) of the curve v : [x,y] — M is de-
fined; moreover, doo (Y(y), 7(7)) < c1L(V|z,y)) < c1Cly—x|, where C' = m[a>l()] |5 ()]
: tela,

Thus, the curve v : [a, b] — M meets the conditions of Theorem 3.2.3 at all points
of [a,b] and, therefore, is uniformly hc-differentiable by Corollary 3.2.5 (in this
case F' can be considered as one-point set). The corollary follows. O

Lemma 3.2.7. Let M be a Carnot-Carathéodory space. Every Lipschitz (with re-
spect to do) mapping v : E — M, E C R, is differentiable almost everywhere
in the Riemannian sense, and y(t) € H,4)M at the points of the Riemannian
differentiability of ~y.

Proof. In the normal coordinates at a point u = y(t), we have

N
Yt +71)= exp(nyj(T) Xj) (u), t+7€E.
j=1
The Lipschitzity with respect to d of the mapping v : E — M and the properties
of do imply the estimate v;(7) = O(79€%Xi) for all j > 1, t + 7 € E. Since
deg X; > 2 for j > dim H;, the derivative 4;(0) exists and equals zero for all

2In papers [141, 142], a wrong Corollary 3.1 is formulated instead of this.
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such j. Consequently, the Riemannian differentiability of v at ¢ is equivalent to
the differentiability of the horizontal components ~;, j = 1,...,n, of v at 0.
Now, the Lipschitz mapping v : E — M is also Lipschitz with respect to
the Riemannian metric (see Proposition 2.2.2). Thus, by Rademacher’s classical
theorem, the Riemannian derivative §(t) € T’,+)M exists for almost every ¢ € [a, b].
The above implies that, at every such point, §(t) € H. M. a

Since a Lipschitz with respect to do mapping v : [a,b] — M is absolutely
continuous in the Riemannian sense (see the comparison of the metrics in Propo-
sition 2.2.2), from Lemma 3.2.7 and Theorem 3.2.3 we infer

Corollary 3.2.8. Let M be a Carnot—Carathéodory space. Every Lipschitz with re-
spect to doo mapping 7y : [a,b] — M is he-differentiable almost everywhere on [a, b]:
if t € [a,b] is a Lebesgue point of the derivatives of its horizontal components then
this point is its he-differentiability point.

3.2.3. hc-differentiability of scalar Lipschitz mappings. In this subsubsection, we
establish the he-differentiability of Lipschitz mappings v : E — M, where £ C R
is an arbitrary set. We assume that a Carnot-Carathéodory space M is a Carnot
manifold meeting the 4th condition in the definition 2.1.1.
Recall that € A, where A C R is a measurable set, is the density point of
Aif
[AN(o,B)1=F—a+o(f—a) for—a—0,z¢c(xf) (3.2.13)

(here | - |; stands for the one-dimensional Lebesgue measure). It is known that
almost all points of a measurable set A are its density points (see, for example, [42]).

It is explicitly seen from the above proof of Lemma 3.2.7 that the answer
to the question on he-differentiability of Lipschitz with respect to do, mapping
depends on the differentiability of its horizontal components. If a Lipschitz with
respect to doo mapping v : E — M (we may assume that F C R is closed) is written

N
in the normal coordinates: y(t + 7) = exp(z v, (T) Xj)(’y(t)), t € F is a fixed
j=1

number, ¢t + 7 € E, then, by Lemma 3.2.7, its components v;(7), j = 1,..., N, are
differentiable almost everywhere on E. It is known that almost all density points
of E are Lebesgue points of the derivative of the horizontal components (see, for
example, Lemma 3.2.7 and [42]), i.e., for intervals (a, 8) 3 7, t + 7 € E, we infer

1¥(0) = 4j(1)|do = 0(8 — ) for f—a—0 (3.2.14)
{o€(e,B3) | t+0€E}
for all 7 = 1,...,dim H;. Note that Property (3.2.14) does not depend on the

choice of the coordinate system in a neighborhood of the point u = ~(¢).

Theorem 3.2.9 ([141]). Let M be a Carnot manifold. Every Lipschitz with respect
to dow mapping v : E — M, where E C R is closed, is hc-differentiable almost
everywhere on E. Namely, the mapping v : E — M is hc-differentiable at every
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point t € E such that
1) t is a density point of E;

2) there exist derivatives %;(0), j = 1,...,dim H, of the horizontal components
N

of v, where y(t + 1) = exp(z (1) X )(’y(t)), t+71€E;

3) condition (3.2.14) is fulfilled at the point 7 = 0.
The he-derivative Dy(t) equals

esxp (di 50%°)00) = e (di 505 ) (00,

Proof. On a Carnot group G the theorem is proved in [137]. The method used in
[137] is based on an extension of a given Lipschitz mapping v : E — G, where
E C R is closed, to a Lipschitz mapping 7 : [a,b] — G where [a,b] D E is a closed
segment. On this way we have to apply Rashevskii-Chow Theorem on a horizontal
path with given endpoints. Under condition of Theorem 3.2.9 we do not have
this opportunity. Therefore the sketch of the proof, given in [137], is essentially
modified: instead of horizontal paths in the Carnot manifolds we connect given
two points by a horizontal path in a local Carnot group associated with one point
of every pair (because of this, local Carnot groups are different one from another).
It is clear that this construction does not give a Lipschitz curve with respect
to deo-quasimetric (therefore we are not able to reduce the proof to Theorem
3.2.3). But it will be a Lipschitz curve with respect to Riemannian metric, and the
Newton-Leibnitz formula can be applied. Estimates similar to those in Theorem
3.2.3 provide the hc-differentiability of the given curve in a prescribed point.
Suppose that t € E is a point at which conditions 1-3 of the theorem hold
and u = ~y(t). Since the result is local, we may also assume that E is included in
an interval [a,b] C R, t € [a,b], a,b € E, whose image is included in G*M (we may
assume by diminishing the interval [a,b] if necessary that v([a,b] N E) C G""WM
for every n € [a,b] N E).
First step. The open bounded set Z = (a,b) \ E is representable as the union of an
at most countable collection of disjoint intervals: Z = J; (e, B;), where, for conve-
nience of the subsequent estimates, we put o; < 3; if t < oj and 8; < o5 if a5 < 2.
It is known (for example, see [47]), that, in G7(®)M] there exists a horizontal (with
respect to the basis {)?V(aj)}fvl curve G, : [0,b;] — GV(“)M joining the points
6;(0) = v(a;) and G;(b;) = v(8;) and parameterized by the arc length; more-
over, b; = d2i™ (y(ay),7(6;)) < CdR™ (v(a;),7(6;)) = Cloo(v(e),7(B;)) <
CL|Bj — «;j| (since v is Lipschitz with respect to d ), where C' is independent of
j. Consequently, the mapping o; : (o, §;] — M defined by the rule

[, 851 31— 05(n) = (‘ﬁj o n— I) € g IM

is Lipschitz in the metric dﬁ’(%) with the Lipschitz constant cL for all j € N.
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Define now the extension f : [a,b] — M as follows:

v(n), ifnekE,
fay= 4700
aj(n), ifne (aj,p5;).
Second step. The mapping f : [a, b] — M has the following properties (justifications
are given below):
(1) f: o, B] = Mis a Lipschitz mapping with respect to the Riemannian metric;
(2) the Riemannian derivative of f exists for almost every n € [a,b] and is
bounded;
(3) the vector f(n) belongs to the horizontal space H. M for almost every
n € E;
(4) the mapping f : [a,b] — M has a Riemannian derivative at ¢ equal to §(t);

N
if f(t+7)=-exp ( ;fj(T) Xj>(u), t+ 7 € [a,b], then

(5) fi(1) =O(r%eXs) as 1T — 0 for all j > 1;
(6) 0is a Lebesgue point for the derivatives fj(T), j=1,...,dim H;.
Indeed, if t < oy <M1 < B < o, < M2 < B < b then, taking the rela-
tions between the metrics into account, we obtain the estimates p(f(m1), f(n2)) <

Cr(p(f (1), 7(B5))+p(v(85), (o)) +p(v(ow), f(n2))) < Co2((B;—m) + (aw —B;) +
(n2 — ag)) = Ca|n2 — m1|. The other cases of mutual disposition of n; and 7y with
respect to t are considered similarly. Hence we obtain properties (1) and (2).

Next, if t < o < t+7 < fj then do (f(t+7), f(t)) < Q(doo(f(t+7),7v(a5))+
doo (7(07), 7 (1)) < Q1 (A3 (F(t+7),9(0y)) + (05 — 1) = Qa((t+7 — ) + (0 —
t)) = Q27 by the generalized triangle inequality, the construction of f, Lipschitzity
of 7, and the relations between the metrics. From this we obtain Property (5) and,
hence, the differentiability of all components f; at 0, j > dim H;: fj(O) =0.

Since the derivatives of Lipschitz functions are bounded and ¢ is the density
point of E, for intervals (r,s) 0 we have

[ih@ o= [ e s @2)
(r,5) {c€(r,s) | t+o€EN][a,b]}
+ / 1F5(0) = 4;(0)| do = of[s — 1)
{c€(r,s) | t+o¢ ENla,b]}

ass—r — 0forallj =1,...,dim H; (the first (second) integral is o(|s—7|) because
of (3.2.14) ((3.2.13))). Hence, [(f;(c) —%;(0))do = f;(1) — #;(0)7 = o(7) and
0

%(0) =4;(0) for all j =1,...,dim H; (for negative 7, such estimate is obtained
similarly). Thus, we have proved properties (4) and (6).

Note that the preceding arguments are independent of the coordinate sys-
tem. They are based on the following principle: if 7 is the density point for E, the
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mapping f|g has a Riemannian derivative at € E, and 1 € E is a Lebesgue point
for the horizontal coordinate functions of f|g then, in view of Lemma 3.2.7 and
what has been proved above, f has a Riemannian derivative at 7; moreover, the
Riemannian tangent vector belongs to the horizontal space H.,)M. This proves
Property (3).

Third step. Since the Riemannian derivative f() of the mapping f : [a,b] — M be-
longs to the horizontal space H ()M only at almost every point n € E, and E is an
arbitrary measurable set but not necessarily a closed interval, a direct application
of Theorem 3.2.3 is impossible. However, granted the fact that the complement
[a,b] \ E has density zero at ¢, the method of its proof can be adapted also to this
case. We now indicate the changes to the proof of Theorem 3.2.3 necessary for
obtaining the hc-differentiability of f at the point ¢ fixed above.
Introduce the notation

1—\(7_) _ (71(7—)7' .- "YN(T)), ift+7€FE,
(fl(T)a""fN(T)), ift+T¢E.

It has been proved above that F(O) = (41(0), ..., %dim m, (0),0,...,0). Deduce a
representation like (3.2.2) for the points 7 sufficiently close to 0 and such that
t+ 7 € E. At the points ¢ + 7 € (¢, 3;), we have (due to the construction of f)

. N . a dim H4 R
I'(7) :ij(T)a_xj = Z ai(r)(XT DY (1T (7). (3.2.16)

According to Theorem 2.2.8, at the points t +7 € (a;, ;) the relation f(7) €
B(u,O(7)) implies that, in a neighborhood of 0, the vector fields ()?if(aj))’ are
expressed via the vector fields X}, (here we write X, instead of (X}*)’) in the form

N
(XY (@) = Sy X4 (T(7),
k=1

where

o) = o(rdee Xe—deg Xi) " if deg X}, > deg X,
WkT) = 0;1 + O(7) otherwise

M=

as 7 — 0. Indeed, by (2.2.7), we have )/(\'Z-’f(o‘i)(F(T)) =
f(r) € B(u,O(7)), where

Biu(7)X/(T(7)) at points

=1

(3.2.17)

Balr) = o(rdes Xi—deg Xy if deg X; > deg X,
S 0y + O(T) otherwise
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as 7 — 0, and X](D(1)) = ;:2::1 (1) X[ (T(7)) where

deg Xj,—deg X if deg X}, > deg X
alk<>{§(T ) if deg X > deg Xy, (3.2.18)

i+ O(7) otherwise

as 7 — 0. It follows X!/(®)(D(7)) = z z Bi(T)oux (1) X} (D(7)). Now taking
k=1i=1
into account (3.2.17) and (3.2.18), we consider two cases for getting the desired

asymptotic behaviour of v;x(7) as 7 — 0.

CASE I: deg X < deg X;. Then

ir (T Z Bu(T)auk (T S Bulr)ow(r) (3.2.19)

l:deg X;<deg X}

+ > Ba@aw(m)+ Y Ba(r)aw(r)

l:deg X, <deg X;<deg X; l:deg X; <deg X
= > (Gu+O(r) - oo Ximden Xy
l:deg X;<deg X}
+ Z (G +O(7)) - (0 + O(7))
l:deg X <deg X;<deg X;

N > o(rdee Xi=dea Xiy (5, 1 O(7)) = 6 + O(7).

l:deg X; <deg X

CASE II: deg X, > deg X;. Then representing the sum for ~;;(7) in (3.2.19)

as > + > + > we obtain
l:deg X; <deg X} l:deg X; <deg X;<deg X l:deg X;<deg X
deg X1 —deg X deg X; —deg X;
()= Y o(rfeEXedeaXiy o $N ppdesXideg Xy
l:deg X;<deg X; l:deg X <deg X
4 E O(TdengfdegXi) . O(TdengfdegXl)

l:deg X; <deg X; <deg X},
_ O(Tdeg Xr—deg X; )
as 7 — 0. Consequently, we have just qualitative situation similar to those on the
third step of the proof of Theorem 3.2.3. Thus, the further proof repeats verbatim
the 3% the 4™ and the 5™ STEPS of the proof of Theorem 3.2.3 with f instead
of . Thus, the theorem follows. |

3.2.4. hc-differentiability of rectifiable curves. In this section, we in particular
prove that, in a Carnot manifold, rectifiable curves are hc-differentiable almost
everywhere. We obtain this result as a corollary to the more general assertion
about the hc-differentiability of a mapping ¢ : £ — M from a measurable set



306 M. Karmanova and S. Vodop’yanov

E C R that satisfies the condition

I de(vy) o(@)

< o0 (3.2.20)
y—z,yelk |y — .’t‘

for almost all x € E.

Theorem 3.2.10 ([141]). Let M be a Carnot manifold. Every mapping ¢ : E — M,
where E C R is a measurable set, satisfying (3.2.20) is hc-differentiable almost
everywhere in E.

This theorem is a particular case of Theorem 3.3.6 (see its proof below).

Now we can prove the hc-differentiability of rectifiable curves. Consider a
curve (continuous mapping) v : [a,b] — M. By a partition I, = I,,([a,b]) of the
segment [a,b] we mean any finite sequence of points {s1,...,s,} with a = s1 <
-+ < 8p = b. To every partition I,,([a, b]), we assign a number M (I,,) by setting

M) = 3 due((50) 2 (s41)

Put m, = max{s;41 —s; |i=1,...,n—1}.
Definition 3.2.11 ([22]). A curve v : [a,b] — M is called rectifiable if
L(Ja,b]) = lim sup M,, < .
In

Moy —
n n

Making use of standard arguments (see, for instance, [22]), we may prove:

Property 3.2.12. Suppose that a sequence of curves v, : [a,b] — M, ¢ € N,
converges pointwise to a curve 7y : [a,b] — M: v,(s) — ~(s) for every s € [a,b].
Then the lengths Ly([a, b]) of 74 possess the semicontinuity property:
L(la.b]) < lim Ly([a.8]).
q—00

If we have an usual metric but not the quasimetric d,, the above-mentioned
property is a well-known classical result. Its proof given in [22] can be generalized
straightforward to our situation. We notice that the length of Definition 3.2.11 is

not additive set function since d., does not meet the triangle inequality. Never-
theless the following statement holds.

Proposition 3.2.13. Every rectifiable curve vy : [a,b] — M meets (3.2.20).

Proof. Consider the following set function ® defined on intervals included in [a, b]:
the value ®(«, ) at an interval (a, 5) C [a,b] equals L([a, 5]), the length of the
curve 7 : [, 8] — M. The set function ® is quasiadditive: the inequality

Z @(Olz,ﬁz) § (I)(avﬁ)
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holds for every finite collection of pairwise disjoint intervals («;, §;) with («, 8;) C
(o, B), where (o, 8) C [a,b] is some interval. It is known (see, for example, [150]),
that ® has a finite derivative

) . L[, B])
(I)/ ) = hm ' = hm 0
(z) (a,8)3z, B — (a,8)3z, [ —«
B—a—0 B—a—0

almost everywhere in [a, b]. Hence,

i 0w (@) o = dx((@)1(B) . Ll f])
y—z |y — .’L“ ~ (a,f)dx L([Oz,ﬂb (a,8)3z, [ —«

B—a—0 B—a—0

< P'(z) <

for almost all x € [a,b] if L([o,5]) # 0 for any interval («,3) 3 x. Otherwise,
doo (Y(y),¥(x)) = 0 in a neighborhood of x, and it is evident that the hc-derivative
of v at = equals 0. |

Theorem 3.2.10 and Proposition 3.2.13 imply

Proposition 3.2.14. Let Ml be a Carnot manifold. Fvery rectifiable curve 7y : [a, b] —
M is he-differentiable almost everywhere.

Remark 3.2.15. If the Carnot manifold is a Carnot group then our definition of the
he-differentiability of curves coincides with the P-differentiability of curves given
by P. Pansu in [121]. He proved also [121, Proposition 4.1] the P-differentiability
almost everywhere of rectifiable curves on Carnot groups using a different method.

3.3. hc-differentiability of smooth mappings on Carnot manifolds

In this subsection we prove hc-differentiability of some classes of mappings ¢ :
M — M (or ¢ : E — M where E C M) assuming that M is a Carnot manifold,
i.e., M meets the 4th condition in the definition 2.1.1.

Only in the Corollary 3.3.3 we assume that both M and M are Carnot man-
ifolds. We recall that a local tangent cone of a Carnot manifold is a local Carnot
group (a stratified graded nilpotent group Lie) properties of which are essentially
used in the proofs below.

The approach to the subject is based on methods of papers [137, 139, 140,
141, 142]

3.3.1. Continuity of horizontal derivatives and hc-differentiability. In this sub-
subsection, we generalize the classical property that the continuity of the partial
derivatives of a function defined on a Euclidean space guarantees its differentia-
bility.

In what follows, we repeatedly use the following correspondence: to an arbi-

N ~
trary element a = exp(Z aiXi“) (u) € G*M and point w € G*, assign the element
i=1

N
Alq = exp(z ajgdegXJXj) (w) (3.3.1)

j=1
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for those ¢ for which the right-hand side of (3.3.1) exists. Note that, by Prop-
erty 2.2.5, we have A¥a = 6%a for all a € G*M.

Theorem 3.3.1. Suppose that ¢ : Ml — M is a Lipschitz with respect to do and JOC
mapping of a Carnot manifold M to a Carnot—Carathéodory space M such that, at
each point u € M, there exist horizontal derivatives X;p(u) € Hw(u)l\]l continuous
on M, i = 1,...,dim Hy. Then ¢ is hc-differentiable at every point of M. The
homomorphism of Lie algebras, corresponding to ﬁgp(u) : G'M — Q‘P(“)M, 18
uniquely defined by the mapping

dlmfll
d ~

H,M 3 X;(u) — X;p(u) = yrd olexptX;(u))|i=o = Z bi; X (¢ H M
of the basis horizontal vectors X;(u), i = 1,...,dim Hl, to horizontal vectors in
Hp(u)M:

d1mH1

HG"M > Xu — Z bZ]XQG(u c Hgtﬂ(u)M
j=1

Proof. First step. Fix a point u € M and a compact neighborhood F' C G*M of
the local Carnot group G“M. For each horizontal vector field X;, a family of curves
v :[—e,e] x F — M is defined: for u € F, put v;(s,u) = p(exp(sa; X;)(u)), where
a; € A, A C R is a bounded neighborhood of 0 € R. This family of curves meets
the conditions of Corollary 3.2.5 since %%(s, u) = a; X;0(vi(s,u)) is bounded and
continuous. Hence, the convergence

AP (s, u) — 620 exp([Xi](u))(p(w) € PN ass—0  (33.2)

is uniform on F' x A and the hc-derivative 6&(“) exp(X;p(u))(u) is continuous
with respect to (u, 042) € F x A. Denote by z; the “horizontal basis element”

exp(X;)(u) = exp(X*)(u) € G*M and for all 1 < ¢ < dim H;, denote by a; the
(

he-derivative exp(Xip(u))((u)) = Lo(vi(s, u))|s=o-
It is known [47] that any element v € F can be represented (non-uniquely)

in the form

531333‘1 '535,37]‘5, 1 S]z S dimHl, (333)
where S is independent of the choice of the point, and the numbers «; are bounded
by a common constant. Together with the mapping

[0,€) >t 0;(t) = Ofpy, gy - -+ 0o, Ty, 1< jp <dimH;, 1<k<i<S,
consider the mapping (see (3.3.1))
[0,€) 2t v;(t) = A:’(Zl(t)xji = exp(ta; X, )(vi—1(t)), 2 <i < S, where
vy (t) = AZH xj, = exp(tar X;, ) (u).
By Theorem 2.7.1, doo(vi(¢),0;(t)) = o(t) as t — 0 uniformly in v € F and
a; € A, 1 < S. Since the mapping ¢ is Lipschitz on F, the limits }gr(l) Af,(?)w(ﬁs(t))



Carnot—Carathéodory Spaces, Coarea and Area Formulas 309

and hm AW(l p(vg(t)) exist simultaneously. According to Proposition 3.1.3 we

have to prove that AW(?)QO(US(t)) converges uniformly to homomorphism of the

local homogeneous group G*M to GP(WM. Taking into account above-mentioned
observation, it suffices to prove the existence of the limit hm AW(?)go(vs(t))

Second step. For proving this, by (3.3.2), we infer that

wn(t) = p(or (1) = exp (Z g,zm) (o))

k=1
has hc-derivative 555“)11]-1 € G*WM at t=0.

Here Xy, k=1,..., N, is a local basis on M around the point ©(u). Assume that
the mapping

s lt) = pl0n(0) = e 3 6105 ) (o1 (4)
k=1
has hc-derivative 6gf“)aj1 ~~~~~ 65}“)% €eG*WM, att=0, 2<i<S§.
Our next goal is to show that the hc-derivative of the mapping ¢ — w;y1(t) =

losss () = exp(( X €11 (0K2) (et equals 55,0808

Together with the mappmg w;41(t), consider the mapping

Fe B (1) exp@z”l ) el 0).

By Theorem 2.7.1 we have agw (wit1(t), Wir1(t)) = o(t) as t — 0. Therefore, the
relation d&{" (wit1 (1), (5f(u) ((%fu)aﬁ ----- s£q )) = o(t) as t — 0 holds if and

aip1@jigq

only if &™) (ﬂ)\i-f-l(t)),éf(u) ((5&?%1 . (5“’&1%“1)) = o(t) as t — 0. On the
local homogeneous group G¥(")M the last property is equivalent to the relation
A28 (511 Wi (1)), 02 May, - - - - 52™aj,, ) =o(l) as i— oo.

Note that, by the continuity of the group operation in G“*M, we always have the
convergence

5P (@11 (1)) — 3¢ Way, -+ 058 Way,,, ast— 0,

Thus, by induction, the hc—derivative of the mapping [0,¢) > ¢t — p(vs(t)) at 0 is

equal to (5<p(u Qjy e 5“05 ajs; moreover, the convergence is uniform in v € F and
ai, 1 <i < S. Consequently, granted the equality vg(t) = §;'v, we infer

A (p(510), L(5F)) = o (u,57)) = oft) 33.4)
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uniformly in v € F', where L stands for the correspondence
G'M 3 v="06%aj 5Y wjg 6§f“)a ..... 590(“) L€ GPIM. (3.3.5)

For ﬁriishing the proof, it remains to check that the Correspondence L:G"M —
G#(M is a homomorphism of these local homogeneous groups.

Third step. Note that L(v) is the hc-derivative at 0 of the mapping t — @(5#1})
for a fixed v € G*M (see (3.3.4)), which is obviously independent of representation
(3.3.3) (since the path ¢ — @(6}%}) depends only on v). Consequently, L : G*M —
G¥WM is a mapping of the local groups. By definition (3.3.5) of L, it is clear this
mapping is continuous. Demonstrate that it is a group homomorphism. Consider
a second element v = 575‘1 Tjy o 6“5530]-3, 1 < j; < dim Hy, such that

VT = 0% @y OU @y OB gy 0% xj, € G*M and  L(v)- L(7) € G¥WM.

(3.3.6)

By (3.3.4) and (3.3.5), the value L(vD) is independent of the representation

of an element vT as the product (3.3.6). Hence, applying the above-mentioned
conclusions to v¥ and its representation (3.3.6), we see that

L(v7) = 6¢Way, -+ 65 Way, - 65 Way, - 67Wa;, = L(v) - L(D).

Thus, the mapping L : G*M — G*WM is a continuous group homomorphism.
By the well-known properties of the Lie group theory [151], the mapping L is a
homomorphism of the local homogeneous groups.

Now, from (3.3.5) it follows directly that L commutes with a dilation, Lod} =
57 () oL, t > 0. Furthermore, since X;¢(u ) € H, )M, the homomorphism L is the
he-differential of the mapping ¢ : Ml — M at u. The Lie algebra homomorphism
corresponding to L is a mapping of horizontal subspaces. The theorem follows. O

Corollary 3.3.2 ([141]). Assume that we have a basis {X;}, i = 1,...,N, on
a Carnot manifold M for which Assumption 2.1.6 or conditions of Remark 2.7.2
hold with some o € (0,1]. Suppose that ¢ : M — M is a mapping of the Carnot
manifold M to a Carnot—Carathéodory space M such that, at each point u €
M, there exist horizontal derivatives X;p(u) € HW(U)I\N/JI continuous on M, ¢ =

.,dim Hy. Then ¢ is he-differentiable at every point of Ml. The homomorphism
of Lie algebras, corresponding to ﬁgp(u) : G*M — QW(“)M, 1s defined uniquely by
the

dlmfll
d ~
H,M 3 X;(u) — X;p(u) = yrd olexptX;(u))|i=o = Z bi; X (¢ H M
of the basis horizontal vectors X;(u), i = 1,...,dim Hl, to horizontal vectors in

Hop(uyM:
d1mH1
HG'M > X!~ > b X7 € HGe(IM.
7j=1
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Proof. The hypothesis implies that ¢ is a locally Lipschitz mapping:

x, y belong to some compact neighborhood of Y. To verify this, it suffices to join
points z,y € U by the horizontal curve v of Subsection 2.8 whose length is con-
trolled by the quasidistance dw(z,y) and observe that ¢ o~ is a horizontal curve
whose length is controlled by the length of the initial curve. From this, Corol-
lary 2.8.6 and Remark 2.8.7 we infer du (¢(z), p(y)) < C1L(p 0 7) < CoL(y) <
Csdoo(z,y). O

3.3.2. Functorial property of tangent cones. The definition of the tangent cone
depends on the local basis. The question arises on the connection between two
tangent cones found from two different bases. Theorem 3.3.1 implies:

Corollary 3.3.3 ([140, 141)). Suppose that we have two local bases {X;} and {X,},
i=1,...,N, on a Carnot manifold M for both of which Assumption 2.1.6 or con-
ditions of Remark 2.7.2 hold with some o € (0, 1], and that two collections X1, ...,
XdimH, and )?1, .. XdlmHl generate the same horizontal subbundle Hy. Then
the local Carnot group G*M deﬁned by the {X;} s is isomorphic to the local Carnot

group G“M, determined by the {X;}’s: (6“,1 06;")(v) converges to an isomorphism
Dz( ) of local Carnot groups G*M and G'M ast — 0 uniformly inv € G*M. (Here
5}5‘ is the one-parameter dilation group associated with the vector fields {X 1)
The isomorphism of Lie algebras, corresponding to Dz( ), is defined uniquely
by giving the mapping
dim H4
HM 3 X;(u) — Z bi; X;(u) € H,M

of the basis vectors X;(u), i = 1,...,d1mH1, of the horizontal space H,M to
horizontal vectors of the space H,M:

dim H, ~u _
HG'M > X! — Z bi; X; € HG"M.
j=1

Proof. Denote by M¥ the Carnot manifold M with the local basis { X;} and denote
by MX the Carnot manifold M with the local basis {X;},i=1,...,N. Let also
the symbol i : M¥X — MX stand for the identity mapping from M into M. Clearly,
¢ meets the conditions of Corollary 3.3.2 since the collections Xi,..., Xaim o,
and )?1, ceey )?dim i, generate the same horizontal subbundle H;. Then i is hc-
differentiable at u and, by Corollary 3.3.2 and Proposition 3.1.3, the “difference

ratios” (5“ (0% (w)) converge uniformly to a homomorphism Di(u) : G*M¥X —

Q“MX as t — 0. Applying the same argument to the inverse mapping i~! and

Theorem 3.1.4, we infer that Di(u) is an isomorphism of the local Carnot groups
(of the local tangent cones at u with respect to different local bases). O
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Remark 3.3.4. In [4, 16, 67, 106] above statement is proved by other methods
under additional assumptions on the smoothness of the basis vector fields.

3.3.3. Rademacher Theorem. The aim of this part is to formulate Rademacher
type theorems on the he-differentiability of Lipschitz with respect to ds, and [1;0
mappings of a Carnot manifold to a Carnot—Carathéodory space. This theorem
was proved in [141] by means of the theory expounded above. The way of proving
this result generalizes essentially the methods of [137], where the P-differentiability
of Lipschitz mappings of Carnot groups defined on measurable sets was proved in
details: additional arguments are needed since a tangent cone has different metric
properties with respect to a given Carnot—Carathéodory space.

Let M, M be two Carnot—Carathéodory spaces and let E C M be an arbitrary
set. A mapping ¢ : F — M is called a Lipschitz mapping if

doo (p(2),0(y)) < Cdoo(2,y), ,y € E,

for some constant C' independent of z and y. The least constant in this relation is
denoted by Lip ¢.

The following result extends the theorems on the P-differentiability on Carnot
groups [121, 137, 149] (see also [98]) to the case of Carnot—Carathéodory spaces.

Theorem 3.3.5 ([141]). Let E be a set in a Carnot manifold Ml and let p : E — M
be a Lipschitz mapping from E into a Carnot—Carathéodory space M. Then ¢ is
he-differentiable on E.

The homomorphism of the Lie algebras corresponding to the he-differential is
defined uniquely by the mapping

d dimH, _
HM 3 X(u) = Xip(w) = Zo(exptXi)li-o = Y ayX;(p(w)) € HyguM
j=1

of the horizontal basis vectors X;(u), i = 1,...,dim Hy, to horizontal vectors of

the space H ,(,M:

@ (u)
dimy o)

HG'M > X! — > ayX; €HG*"M.

Jj=1

3.3.4. Stepanov Theorem. As a corollary to Theorem 3.3.5, we obtain a general-
ization of Stepanov’s theorem:

Theorem 3.3.6 ([141]). Let E C M be a measurable set in a Carnot manifold M

and let ¢ : E — M, where M is a Carnot-Carathéodory space, be a mapping such
that the relation ~
doo (p(a), p(x))
r—az€E  doo(a, )
holds for almost all a € E. Then ¢ is hc-differentiable almost everywhere on E
and the he-differential is unique.

< oo (3.3.7)
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The homomorphism of the Lie algebras corresponding to the he-differential is
defined uniquely by the mapping

dim H,

d - -

H,M 3 X;(u) — X;p(u) = Ego(exp tX;(w))|t=o = Z aij X;(p(u)) € HyyM
j=1

of the basis horizontal vectors X,;(u), i = 1,...,dim Hy, to horizontal vectors of
the space H ,(,)M:

L dm ) _

HG'M > X!+~ > a;X; €HG™M.
j=1

The proof written below is based on a sketch of the proof of Stepanov theorem
given in [42] but is different of it in some details (a reader can look also at [88] for
the proof of metric differentiability of mappings meeting the condition (3.3.7) in
which the quasimetric do is replaced by an usual metric, and d, is replaced by
the Euclidean one).

Proof. Since the result is local, we may assume that E is bounded. Since, in view
of (3.3.7), the “upper derivative” is finite almost everywhere, it follows that every
point z € E'\ X, where ¥ C F is some set of measure zero, belongs at least to one
of the sets

d
M <k forall yé€Box(z,k ' )NE}, keN.
doo (2, Y)
(3.3.8)
Note that the sequence of sets Ay is monotone: Ay C Agy1, k € N. Suppose that

the measure of Ay is nonzero for some k € N. Up to a set of measure zero, we

Ak:{er:

represent Aj; as the union of a disjoint family of sets Ay 1, Agz2,... of nonzero
measure whose diameters are at most 1/k:
Ak:Zk‘UAk’lUAk’QU..., |Z}€|:O

Then the restriction ¢ ; = ¢|a, , meets a Lipschitz condition for all j; therefore,
it is extendable by continuity to a Lipschitz mapping ¢y ; : Zk’j — M.

Verify that if (E\X)N(Ag ;\Ax,;) # 0 then @y, ; : (B\X)NAg; — M coincides
with ¢ : (E'\ ) N4y, — M. In other words, if z € (E\ £) N (Ax, \ Ak ;) then
the extension of ¢ : A ; — M by continuity to the point x equals ¢(z). Indeed,
if the fixed point x belongs E \ ¥ then z € A; for some [ > k. Consequently, the
inequality described in (3.3.8) (with [ instead of k) holds for y € E N Box(z,l71).
Since 4; N Box(x,171) D Ak ; N Box(z,l71), we have

z) = lim = lim = G ().
ple)= lm oly)= lm o) =)

By Theorem 3.3.5 (Theorem 3.2.9 in the case of F C R), the mapping
@k,j : Ar,j — M is he-differentiable almost everywhere in Ay ;. We are left with
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checking the he-differentiability of the mapping ¢ : E\ ¥ — M at the points of hc-
differentiability of the mapping @y ; : Apj — M having density one with respect
to Zk’j.

For brevity, denote the set Ay ; by A and denote the mapping ¢ ; by .
Extend the Lipschitz mapping ¢ : A — M by continuity to a Lipschitz mapping ¢ :
A — M. By the definition of A, the inequality doo(0(y), 9(2)) < kdao(y, z) holds
for all y € A and all z € Box(y, k=) N E. Note that this inequality is extendable
to A by continuity. Consequently, the inequality

doo (P(y), p(2)) < kdoo(y, 2)

holds for all y € A and all z € Box(y, k™) N E.

Suppose now that a point a € A is a point of he-differentiability for ¢ and
the point density of A. If z € E belongs to the neighborhood B(x, k') N E of a
then, by the well-known property of a density point (see, for example, [133, 150]),
there exists a point y € A such that

doo(2,y) = 0(dso(z,a)) as z— a.

Let ﬁgp(a) be the he-differential of 3 : 4 — M at the point a. Then, in a sufficiently
small neighborhood of a, from what was said above, Proposition 3.1.3 and the Local
Approximation Theorem 2.5.4 we have

~ ~ ~ ~

doo ((2), Dp(a)[2]) < Q% (doo (0(2), 2(y)) + doo(@(y), Dp(a)[y])
+ doo (Dg(a)[y), Dg(a)[2]))
< Q*(kdos(2,y) + 0(doo(a,))
+d2\) (Dg(a)[y), Dp(a)[2]) + d2) (p(a), De(a)[2]))
= 0(dso(a,2)) + [ Dep(a)| - (d2 (y, 2) + d2 (a, 2))
= o(doo(a, z))

as z — a, z € E. Here

S d2" (Dy(a)[y))
IDo@ll = sup ==l iy

b

and we have used again the Local Approximation Theorem 2.5.4: |d% (y,z) —
doo(y’ Z)| = O(doc(a, Z))

Hence, by Proposition 3.1.3, the mapping ¢ : £ — M is he-differentiable at
a. Thus we have just proved the hc-differentiability of ¢ at almost all points of
A ; N (E\ X) for arbitrary k and j. Since the collection of sets Ay ; covers E'\ X
the theorem follows. |
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4. Application: The coarea and area formulas
4.1. Notations

All the above results on geometry and differentiability are applied in proving the
sub-Riemannian analogs of the well-known coarea and area formulas for some
classes of contact mappings of Carnot manifolds.

Notation 4.1.1. Denote by N (N) the topological dimensions of M (M) and denote
by v () its Hausdorff dimension (see Corollary 2.8.9). Assume that

M M
™™ = (P(H;/H;-1), Hy = {0}, and TM = @D (H;/H;_1), Ho = {0},
j=1 j=1
where H; C TM and H 1 C TM are horizontal subbundles. The subspace H; C TM
(H ;i C TM) is spanned by H; (H;) and all commutators of order not exceeding
j—1,5=2,...,M (M).
Denote the dimension of H;/H;_1 (flj/flj_l) by n; (7;),5=1,...,M (M).
Here the number M (M) is such that

HM/HM—l 7é {0}’ (Erﬂ/ﬁﬂ_l 7é {0}),
and
Hyr1/Hy = {0} (Hy,,/Hy; = {0}).
The number M (]T/[/ ) is called the depth of M (M).

4.2. Lay-out of the proof of the coarea formula

The key point in proving the non-holonomic coarea formula is to investigate the
interrelation of “Riemannian” and Hausdorfl measures on level sets (see below).
The research on the comparison of “Riemannian” and Hausdorff dimensions of
submanifolds of Carnot groups can be found in paper by Z.M. Balogh, J.T. Tyson
and B. Warhurst [15]. See other results on sub-Riemannian geometric measure
theory in works by L. Ambrosio, F. Serra Cassano and D. Vittone [13], L. Capogna,
D. Danielli, S.D. Pauls and J.T. Tyson [30], D. Danielli, N. Garofalo and D.-
M. Nhieu [36], B. Franchi, R. Serapioni and F. Serra Cassano [56, 57], B. Kirchheim
and F. Serra Cassano [92], V. Magnani [99], S.D. Pauls [122] and many other.

The purpose of Section 4 is to explain some ideas and methods of a proof
of the coarea formula for sufficiently smooth contact mappings ¢ : M — M of
Carnot manifolds from [146] and its forthcoming complete version. Note that, all
the obtained results are new even for mappings of Carnot groups.

Assumption 4.2.1. Suppose that
1) N> N;
3) the basis vector fields X1, ..., Xy (in the preimage) are C*®-smooth, o > 0,

and Xl,...,XN (in the image) are Cl-smooth, ¢ > 0, or conditions of
Remark 2.7.2 hold for o > 0 in the preimage and ¢ > 0 in the image.
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Remark 4.2.2. Note that, if there exists at least one point where the hc-differential
D¢y is non-degenerate, then the condition dim Hy; > dim H; implies n; > n;,
i=2,...,M (compare with the above assumption).

Notation 4.2.3. Denote by Z the set of points x € M such that
rank(Dy(z)) < N.

Remark 4.2.4. For proving Theorems 4.2.9, 4.2.11, 4.2.13, and 4.2.18, the smooth-
ness C! (in Riemannian sense) for mappings ¢ : Ml — M is sufficient. For proving
Theorem 4.2.17, the (Riemannian) smoothness C*%, @ > 0, of ¢ is sufficient.

As it is mentioned above, for the first time, a non-holonomic analogue of
the coarea formula is proved in paper of P. Pansu [118]. The main idea of this
work (which is used in many other ones) is to prove the coarea formula via the
Riemannian one:

(1.0.4) :>/j]§"(<p,x) dH" (z) (4.2.1)
U
_ 17 jfjb(go,u) N-N e 17 v—0
- / ) [ N / M () / dH" " (u)
M v 1(2) M P 1(2)

Here N, N are topological dimensions, and v,  are Hausdorff dimensions of preim-
age and image, respectively; J 1‘:7% is a sub-Riemannian coarea factor introduced

below in Definition 4.2.12 and Jg (¢, z) is the Riemannian coarea factor; HN-N s
the well-known Riemannian Hausdorff measure with respect to the distance p in M,
H"~7 is a sub-Riemannian Hausdorff measure defined below in Definition 4.2.12; it
is well known that, in sub-Riemannian case, topological and Hausdorff dimensions
differ. It easily follows from (4.2.1), that the key point in this problem is to inves-
tigate the interrelation of “Riemannian” and Hausdorff measures on Carnot man-
ifolds theirselves and on level sets of ¢, and of Riemannian and sub-Riemannian
coarea factors. It is well known that the question on interrelation of measures on
Carnot manifolds is quite easy, while both the investigation of geometry of level
sets and the calculation of sub-Riemannian coarea factor are non-trivial. The main
problems are connected with peculiarities of a sub-Riemannian metric. In partic-
ular, the non-equivalence of Riemannian and sub-Riemannian metrics can be seen
in the fact that “Riemannian” radius of a sub-Riemannian ball of a radius r varies
from r to ¥™, M > 1, where the constant M depends on the Carnot manifold
structure. Thus, a question arises immediately on how “sharp” the approximation
of a level by its tangent plain is (since the “usual” order of tangency o(r) is obvi-
ously insufficient here: a level may “jump” from a ball earlier then it is expected).
Also a question arises on existence of a such sub-Riemannian metric suitable for
the description of the geometry of an intersection of a ball and a level set. But
even if we answer these questions, one more question appears: what is the relation
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of the Hausdorff dimension of the image and measure of the intersection of a ball
and a level set.

We have solved all the above problems. First of all, the points in which the
differential is non-degenerate, are divided into two sets: regular and characteristic.

Definition 4.2.5. The set
x = {z € M\ Z : rank Dp(z) < N}
is called the characteristic set. The points of x are called characteristic.
Definition 4.2.6. The set
D = {z € M : rank Dy(z) = N}
is called the regular set. If x € D, then we say that, x is a regular point.

We define a number vy(z) depending on & € M that shows whether a point
is regular or characteristic.

Definition 4.2.7. Consider the number 14 such that

vo(x) = min{y = Zdeg X, H{Xi1,~-~,Xz‘]~v} (rank([Xij go](x))jv;l = N)}

j=1

It is clear that vg|, > 7 and vo|p = 7.

We also define such sub-Riemannian quasimetric ds, that makes the calcula-
tion of measure of the intersection of a sub-Riemannian and a tangent plain to a
level set possible:

Definition 4.2.8. Let M be a Carnot manifold of topological dimension N and of
N

depth M, and let z = exp(Z xiXZ) (g9). Define the distance da(x, g) as follows:
i=1

da(z,g) = max{ (i |a:j\2)%,
j=1

ni+mno 1 N 1
( Z |l‘“2)4 ( Z ‘x.|2)2]\/f}
] RN g .
j=ni+1 j=N—-np+1

The similar metric d¥ is introduced in the local Carnot group GuM.

The construction of dy is based on the fact that a ball in this quasimetric
Boxs asymptotically equals a Cartesian product of Euclidean balls:

Boxy(z,7) ~ B™ (x,7) X B"2(z,7%) x --- x B"™ (z,7™), M > 1,
where N,n;, i = 1,..., M, are (topological) dimensions of balls. The latter fact
makes the calculation of above-mentioned measure possible (while the geometry

of boxes is rather complicated for an estimation of a measure of sections since the
sections have different shapes).



318 M. Karmanova and S. Vodop’yanov

Using properties of this quasimetric, we calculate the HY ~N_measure of the
intersection of a tangent plain to a level set and a sub-Riemannian ball in the
quasimetric ds.

Theorem 4.2.9. Fizx € p~1(t). Then, the Riemannian Hausdorff measure HN-N_
measure of the intersection Ty[(¢ 0 0,) 71 ()] N Boxa(0,7) is equivalent to

C(1+ o(1))r’—+o(@
where C' is independent of r, and o(1) — 0 as r — 0.

While investigating the approximation of a surface by its tangent plain, we
introduce a “mixed” metric possessing some Riemannian and sub-Riemannian
properties.

Definition 4.2.10. For v, w € Box(0,r) put d3 (v, w) = d3(0, w —v), where w — v
denotes the Euclidean difference.

This definition implies that Boxz(0,7) coincides with a ball Boxag(0, ) cen-
tered at 0 of radius r in the metric d3 .

We prove that in regular points the tangent plain approximates the level set
quite sharp with respect to this metric, and from here we deduce the possibility of
calculation of the Riemannian measure of a level set and a sub-Riemannian ball
intersection. Notable is the fact that this measure can be expressed via Hausdorff
dimensions of the preimage and the image: it is equivalent to r*~7 (see below):

Theorem 4.2.11. Suppose that x € ¢~ 1(t) is a reqular point. Then:
(I) In the neighborhood of 0 = 61 (x), there exists a mapping from

Tol(p 0 0,) ()] NBoxz(0,7(1 +o(1))) to () NBoxy(0,7),

such that both do- and p-distortions with respect to 0 equal 1+ o(1), where o(1) is
uniform on Boxa(0,7);

(IT) The HN=N_measure of the intersection p~1(t) N Boxa(z,7) equals

M myon )
\/det(th(er DLp(x)th(er Dw*(x))' H W — iy \/det(DQP(-T)DQO ( ))T,V—u

P \/det(Deo(z) D (x))

where gy is a Riemann tensor, ﬁgp is the hc-differential of v, and o(1) — 0 as
r—0.

(14o(1)),

Definition 4.2.12. The (spherical) Hausdorff H*-measure, s > 0, of a set A C M is
defined as

HY(A) = w, }iir(l)inf{er : U Boxa(zi, 1) DA,z € A, 1 < 5}.
ieN ieN
From these results and obtained properties, using a result of [150], we deduce
the interrelation of two measures in regular points of a level sets.
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Theorem 4.2.13 (Measure Derivative on Level Sets). Hausdorff measure H*~7 of
the intersection Boxa(x,r) N~ (p(z)), where  is a regular point, and

dist(Boxa(z,7) N~ (¢(x)), x) > 0,

asymptotically equals w,_zr*~7. The derivative DHN,;VH”_ﬂ(m) equals

| ws \Jdei(Dp(a) Dy ()

Finally, we introduce the notion of the sub-Riemannian coarea factor via the
values of the hc-differential of .

Definition 4.2.14. The sub-Riemannian coarea factor equals

WN Wi Wy—i

TE(p,2) = \Jdet(Dep(w) Dip* () - “X 22
H W —ig
k=1

Wy wﬁ

We consider and solve problems connected with the characteristic set. The
case of characteristic points is a little more complicated since in characteristic
points a surface may jump from a sub-Riemannian ball, consequently, we cannot
estimate the measure of the intersection of the surface and the ball via the one
of the tangent plain and the ball. Note also that in all the other works on sub-
Riemannian coarea formula, the preimage has a group structure, which is essen-
tially used in proving the fact that the Hausdorff measure of characteristic points
on each level set equals zero (see also the paper [14] by Z.M. Balogh, dedicated to
properties of the characteristic set). In the case of a mapping of two Carnot mani-
folds, there is no group structure neither in image, nor in preimage. Moreover, the
approximation of Carnot manifold by its local Carnot group is insufficient for gen-
eralization of methods developed before. That is why we construct new “intrinsic”
method of investigation of properties of the characteristic set. First of all, in all
the characteristic points the he-differential is degenerate. We solve this problem
with the following assumption.

Property 4.2.15. Suppose that = € y, and rankﬁgp(m) = N — m. Let also lA)gp(a:)
equals zero on ny — 71 + my horizontal (linearly independent) vectors, ny — fa +
mz (linearly independent) vectors from Hs/Hip, ni — nx + my (linearly inde-
pendent) vectors from Hy/Hy_1, k = 3,...,M. Then, on the one hand, since
~ ~ M ~
rank Dp(z) = N —m, we have ) my = m. On the other hand, rank Dp(z) = N.
i=1
Consequently, there exist m (linearly independent) vectors Y1, ...,Y,, of degrees
l1,...,l3 (which are minimal) from the kernel of the hc-differential Dy, such that
Dcp(x)(span{HM, Yi,...,Y}) = TpM.
In this subsection, we will assume that, among the vectors Yi,...,Y,,, m; of
them of the degree I; have the horizontal image, mo of them of the degree I > Iy



320 M. Karmanova and S. Vodop’yanov

have image belonging to ﬁg, and my of them of the degree I, I > lr_1, have
image belonging to Hy, k=3,..., M.

By another words, the “extra” vector fields on which the hc-differential
of ¢ is degenerate in characteristic points, possess the following property: if in
Hy/Hy—1(x) the quantity of such “extra” vectors equals my, > 0, then there exist
my, vectors from Hjy, /Hj, —1(x) such that their images have the degree k, they are
linearly independent with each other and with the images of Hy, —1(z), I > lp—1.
We develop new “intrinsic” method of investigation of the properties of the char-
acteristic set.

Example 4.2.16. The condition described in Assumption 4.2.15, is always valid for
the following Ml and M:

1. M is an arbitrary Carnot manifold, and M = R;

2. M is an arbitrary Carnot manifold of the topological dimension 2m + 1,
G“M = H™ for all u € M, M = R¥, k < 2m;

3. M= M dim H, > dim H, dlm( Z/HZ 1) = dim( i/ﬁi_l), 1=2,...,M;

4. M = M+1 dlmH—dlmHz,z—l M.

In particular, in Theorem 4.2.9 it is shown, that in the characteristic points
HN~N_measure of the intersection of a sub-Riemannian ball and the tangent plain
to the level set is equivalent to r to the power v — vp(z) < v — . Next, we show,

that HN~N-measure of the intersection of the level set and the sub-Riemannian
ball centered at a characteristic point is infinitesimally big in comparison with
r*~7 i.e., is equivalent to ’:—IV (but it is not necessarily equivalent to 7"”*”0(””)).
From here we deduce that, the intersection of the characteristic set with each level
set has zero H”~”-measure.

Theorem 4.2.17 (Size of the characteristic set). The Hausdorff measure
H' =P (x N~ (t) =0 for all z € M.

We also show that the degenerate set of the differential does not influence
both parts of the coarea formula.

Theorem 4.2.18. For H”-almost all t € M, we have
H (e ()N Z) = 0.
Finally, we deduce the sub-Riemannian coarea formula.

Theorem 4.2.19. For any smooth contact mapping @ : M — M possessing Prop-
erty 4.2.15, the coarea formula holds:

/ T (g, x) dH ( / dM (¢ / dH 7 ( (4.2.2)

eT(t)
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Using the result of the paper by R. Monti and F. Serra Cassano [113, The-
orem 4.2] for Lip-functions defined on a Carnot—Carathéodory space M of the
Hausdorff dimension v, we deduce that the De Giorgi perimeter coincides with
HY~l-measure on almost every level of a smooth function ¢ : M — R.

Theorem 4.2.20. For C%*-functions ¢ : M — R, a > 0, where dimy M = v, the
De Giorgi perimeter coincides with H”~'-measure on almost every level.

In paper [91], under assumption that vector fields are C'*°-smooth on M and
M, Maria Karmanova proves the following

Theorem 4.2.21. Let p : M — M be an arbitrary smooth contact mapping of two
Carnot manifolds. Then, on every level, H"™"-measure of characteristic points
equals zero.

Remark 4.2.22. Notice, Theorem 4.2.21 is proved in [91] without Property 4.2.15.
As a consequence, under the same assumptions, the coarea formula (4.2.2) holds.
4.3. Lay-out of the proof of the area formula

In this Subsection we exhibit a proof of the area formula for contact C'-mappings
@ : M — M of Carnot manifolds:

/ F(9)y/det(Dg(y)- Dp(y)) dH (y) = / S f) dH (@),

= . —1(p
N vivee (@)

Recall that we denote the quasimetric of Definition 4.2.8 in the preimage (in
the image) by the symbol ds (d2).

Assumption 4.3.1. We suppose that
1) NSN,n; <, i=1,...,M;
2) the basis vector fields in the preimage and in the image belong to the class
C?, and ¢ is a contact (i.e., Do(H;) C Hy) C*-mapping.

Under these assumptions the mapping ¢ : M — M of Carnot manifolds has
both Riemannian De(z) and sub-Riemannian Dg(z)) differentials at all points
x € M.

Put Z = {z € M : rank(Dy(z)) < N}.

Theorem 4.3.2 ([148]). Firy € M\ Z, y € U, and = = ¢(y). Then, HY -measure
of the intersection o(U) N Boxa(z,7) equals

[T, - /et oy @iglroon (@) - LoALEW >D9"<y”.
- i Do)

where w; is the volume of the unit ball in R, glg; is the Riemann tensor in M, and
0o(1) = 0 asr — 0.

- (L+o(1)),
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Definition 4.3.3. The (spherical) Hausdorff H”-measure of a set A C (M) is
defined as

HY(A) =w, ;i_r)%inf{z ry: U Boxa(zi, 1) DA, 2, € A,y < (5}.
ieN ieN
The next result is established by the application of the above result on “Rie-

mann” measure of the intersection Boxa(z,7) N ¢(U). Recall that the symbol
D, pn2(y) denotes the derivative of a measure po with respect to a measure g

. 12 (B(y,
at y: Dy pa(y) = lim %'

Theorem 4.3.4 ([148]). Hausdorff H" -measure of the intersection Boxa(z, r)Nep(M)
is asymptotically equal to w,r”, and the derivative Dy HN (z) equals

M
L1 o yJdetGlneon’ @islreon®) i G G DR

o \/det(De* (¢~ (2)) Dol ()
and for each set A C o(U) we have

HN(A) = / Dy HN (x) dH” (z).
A

Since outside the set Z we have | Dy HY (z)| > 3 > 0locally, and the measure
HY is locally doubling on balls, then in view of Lebesgue Differentiability Theorem
we have

HY(A) = / Dy nH (z) dHN (2)
A

- o B @D @)
4 f_j[ Wi * |Gl ()] Vdet(Dg* (¢~ (2)) Dp(p ! (2)))

where |G| T (z)| = \/det(gM‘Tga(M)*(x)gM‘Ty(M) (z).
The latter result motivates the following

Definition 4.3.5. The sub-Riemannian Jacobian at y equals

T5M(p,y) = \/det(Di(y)* D))
Theorem 4.3.6 ([148]). We have HY(¢(Z)) = 0, where

Z ={yeM: rank Dp(y) < N}.

The above results and the Riemannian area formula imply the sub-Rieman-
nian area formula.
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Theorem 4.3.7 ([148] The area formula). Let ¢ : M — M be a contact C-mapping.
Let also N < N and dm H; —dim H; ; < dmH; — H;_1,i=1,...,M. Then,
the formula

/ F@) TR () dH (y / S f)dH () (43.1)
S yry€pTi(x)

holds, where f: M — E (E is an arbitrary Banach space) is such that the function
fy)T%E(p,y) is integrable. Here, Hausdorff measures are constructed with respect
to dsy and dy with the normalizing multiple w,, .

Proof. Consider the neighborhood U C M, on which ¢ is bi-Lipschitz on its image
o(U), and rank Dp(y) = N for all y € U. For simplicity, put f(y) = 1. As-

suming y = ¢~ (z), [Dp(y)| = \/det(f?w(y)*f?w( ), lg@)l = v/det(g*(y)g(y)),
|Gl (2)] =\/det(émlm(m)*(w)ém\m(m( [Dy(y)] = /det(Dy(y)* De(y)),
we have

/ TS (o, y) dH(y)

w1 Do) _w, 1 oy
D dHN (y) = dH
- [ 1Datnige— T ) e 3wl
M H M H Wny
i1 k=1
De@)| w, 1 N v
/J(so,y) M g() " () dH(z)
M H Wy,
k=1
M ~
_/|f7 W _w gL Gl @) R LACIC)]
T(py) M H o, wy |De(y)| 19(¥)
:/ ’gM|Ttp M)( dHy /dHU
)g(y)l
M
since the Riemannian Jacobian J (¢, y) equals |D<p(y)|W. O

Remark 4.3.8. In the paper [90], Maria Karmanova proves the area formula for
Lipschitz mappings of Carnot manifolds with respect to sub-Riemannian metrics.
Note that a proof of the formula 4.3.1 under these assumptions requires essentially
new methods of investigation of Lipschitz mappings. The methods of proving are
new even in the case of Lipschitz mappings of Euclidean spaces.
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Remark 4.3.9. In the paper [122], the area formula is proved for Lipschitz with
respect to sub-Riemannian metrics mappings of Carnot groups, and the Jacobian
is defined as

. HE(o(Bee(ys 7))

" HE By ) 32
where B is a ball in Carnot—Carathéodory metric [70], and Hausdorff measures
HY. are constructed also with respect to de.. If we consider in (4.3.2) Hausdorff
measures H" constructed with respect to metrics do and (22, then, in view of The-

orem 4.3.7, we infer }13(1) HH(“”(g‘cc(;y:))) = \/det (De(y)*Dy(y)) for Ct-mappings
p:M— M.

Theorem 4.3.10 ([148]). Suppose that the mapping ¢ : G — G is Lipschitz with
respect to sub-Riemannian metrics on Carnot groups. Then the area formula

/ F)T R (o) dH (y) = / S fwdnt(),  (433)
G

¢ vivee (@)

holds, where J°%(p,x) is defined in the Definition 4.3.5, and f : G — E (E is
an arbitrary Banach space) is such that the function f(y)J*%(p,y) is integrable.
Here, Hausdorff measures Definition 4.3.3 are constructed with respect to da and
do with the normalizing multiple w,, .

Proof. Tt is easy to show using arguments of the papers [138, 122], that in a
neighborhood of almost every point g € G\ Z we have

da(p(v), p(w)) = dz2(Dp(y)[v], Dep(g)[w]) - (1 + o(1)),

where o(1) — 0 as v, w — y. Consequently, the distortions of H”-measure under ¢
and under the mapping w — ﬁgp(y)[w] are asymptotically equal (see, for example,
[138, 122]). Since the mapping w — lA)go(y)[w] is smooth and contact, then, its
sub-Riemannian Jacobian and, consequently, the sub-Riemannian Jacobian of ¢
coincides:

- HY(@(Beey,r)) _ 1. HY(Do(y)(Bee(y,7)) 5
lim = lim =|D
P H (Beely,r)  r00 MY (Bulyr) el
almost everywhere, and in view of the N-property of Lipschitz mappings and

results of [122], the area formula (4.3.3) is valid.
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5. Appendix

5.1. Proof of Lemma 2.1.16

Proof. Tt is well known, that the solution y(¢,u) of the ODE (2.1.12) equals
y(t,u) = lim yn(t, u), where

o(t, u) /f u)dr, and y,(t,u) = /fynl(Tu)u)d

This convergence is uniform in u, if u belongs to some compact set.
From the definition of this sequence it follows, that y, (t) — y(t) as n — oo
in C'-norm.
1. We show, that every y,(t,u) € H*(u) for each t € [0, 1]. We have
mtax |yn(ta ul) - yn(t7 u2)|
1
< /|f(yn—1(7'a u1),u1) = f(Yn—1(7,u2), u2)| dr

0
1

< / [ W (7, 1), 02) — F (s (7 00), )|

1
+/|f Yn— 1 T, ul) u2) - f(ynfl(ﬂu?),u?”d’r
0

< H(f)|ur — uz|® +LmaX|yn 1(tur) = yn—1(t, uz)|

<H Z L™|uy — uz|® + L™ max [yo(t, u1) — yo(t, u2)|

m=0

00
H(f) Y L™ —us|”,
m=0

where H(f) is a constant, such that |f(u1) — f(u2)| < H(f)|u1 — ua|®. Note that
the constant H = H(f) >, L™ < oo since L < 1, and it does not depend on

m=0

n € N.
Suppose that u belongs to some compact set U. Then
|y(t,U1) - y(t,u2)|
< [yt ur) = yn (@t wr)| + [yn(t, ur) — yn(t, u)| + [y(t, uz) — yn(t, u2)|
< Hlup — ug|* 4 2¢

for every € = e(n) > 0. Since the convergence is uniform in v € ¢, and €(n) — 0
as n — oo, then |y(t,u1) — y(t, u2)| < H|us — uz|®, and y € H*(u) locally.
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To show, that ay ~(t,v,u) € H*(u) locally, i = 1,..., N, we obtain our esti-
mates in the snnplest case of N = 1.

2. Note that the mappings {yn }nen converge to y in C*-norm, and this convergence
is uniform, if u belongs to some compact set U.

Let u € U, v € W(0) C RY. Then similarly to the case 1, we see, that if the
Holder constant of !, does not depend on n € N, then 3y’ € H*(u).

dyn, dyn,
HtI%X %(t,v,ul) - %(t,v,uz) (5.1.1)
p t
< Htl%X %/f(ynfl(’ravaul)avaul) - f(yn*1(77v7u2)7v7u2) dT‘
7 0
p t
S Htl%X %/f(yn—l(TaUaul)aUaul) - f(yn—l(T,U,U/Q),U,U/l)dT‘
7 0
+max /f Yn—1(T,0,u2),v,u1) — f(Yn—1(7, v, u2), v, u2) dT‘.

For the first summand we have

d
—/f Yn—1(T,0,u1),v,u1) 7f(yn71(7—,v,u2),vaul)d7—‘

< max/‘ f@Wn-1(r,v,u1),v,u1) —f(yn_l(T,'U,UQ),'U,Ul))‘dT

df dy,,— iy df dyn—1
<
max/‘dy To T,0,U1) — dy o (T,U,UQ)‘dT

+m3x/‘%(yn_1(7',v,u1)) gf (Yyn—-1(7,v UQ))‘dT. (5.1.2)
0
Then, we get
s [ | goa 7, 0.00) = 2 e, v,02)) | d < CNH) s — el

since each ¥, is Holder. The first summand in (5.1.2) is evaluated in the following
way:

/‘df dyn— L df dyn—1
1’I1 T, 7u1)

d
dy dv dy dv (,v,uz)’ 4
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dyn 1 df dyn—l
/\ (rvv.us) = () B (0,
d n— d dyp—
+max/1 Bt 0,0m) — 5 (ua) L=t (10, )dr
dyn,1 dYn—1
< LHtI%X (t,U,Ul) - dv (t?UaU/Q)
+max/‘ Y= Lir,v u)’dr H(Df)luy — ua|®. (5.1.3)

Next, we estimate

:maff[L‘dym 1’ ‘a H

t,u,

f oo
k
90 [ZL } < o0
k=0
Thus, in the first summand of (5.1.1) we have

dyn—1 dyn—1

L max

t,v

(10, 01) = =L (10, 00) | + Clus = s,

where 0 < C < 0o does not depend on n € N. The second summand in (5.1.1) is

t

/ Yn—1(T, v, u2),v,u1) —f(yn_1(7,v,u2),v,uQ)dT(
0

0 0
mgX/‘a—z(yn_hv,ul) - a—i(yn_l,v,w)‘ dr < C(f)ur — uz|.

Thus,
max ﬂ(t,v,ul) - %(t,v,uz)‘
tw | dv dv
< Lmax dyn-1 (t,v,u1) — @n-1 (t,v UQ)‘ + K|uy — uz|®
T e L odv YT dv 77
oo
S kji:lﬁﬂul——uﬂa,
k=0

and % € H(u) locally. Hence, % € H*(u) locally. O
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Fourier Transforms of UD Integrals

Igor Kondrashuk and Anatoly Kotikov

Abstract. UD integrals published by N. Usyukina and A. Davydychev in
1992-1993 are integrals corresponding to ladder-type Feynman diagrams. The
results are UD functions ), where L is the number of loops. They play an
important role in N' = 4 supersymmetric Yang-Mills theory. The integrals
were defined and calculated in the momentum space. In this paper the po-
sition space representation of UD functions is investigated. We show that
Fourier transforms of UD functions are UD functions of space-time intervals
but this correspondence is indirect. For example, the Fourier transform of
second UD integral is the second UD integral.

Mathematics Subject Classification (2000). 81Q30.
Keywords. UD integrals, UD functions.

1. Introduction

As has been shown in Refs. [1]-[12], Slavnov-Taylor identity predicts that the cor-
relators of dressed mean fields for N' = 4 supersymmetric Yang-Mills theory in the
position space can be represented in terms of UD integrals. The UD integrals cor-
respond to the momentum representation of ladder diagrams and were calculated
in Refs. [15, 16] in the momentum space, and the result can be written in terms
of certain functions (UD functions) of conformally invariant ratios of momenta.
Indeed, the Lce correlator in the position space in Wess-Zumino-Landau gauge of
maximally supersymmetric Yang-Mills theory is a function of Davydychev inte-
gral J(1,1,1) at two loop level® [5, 6, 7]. By using Slavnov-Taylor identity one can

The work of I.K. was supported in part by Ministry of Education (Chile) under grant Mecesup
FSM9901 and by DGIP UTFSM, by Fondecyt (Chile) project #1040368, and by Departamento
de Ciencias Bésicas de la Universidad del Bio-Bio, Chilldn (Chile). The work of A.K. is supported
by Fondecyt international cooperation project #7070064.

n the position space Feynman diagrams contain integrations over coordinates of internal ver-
tices. Integration over internal vertices appears in dual representation of the momentum diagrams
too (see below and [13, 14]).
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represent correlators of dressed mean gluons in terms of this integral at two-loop
level. What kind of integrals will contribute to the scale-independent Lcc corre-
lator at all loops is unclear at present. However, using a method of Ref. [7] one
can suggest that at higher loop orders in the position space the UD integrals will
survive only. Conformal invariance of the effective action of dressed mean fields in
the position space, predicted in Refs. [1, 2, 3, 4] corresponds to the property of
conformal invariance of UD integrals.

In the momentum space it was shown that UD functions are the only con-
tributions (at least up to three loops) to off-shell four-point correlator of gluons
that corresponds to four gluon amplitude [17, 18]. The conformal invariance of UD
functions was used in the momentum space to calculate four point amplitude and
to classify all possible contributions to it [19, 20]. Later, the conformal symme-
try in the momentum space appeared on the string side in the Alday-Maldacena
approach [21] in the limit of strong coupling.

The purpose of this paper is to find the position space representation of
the ladder diagrams that produce UD functions in the momentum space. In this
paper we show that Fourier transform of the second UD integral is the second UD
integral and that Fourier transform of the first UD function can be related to the
second UD function. We consider three-point ladder UD integrals and comment
four-point ladder UD integrals. In Section 2 we illustrate the idea of the method on
an example of the simplest diagram. The most important point is that the problem
is solved diagrammatically via conformal transformation. Two other solutions to
this problem are given in Section 3 and Section 4.

2. First UD triangle diagram

First UD triangle diagram is depicted on the Lh.s. of Fig. 1. All the notation
used in this paper is the notation of Ref. [5]. To calculate it we use conformal
transformation. The conformal transformation for each vector of the integrand

FIGURE 1. Initial conformal transformation in the position space.
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(including the external vectors) is

y/ Z/
Yu = y%; 2= —h. (2.1)

N

On the level of equations, the chain of conformal transformations of the lL.h.s.
of Fig. 1 according to Eq. (2.1) is

4 4 1
/ 4’y d Z[Qy} [yz]pz} B
_ [2/ d4y/ d4 /

1
2y [y’ 2'][2'2'][32'][1y][y'][2']
n2pann_ L (12737 [1][23']
= [2 }2[3 Ml ] [3/1/} [2/]2 (I)(Q) <[3/1/} [2/] [3/1/} [2/])

B g (V213 M2 1 g (12 [23)
ERU <[3’1’M2’]’[3’1’M2’]) EN ([31]’[31])'

The second row of this chain of transformations looks like the second UD integral
in the dual representation of Ref. [17]. It corresponds to the r.h.s. of Fig. 1. The
last line is the conformal transformation back to the initial variables. Thus, we
have proved the formula

40 Ay 1 :i @ @ @
/dyd (2y][1y][3z][y=][22] [31](1) ([31}’[31})' (2.2)

After making Fourier transformation, we have the following representation for the
Lh.s. (definitions of momenta are indicated on Fig. 2):

b

\
P;

FIGURE 2. One loop diagram in the momentum space.
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4 42’ 1
/ e By AR

= 47? / d*prd*pad*psd*r §(p1 — p2 + p3)

> 2ei1723026*ip1116*i173303 1
272 2
piP3 (r+p1)?r?(r — p3)

_ 47r2/ d4p1d4p2d4p3 5(p1 — Do +p3)eipzzzefip1w167ipsws

1 1 P1 P3
X 55— 2(13( ) < .
P3 P1 D3 pz pz

Thus, comparing with Eq.(2.2), we can derive the first relation:

X

1 12| |23
=3 (u u) = 47? / d*prd*padips 8(p1 — pa + p3) (2.3)

ETRANEMER
2 2
x P2%2 o~ 1P1T1 o —iP3T3 #(I)(l) (ﬁ’ Zﬁ) .
3 P7 p3 »3’ p3

However, looking at the definition of the UD integrals in Refs. [15, 16], we can
write from Eq. (2.3) another relation:

@@(2) <%, %) 16%4/ d*prd*pad*ps 5(p1 — p2 + p3) (2.4)

w eP2T2 o —iP1T1 o —ip3Ty o <]ﬂ, @) .
(p§)2 3’ p3
The next two sections demonstrate how to derive the formula (2.2) by other two
different methods.

3. Graphical identity

First of all, we show validity of the graphical identity of Fig. 3. This is identity in
the position space. We assume integration over internal vertices. This identity can
be proved in two ways.

1. First way to prove Fig. 3 is to use a relation on Fig. 4. This is a graphical
representation of the equation (rules of the integration are taken from Ref. [5])

1 —2e€
%H—f = k(e)d™29) (1y)
from Ref [7]. The coefficient between the L.h.s. and the r.h.s. of Fig. 4 is k = —4 in
the number of dimensions d = 4. On the other side, d’Alembertian can travel along
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FI1GURE 3. Graphical identity.

the propagator. Computer program of Ref. [7], written in Mathematica, produces
the equation?

) 1 a3y
% | v D e e Y o

This identity is depicted on Fig. 5. The dash lines correspond to the inverse

1 1

(2)

FIGURE 4. Use of d’Alembertian.

2

1
3

FIGURE 5. Use of d’Alembertian.

2The Lh.s. of (3.1) appears on page 24 of Ref. [7]
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propagator. The coefficient between the Lh.s. and the r.h.s. of Fig. 5 is k = —4.
Combining Fig. 4 and Fig. 5 we reproduce the graphical identity of Fig. 3. Inte-
gration in the internal vertices includes powers of m due to the definition of Ref.
[5]. Since both parts of Fig. 3 contain two internal vertices, the identity of Fig. 3
is valid for a usual four-dimensional measure of integration. Thus, we have proved
the formula:

1 1

d'y d*z =[31 / d'y d*z .
T e e R o e 2
This formula corresponds to the graphical identity of Fig. 3.

(3.2)

2. Another way to show validity of Fig. 3 is a useful identity of Ref. [17] in the posi-
tion space which can be obtained from the property that ®®2 function depends on
two conformally invariant ratios of spacetime intervals. This representation is valid
in the position space. The turning identity is re-presented in Fig. 6. Historically it
appeared in Ref. [17] as a “dual” representation of the momentum two-loop UD
integral which is not exactly the same as a position representation (the position
representation is usual Feynman ladder diagram integrated over coordinates of
internal vertices). Internal vertices correspond to the momenta that run into the
loops. However, in the dual representation the integrations are done over “coordi-
nates” of the internal vertices too and thus the dual diagram can be considered as
another Feynman diagram in the position space. By multiplying both parts of the

1

FIGURE 6. Turning identity.

turning identity by propagator [24], we have another graphical identity depicted
on Fig. 7. Integrating both parts over the variable x4 in d = 4 — 2¢ dimensions, we
obtain the relation re-presented on Fig. 8, where

A(1,1,2 — 2¢) = %

Cancelling the coefficient A(1,1,2 — 2¢) in the both parts and taking the limit
e — 0, we reproduce Fig. 3.



Fourier Transforms of UD Integrals 343

1

1
>
2 — 2
A(1,1,2-2¢) 1+€ = A(1,12-2)
»
€
3

FIGURE 8. Integration over xy4.

4. Relation between graphical identity and UD integral

After proving Fig. 3, we can relate its r.h.s. to UD integrals. This can be done in
two ways.

1. First way is by conformal transformation of the r.h.s. of Fig. 3. Indeed, the
integral that corresponds to the r.h.s. of Fig. 3 is

[
BT

According to the conformal substitution of Eq. (2.1) the integral of the r.h.s. of
Fig. 3 can be transformed to

4 4 _
/dydzpmw4UMBMD4Bd_

1 /d4y/ d4Z/ [2/] [3/}2[1/}2@/]4[2/}3
W 29l 0y By 3]
g g 2B
= [ a 2y Uy By 3
(4.1)
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The transformation is presented on Fig. 9. The r.h.s. of Fig. 9 looks like the second
UD integral in the dual representation of Ref. [17]. Thus, we can represent Eq. (4.1)

1 1

FiGUurE 9. Conformal transformation of the r.h.s. of Fig. 3.

-y 2B
/dy Iy By 2]
1'2]3] (1) '1)
]

1
— [213/ 2 1/ 2 (I)(2)
HIE ™ \prier B
_ BT g (2137 IR23TY _ 1 oo (112 23]
(3172 B BT BIP [31]" [31]
The last line is the conformal transformation back to the initial variables of Eq.
(2.1). Thus, we have demonstrated that

’ L 1 g (02 23]
/d Ryl ByL=]37] [31}2(1) ([31]’[31])

Taking into account Eq. (3.2), we have proved the formula of Eq. (2.2)

4y s 1 _ g (2] [23]
/dyd [2y][1y][32][y=][2z] [31](1) ([31}’[31})

2. Second way to demonstrate validity of Eq. (3.2) does not require the conformal
transformation. The dual representation for the two-loop diagram on Fig. 10 in the
momentum space is given on Fig. 11. Thus, for the case @« = 8 = 0 we have the
structure of the dual diagram depicted on Fig. 12. However, using the definition
of UD functions of Refs. [15, 16] and taking into account the relation for dual
momenta, one can see that the r.h.s. of Fig. 12 is

1 oo (2] 23]
Bip® <[31]’[311>' (4.2)
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b
T
o
—
P,
B \
b
Ficure 10. Two-loop diagram.
P 1
/
¢ o
> %\
b, 2W
p
p ~ /
P

FIGURE 11. Dual representation.

1
Py
el
D
2 27;2
~
B
3

FIGURE 12. a =3 =0.

345

Thus, comparing the Lh.s. of Fig. 12 with the graphical identity Fig. 3 and taking
into account Eq. (4.2) we have in the position space for the Lh.s. of Fig. 3 the
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result

1 9 [12} [23}
1% (G 5 )

This coincides with the result in Eq. (2.2).

5. Conclusion

We have shown that Fourier transform of the second UD integral is the second UD
integral, and that Fourier transforms of the first and the second UD functions are
related. Apart from pure academic interest, this conclusion allows to investigate
correlators of N' = 4 supersymmetric Yang-Mills theory in the position space. It
is useful from the point of view of Slavnov-Taylor identity. This identity will allow
to find even maybe yet unknown relations between different types of UD integrals.
We hope that the property exists above the present consideration, that is for four-
point ladder diagrams and at higher loops too. We plan to consider this in future.
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Abstract. The Fredholm eigenvalues of closed Jordan curves L on the Rie-
mann sphere C (especially their least nontrivial values pr = p1) are intrin-
sically connected with conformal and quasiconformal maps and have various
applications. These values have been investigated by many authors from dif-
ferent points of view.

We provide completely different quantitative and qualitative approaches
which involve the complex Finsler geometry of the universal Teichmiiller
space, the metrics of generalized negative curvature and holomorphic mo-
tions.
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1. Introductory remarks

The Fredholm eigenvalues of closed Jordan curves L on the Riemann sphere C have
various applications and have been investigated by many authors from different
points of view (see, e.g., the classical works of Ahlfors, Gaier, Schiffer, Warschawski
et al.). These values, especially their least nontrivial values p;, = p1, are intrinsi-
cally connected with conformal and quasiconformal maps.

Though many interesting problems still remain open. One of the reasons is
that there are no appropriate variational methods for the related maps. The vari-
ational approach is very important and requires further investigations. There are
also important computational problems, first of all to find the general algorithms
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for exact and approximate calculation of these values. We will see that this is
important, for example, in quasiconformal classification of curves.

In this talk, we provide completely different quantitative and qualitative ap-
proaches. They rely on the deep results of complex Finsler geometry of universal
Teichmiiller space T and accordingly involve the metrics of generalized negative
curvature and holomorphic motions. It became possible in this way to solve, for
example, certain the old problem of Kiihnau on inversion of classical Ahlfors and
Grunsky inequalities, certain extremal problems for Fredholm eigenvalues going
back to Schiffer and obtain many other results.

We briefly survey here the main recently obtained results in these topics.

2. Fredholm eigenvalues

2.1. The Fredholm eigenvalues p,, of a smooth closed Jordan curve L C C are the
eigenvalues of its double-layer potential, or equivalently, of the integral equation

I N RV S
u(z) =2 [ Q)5 tog e (1)

This equation has many applications, in particular, in two-dimensional poten-
tial theory, in the theory of boundary value problems (solving the Dirichlet and
Neumann problems either in bounded or in unbounded domains), in approximate
construction of conformal maps, etc. (see, e.g., [1], [8], [23], [27], [34], [35], [36],
[40] and references cited there). Note that

~ oo IC — sldsc = dg are(C — 2)

this equality is useful, for example, in numerical applications.

The smallest eigenvalue pr, = p; > 1 plays a crucial role. One of the reasons
is that by applying to the equation (1) the standard approximation method, the
speed of approximation is equal to O(1/pr).

This value pr, can be defined for any oriented closed Jordan curve L on the
Riemann sphere C by

1 |Dg(u) — D= (u))|

— =sup ,

PL Dg(u) + D= (u)
where G and G* are, respectively, the interior and exterior of L; D denotes the
Dirichlet integral, and the supremum is taken over all functions u continuous on

C and harmonic on G U G*. In particular, p;, = oo only for the circle.
A basic ingredient for estimating py, is the well-known Ahlfors inequality

1
_Sqa 2
PL L @

where ¢y, is the reflection coefficient of L, i.e., the minimal dilatation of quasi-
conformal reflections across L (that is, of the orientation reversing quasiconformal
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homeomorphisms of C which preserve the curve L point-wise); see, e.g., [2], [20],
[27]. This inequality remains invariant under the action of the group PSL(2, C).

The inequality (2) is a basis for all known algorithms for the evaluation of
exact or approximate values of py, for specified curves L.

3. Ahlfors and Grunsky inequalities

3.1. Tt suffices to take the images L = f#(S!) of the unit circle under quasicon-
formal self-maps of C with Beltrami coefficients w = 0zf/0.f supported in the
unit disk A. Then ¢;, equals the minimal dilatation k(f*) = ||]|eo of such maps,
and the inequality (2) is reduced to a strengthened Grunsky inequality.

The classical Grunsky theorem states that a holomorphic function f(z) =
z + const +O(z~1) in a neighborhood Uy of z = oo is extended to a univalent
holomorphic function on the disk

A*={zeC=CU{oo}: |z| > 1}
if and only if its Grunsky coefficients o, satisfy the inequalities
oo
| Z vmn amnxmmn| <1. (3)
m,n=1

These coefficients are generated by

%g(g) = — i amnzimcin, (Z,C) c (A*)Z’ (4)

m,n=1

log

where x = (z,) runs over the unit sphere S(I2) of the Hilbert space [ with
0 1/2

Ix]| = (Z |xn\2) , and the principal branch of logarithmic function is chosen
1

(cf. [12]). In particular, this assumes that f(z) # 0 on A*. The quantity

s#(f) := sup {‘ i VN QT |t x = (z,) € S(l2)} (5)

m,n=1

is called the Grunsky norm of f.

Note that the function g(z) = 1/f(1/2) = z + a22? + - - -, which is univalent
in A, has the same Grunsky coefficients oy, as f(z).

Consider the class ¥ of univalent holomorphic functions f(z) = z + by +
b1z~! + --- mapping the disk A* into C \ {0}, and let X(k) be its subclass of f
with k-quasiconformal extensions to the unit disk A = {|z| < 1} so that f(0) =0,
and X0 = J, Z(k).

Grunsky’s theorem has been essentially strengthened for the functions with
quasiconformal extensions, for which we have instead of (3) a stronger inequality
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(see [25]) N
| Z VI G| < k= k(f), (6)

m,n=1
where
k(f) = mf{k(w") = |[plloc = w"[0A™ = f}
is the minimal dilatation of (quasiconformal extensions of) f.
Here ||p]|oo = esssupe |u(2)].
This inequality implies that the Grunsky and Teichmiiller norms of f € X°
are related as follows:
#(f) < k(f). (7)
On the other hand, by a theorem of Pommerenke and Zhuravlev, any f € ¥ with
#(f) < k < 1, has kj-quasiconformal extensions to C with k1 = Eki1(k) > k (see
(31], [42]; [23, pp. 82-84]).

3.2. The eigenvalues py are intrinsically connected with the Grunsky matrix
(amn(f)), which is qualitatively expressed by Kiihnau-Schiffer theorem which
states that pr is reciprocal to the Grunsky norm s(f) of the Riemann mapping
function of the exterior domain of L (cf. [27], [35]). This is one of the key results in
the investigation and estimation of Fredholm eigenvalues by applying the Grunsky
inequalities technique.

Our first main theorem relates to Moser’s conjecture that each function f €
can be approximated locally uniformly on A* by functions f,, € X° with s(f,,) <
k(fn), which sheds light to deep geometric features of Fredholm eigenvalues and
is recently proved in [26]. To formulate it, we shall need certain results concerning
the universal Teichmiiller space; we present them in the next section.

3.3. Note that the set of f € X% with s(f) = k(f), or equivalently, with 1/pp(g1) =
k(f), is rather sparse in X9 but these functions play a crucial role in various
applications of the Grunsky inequalities technique.

To describe these functions, denote

A1(A) ={¢ € L1(A) : ¢ holomorphic},
A3 ={p € A1(A) : 9 = w?, w holomorphic}
and put

s = [[ Wty (1€ Luld). ¥ € La(8), ==+ i)
Then we have the following basic result.

Theorem 3.1. [15], [20] The equality 1/pr, = »(f) = k(f) for the Riemann mapping
function of the exterior (or interior) of L holds if and only if the function f is the
restriction to A* of a quasiconformal self-map wHo of@ with Beltrami coefficient
o satisfying the condition

sup | {so; ) al = [l1olloo; (8)
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where the supremum is taken over holomorphic functions ¢ € A2(A) with
lellaya) =1.

If, in addition, the equivalence class of f (the collection of maps equal f
on S') is a Strebel point, i.e., contains an extremal Teichmiiller map, then ug is
necessarily of the form

H0(2) = [l0llool0(2)] /th0()  with v € A2 in A. (9)

The condition (8) has a geometric nature and equality (9) holds, for example,
for all f with asymptotically conformal values on the unit circle. For analytic curves
f(S1) the equality (9) was obtained by a different method in [28]. Note also that
Strebel points are dense in Teichmiiller spaces (cf. [9], [39]).

4. Universal Teichmiiller space and its Finsler metrics

Recall that the universal Teichmiiller space T is the space of quasisymmetric home-
omorphisms of the unit circle S' = OA factorized by M&bius maps.

This space admits a complex Banach structure defined by factorization of the
unit ball of Beltrami coefficients

Belt(A)1 = {p € Loo(C) = p[A™ =0, [lpfle <1}, (10)

letting u,v € Belt(A); be equivalent if the corresponding maps wh, w” € %9
coincide on S? (and hence on the closed disk A*). The equivalence class of a map
wt will be denoted by [wH].

Using the functions f € X°, the universal Teichmiiller space can be mod-
elled (holomorphically embedded) as a bounded domain in the Banach space B
of hyperbolically bounded holomorphic functions in A* with finite norm ||¢||g =
supa-(|2]% = 1)2|p(2)].

All ¢ € B can be regarded as the Schwarzian derivatives

RN L f"(2)\?
Sz:( )——( ), z € A¥,
B =re) "2\
of locally univalent holomorphic functions in A*. The points of T represent f € 3°,
i.e.,Athe univalent functions in the whole disk A* with quasiconformal extensions
to C.

The defining projection ¢ : p — Sye is a holomorphic map from Lo, (A)
to B.

An intrinsic complete metric on the space T is the Teichmiiller metric de-
fined by

(¢ (1), dr(v)) = %illf{IOgK(w“* o (W) ) pe € dr(p),ve € 1 (v)}
(11)
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It is generated by the Finsler structure on the tangent bundle 7(T) = T x B of
T defined by

Fr(¢r (), ¢ (u)v) =inf{ w1 — )7, -
Pr(p)ve = (v 1 € Belt(A)r; v,va € Loo(C)},

The space T admits also invariant metrics. The largest of those is the Koba-
yashi metric dr. It is contracted by holomorphic maps h : A — T so that for any
two points 91, 12 € T, we have

dr(Y1,12) <inf{da(0,t) : h(0) = 41, h(t) = o},

where da is the hyperbolic Poincaré metric on A of Gaussian curvature —4, with
the differential form

(12)

|dz|
1— |z

ds = Anyp(2)|dz| = (13)

The following key theorem on plurisubharmonicity is a strengthened version
for universal Teichmiiller space of the Gardiner-Royden theorem on the equality
of Kobayashi and Teichmiiller metrics on Teichmiiller spaces (cf. [6], [7], [9], [32]).

Theorem 4.1. The differential Kobayashi metric Kr(p,v) on the tangent bundle
T(T) of the universal Teichmiller space T is logarithmically plurisubharmonic
in ¢ € T, equals the canonical Finsler structure Fr(p,v) on T(T) generating
the Teichmdiller metric of T and has constant holomorphic sectional curvature
ki (p,v) = —4 on T(T).

The proof of Theorem 2.1 essentially involves the technique of Grunsky coef-
ficient inequalities. In fact, these inequalities give that all invariant metrics on T
are equal, but this will not be used here.

Recall that the generalized Gaussian curvature k) of a upper semicontinuous
Finsler metric ds = A(t)|dt| in a domain Q C C is defined by

Alog A(t)
= 14
k(1) O (14)
where A is the generalized Laplacian
S S 0
AX(t) = 4liminf 72{% [ A+ re)an - A} (15)

(provided that —oo < A(f) < o0), and the sectional holomorphic curvature of a
Finsler metric on T is the supremum of curvatures (14) over appropriate collections
of holomorphic maps from the disk into T.

Similar to C? functions, for which A coincides with the usual Laplacian, one
obtains that A is subharmonic on €2 if and only if AA(t) > 0; hence, at the points
to of local maxima of A with A(tg) > —oo, we have AA(tp) < 0 (cf., e.g., [5], [14]).
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5. Main geometric theorems

The desired geometric theorem on Fredholm eigenvalues mentioned in the end of
the previous section states:

Theorem 5.1. The set of quasiconformal curves L, for which Ahlfors’ inequality
(2) is fulfilled in the strict form 1/pr > qr, is open and dense in the strongest
topology determined by the norm of the space B.

We derive this theorem from the following theorem which proves a much
stronger version of Moser’s conjecture.

Theorem 5.2. The set of points ¢ = Sy, which represent the maps f € X° with
#(f) < k(f), is open and dense in the space T.

The proof of Theorem 5.2 is given in [22]; it is complicate and relies on deep
results concerning the Finsler geometry of the universal Teichmiiller space.

A basic fact is that Grunsky coefficients ay,, (f) depend holomorphically on
the Schwarzians Sy and hence generate the holomorphic maps

ha(@) = > V/mn amp(@)ama, - T — A (16)

m,n=1

for each x = (x,,) € S(I?). Using these functions, we define a new complex Finsler
metric on T of holomorphic curvature at most —4.

Let Q be a holomorphic disk in T; then Q = ¢1(Q°), where Q° is a holo-
morphic disk in the ball Belt(A);. Let us consider in the tangent bundle 7 (T) =
T x B the holomorphic disks covering 2. Their points are pairs (¢, v), where
v = ¢i[pln € B is a tangent vector to T at the point ¢, and p runs over the ball

Belt(Dy)1 = {1 € Loo(C) : ulD5 =0, [lullo < 1}.

Here D, and D7, denote the images of A and A* under f = f, € 0 with S = ¢.
To get the maps A — T preserving the origins, we transform the functions

(16) by the chain rule for Beltrami coefficients w” = w®®) o (f*0)~!, where

v—uvg 0.

1 -7y azflfo ’

o(v)o fo = (17)

denote the composed maps by gx[o,]. Using the form

hx () = hx(p0)
1- hx(@O)hx(@),

one defines on 7 (T) a new Finsler structure
F..(¢0,v) = sup{|dHyx (po; po)v| : x € S(I*)}. (18)

It is dominated by the canonical Finsler structure (12).

Hy (@, 0) =
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The structure (18) determines in a standard way on embedded holomorphic
disks v(A), where ~ are injective holomorphic maps A — T, the Finsler metrics
Ay (t) = Fo.(v(t),7'(t)) and then the corresponding distance

d (1, p2) = inf/)\v(t)dst.
8

The infimum over C! is taken over smooth curves 3 : [0, 1] — T joining the points
w1 and @s.

This structure reproduces the Grunsky norm at least on the Teichmiiller
extremal disks:

Lemma 5.3. On any extremal disk A(po) = {¢r(tuo) : t € A} (and on its
isometric images in T), we have the equality

tanh ™" [5(S pruo )] / Ase (19)

Using this structure, we pull back via the maps (16) the hyperbolic metric
(13) onto suitable holomorphic disks € in the tangent bundle 7(T) over T and
get on these disks the conformal subharmonic metrics ds = Ay, (o (1)) (t)|dt] on Go,
with
gl )]
= gl I

whose curvature at nonsingular points is equal to —4.

Agxlow ()] = Ix[To (V)] (Anyp) =

The upper envelope of these metrics :\\% = sup ng [0,]> Where the supremum
is taken over all x € S(I?) and all o, € Belt(A);, generates a subharmonic metric
on these disks, which descends to a subharmonic metric A,, on the underlying
holomorphic disks €2 in T. The generalized Gaussian curvature of A, satisfies
kx, < —4, or equivalently, Au,, > 4e2¥=,

We can compare this metric with the restrictions of the Kobayashi differential
metric K to Q by applying Minda’s maximum principle for upper semicontinuous
solutions of the differential inequality Au > Ku.

Lemma 5.4. [30] If a function u :  — [—o00,400) is upper semicontinuous in
a domain Q C C and its generalized Laplacian satisfies the inequality Au(z) >
Ku(z) with some positive constant K at any point z € Q, where u(z) > —o0, and
if limsupu(z) < 0 for all { € 99, then either u(z) < 0 for all z € Q or else

z—C

u(z) =0 for all z € Q.

This lemma is applied to the function u = log(\,./Ax) and implies that both
metrics A,, and A must coincide on §2,. Thereafter, one derives the assertion of
Theorem 5.2
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6. Inversion of Ahlfors inequality

6.1. An important question, which actually arose after the seminal Ahlfors paper
[1] is whether the reflection coefficient of a quasicircle L can be estimated by its
Fredholm eigenvalue pr. An equivalent problem on the sharp estimation of the
dilatation k(f) by the Grunsky norm of f was stated by Kiithnau in 1981.

He established a not sharp estimate of k(f) by an explicit function of s(f).
His bound relates to known estimates of dilatations of quasiconformal extensions
of k-quasisymmetric homeomorphisms of the real axes (see [29]).

The following theorem proved in [22] solves this problem completely and has
many other applications.

Theorem 6.1. For f € X% we have the estimate
3 1 1.07...

k(f) < = (20)
2V2 prsty  Pr(sh)
which is asymptotically sharp as p — oo . The equality holds for the map
2(1+1t/23)%/3 if 2| >1
= 21
Farl2) {z[l Ci(el 2 f o] <1 21

with t = const € (0,1).

Note that the Beltrami coefficient of fs; in A is pg(z) = t|z|/z. This map
was the first (though the simplest) example of functions with s(f) < k(f) found
by Kiihnau.

We again can consider only f € X° represented in T by Strebel points,
i.e., with Teichmiiller coefficients uy = k|p|/p, where k = const € (0,1) and
p € A1(A). Put 57 (2) = p(z) /| ptllse-

We apply the following improvement of Theorem 3.1.

Theorem 6.2. For every function f € X° with unique extremal extension fHo to
A, we have the sharp bound

with
a(f*) = sup{|(u5, @)al: ¢ € AL, [lolla, =1} (22)

The proof of Theorem 6.2 is geometric and relies on properties of conformal
metrics ds = A(z)|dz| on the disk A with A\(z) > 0 of negative integral curvature
bounded from above. The curvature is understood in the classical supporting sense
of Ahlfors or, more generally, in the potential sense introduced by Royden [33] in
his investigation of the case of equality in the Ahlfors-Schwarz lemma (cf. [13]).

Namely, a metric A has curvature at most K in the potential sense at a point
zg if there is a disk U about zy in which the function

log A\ + K Poty (A\?),
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where Poty denotes the logarithmic potential

Poth = 5 [ hQ)log|¢ ~ zldedn (¢ =€+ ),
U

is subharmonic. One can replace U by any open subset V' C U, because the
function Potyr(A2) — Poty (A?) is harmonic on U. This is equivalent to condition
that \ satisfies the inequality AlogA > K2 in the sense of distributions; here
A = 400. For such metrics, we have the following Royden’s lemma.

Lemma 6.3. If a circularly symmetric conformal metric A(|z])|dz| in A has curva-
ture at most —4 in the potential sense, then \(r) > a/(1 — a*r?), where a = \(0).

We consider the extremal disk A(ud) = {oT(tus) : t € A} C T, on which
the differential Kobayashi metric Ax coincides with hyperbolic metric (13), and
construct the corresponding maps (16), getting similar to Theorem 5.2 a logarith-
mically subharmonic metric A, (t) on A whose curvature in both supporting and
in the potential senses is less than or equal —4. Its circular mean

27
M) = @m)7t [ A(re')do
0
is a circularly symmetric metric with curvature also at most —4 in the poten-
tial sense. The needed value of this mean at zero can be calculated by applying
the standard quasiconformal variations. Together with Lemma 5.3, this implies
Theorem 6.2.

To get (20), we have to estimate the quantity (22) from below. Applying
Theorems 3.1 and 6.2, we can restrict ourselves by finding the minimal value of
the functionals ,,(¢) = [(u*, @) a| on the set {¢ € A3 : ||lp|l1 = 1} for p* = || /¢
defined by integrable holomorphic functions in A of the form

P(z) = 2™(co+crz+---), m=1,35,....

The rather long calculations imply that this minimum equals % and is attained
on the map (21).

The equality in (20) is attained by the map (21) only asymptotically as
p — o0 (see [22]).

6.2. The inequalities (2) and (20) result in

1 <y < 3 1
—<gqL < —— —
PL 2\/5 PL
(and in the equivalent inequalities for Grunsky norm).
Since the universal Teichmiiller space is a homogeneous Banach domain, so
that any two its points are connected by a map from the universal Teichmiiller
modular group Mod 1 preserving the invariant distances, one obtains from (23)
the following interesting geometric estimates.

(23)
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Theorem 6.4. FEvery contractable separately plurisubharmonic metric rr(p,¥) on
T is deviated from the Kobayashi metric at most as follows

3 _
rr(p1, p2) < dr(p1, p2) < tanh[z—ﬁ tanh ™" ro (1, 02)].

7. Quasireflections and Finsler metrics

‘We mention here an application of geometric method exploited above to somewhat
other kind of problems.

7.1. As is well known, a topological circle admitting quasiconformal reflections is
a quasicircle and, according to [Ah2], it is characterized by uniform boundedness
of the cross-ratios of ordered quadruples of its points. Moreover, it was established
in [16] that any set E C S?, which admits quasireflections, is necessarily located
on a quasicircle with the same reflection coefficient.

For each mirror F, its reflection coefficient is defined as gz = inf |0, /05 f || o
(where the infimum is over all quasireflections across E) and the quasiconformal
dilatation is defined by

Qe=1+4qr)/(1-qr)>1

Due to [2], [16], [27], we have

Qe = (1+kg)*/(1 - kr)?,
where kg = inf|0zf/0.f|lc, taking the infimum over all quasicircles L D E
and all orientation preserving quasiconformal homeomorphisms f : C — C with
f®) = L.

One of the important problems in this theory and its applications is devel-
oping general algorithms for exactly, or at least approximately, calculating of the
reflection coefficients of particular curves and their subarcs.

One of the standard ways of determining the reflection coefficients gy, and the
Fredholm eigenvalues py, for a given curve L consists of verifying whether we have
for this curve the case of equality in (7). This is unknown even for the rectilinear
quadrilaterals.

7.2. Already more than 20 years ago, Kithnau stated a question whether for any
rectangle P, the equality ¢p» = 1/pp holds, which was completely answered only
recently. It was established in [27], [41] (by explicit constructing the extremal
reflections) that the answer is affirmative for the rectangles R sufficiently close
to the square so that their moduli m(R) satisfy 1 < m(R) < 1.037; for such
rectangles, we have q;, = 1/pp, = 1/2.

The above geometric approach provides also a complete answer to this ques-
tion as well as to certain other related problems. Namely, the equalities

qor = 1/pap = #(f*) = k(f7) (24)
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hold for every rectangle P; here f* denotes the Riemann mapping function A* —
P+ —C\P.

In this case, the elliptic integral

¢
_ dg _
7€) = Oto/ S = G0,

defines a conformal map of the upper half-plane U = {z : Imz > 0} onto the
rectangle P so that the points points £1 and £t (0 < t < 1) go to the vertices
(£a,0), (£a,+a + ib) of P. The corresponding map b(t) = Sy, (-,t) : (-1,1) —
T defines a real curve T in T which represents all rectangles P (up to linear
equivalence). It is located on a non-geodesic holomorphic disk (planar domain) g
in a tubular neighborhood Vr of " in T.

Now, composing the solutions to the Schwarz equation Sy = ¢, ¢ € T,
with a suitable Mdbius map A* — U, one obtains the functions F € X°, for
which we have by (16) the corresponding holomorphic maps hx(¢) : T — A.
This implies, similar to the Theorem 5.2, a subharmonic Finsler metric A,, on the
disk Qg of generalized Gaussian curvature ky,_ < —4, which is the restriction of a
corresponding Finsler metric determined on the whole neighborhood Vr.

The equality gap = 1/pap, already known for rectangles P close to the square,
allows us to conclude that this metric coincides at the corresponding points ¢ € £
with the dominant differential Teichmiiller-Kobayashi metric Aic on T. Then, by
Lemma 5.4, A,, and A are equal on the whole disk g, which implies the equalities
(24). For details see [21].

8. Variational problems for Fredholm eigenvalues

8.1. In this section, we consider certain basic important variational problems
concerning the Grunsky eigenvalues and quasiconformal maps.

Some extremal problems for Fredholm eigenvalues have been investigated in
pioneering papers of Schiffer (see, e.g., [34]), and applied to obtaining the existence
of conformal maps onto canonical domains.

Note that the smallest positive Fredholm eigenvalue py regarded as a curve
functional is upper semicontinuous with respect to uniform convergence on curves.
The discontinuity causes the difficulties in solving the extremal problems for Fred-
holm eigenvalues of arbitrary Jordan curves. Another source of difficulties is pro-
vided by non-compactness of many of the intrinsically involved collections of maps.

The situation is different when the maps are convergent in the Teichmiiller
distance, because the function s(f) is continuous on T (cf. [37]).

From this point of view, it is natural to consider the extremal problems on
the classes of conformal maps f with Fredholm eigenvalues pf(g1) bounded from
below.
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Such problems have not been fully investigated. One of the points is that
there are no variational methods for these classes. We will apply the complex
geometry of universal Teichmiiller space.

8.2. Consider the subclass (k) of ¥ which consists of f € ¥ having k-quasicon-
formal extensions to C and with the eigenvalues pgg1)y < 1/k (or equivalently, of
f with the Grunsky norm s(f) < k). Theorem 5.2 implies that this class is much
wider than (k).

Let F(f) be a holomorphic functional on the class ¥, which means that F
is continuous and Gateaux C-differentiable, i.e., we have for any f € ¥ and small
t € C the equality

F(f 4+ th) = F(f) + tF;(h) + O(t*), t—0, (25)
in the topology of uniform convergence on compact sets in A*. Here F]’c(h) is a
C-linear functional. The restriction of F' to X9 can be lifted to the ball Belt(A);,
using the equality F' (u) = F(f*). We require that this lifting is holomorphic
on Belt(A);. This yields that the functional F;(h) in (25) is a strong (Fréchet)
derivative.
We shall assume that the derivative on the identity map id(z) = z,

po(2) = Fiy(g(id, 2)) (26)
is a meromorphic functions on C, which is holomorphic and integrable on the unit
disk A.

This rather natural assumption holds, for example, for the general distortion
functionals F' of the form

F(f)=F(f(z1), f'(z1)y oo o )i 5 F(2p)s £/ (2p)s oo s £ (1)),

where z1,... , zp are the distinct fixed points in A* with assigned orders my, ...,
my, respectively. In this case, the function (26) is rational.

The following general theorem solves the maximization problem for any func-
tional F on X(k) of the above form, under an appropriate restriction to dilatation k.

Theorem 8.1. Suppose that the range domain of F on ¥° has more than two
boundary points. If a function o defined by (26) has in A only zeros of even
order, then there exists a number ko(F) > 0 such that for all k < ko(F), the
extremal functions for F' on the class (k) are the same as in the smaller class
Yk; in other words,
max |F(f) — F(id)| = max |F(f) — F(id)| = max |F(ftl¢ol/¢0) — F(id)|. (27
max, [F(f) = )| = max |F(f) = Fd)| = max [F(£1)/%) — Pla). (21)
A similar result has been established earlier by the author for the classes
Y (k) using the equality of Carathéodory and Kobayashi metrics on the disk

Alpo) = {¢r(tlpol/wo) -t € A} CT

following from Theorem 3.1 (see, e.g., [19]). The basic ingredient of the proof is the
existence of a projector with norm one, which is ensured by the mentioned above
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equality of Carathéodory and Kobayashi metrics. Also the standard variational
formula for the maps f* € E(k)

L SIS
M) =2t o / [ L o).l o,

where the ratio O(||u)|?)/||p]|? is uniformly bounded on compact sets of C, was
essentially used.

This method does not work for the maps of class 3(k), where no variational
formulas are known.

Theorem 8.1 sounds rather surprisingly and shows that the underlying fea-
tures are generated by hyperbolicity, like in the classes ¥ (k). We derive this theo-
rem as a consequence of the following result which is of independent interest.

Theorem 8.2. If a holomorphic functional F on X° with F(id) = 0 satisfies
sup [F(f*)| =1,
lellee <1
and if its derivative F;(g(id, z)) = oo has in A only zeros of even order, then, for
any k € [0,1] and any t with |t| =k, we have
max |F(f)| = |F(ftl¢ol/¢0)| = k. 28
max |F(7)| = |F(711/e0) (29

Theorem 3.1 plays a crucial role in the proof of Theorems 8.1 and 8.2. We
again use the density of Strebel points in T and establish that the maps f!%!/%
with ¢ € A1(A) cannot be extremals F unless ¢ = .

8.3. For the bounded functionals F' : ¥ — C with F(id) = 0, there is a useful
lower estimate for ko(F'), which allows us to apply this theorem effectively. Namely

(. 1), -
kolF) 2 e S = hila), (29)

where a is any number satisfying 0 < a < 1/2, M(F) := supsy, |F(f)| < oo and

IFl = / [ IFi(gtid.2)ldudy. (30)

8.4. Specifying the functional (25), one gets the new sharp distortion estimates.
For example, taking F'(f) = bap—1, n > 1, one obtains

Theorem 8.3. For each f(z) = z+ Y b,z € 3(k), we have the sharp bound
0

k
max |bo,—1| <=, n=1,2,..., (31)
»x(f)<k n
provided that
1
k<k,= 32
<hn= oy (32)
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The equality in (30) is attained on the maps
)2/(n+1)

, 2| <1,
<n+1>/2} 2/ (1)

z (1 + Znt+1

fle) = 2 [1 +1(Z)

, ozl > 1,
with Beltrami coefficients
pa(z) = t(Z/2)" 1, |t =k,

as well as for their admissible translations hy ¢(2) = fni(2) —a with a € C, i.e.,
such that hy; also remains in the class X (k).

The bound (32) follows from the known corresponding best estimate for the
maps of class (k).

8.5. The above arguments work well also for the classes S{k) of univalent functions
f(z) =2+ > 5 a,2" in the unit disk, which have quasiconformal extensions to C
satisfying f(oco) = oo and such that their Grunsky norms satisfy s(f) < k.

In this case, one obtains, by applying the bound (28), that for every function

f € S(k) its odd coefficients ag,_1 satisfy the inequality

k
|a2n_1|§—, n:2,3,... y
n—1

provided that

#(f) < kn=1/[(2n— 1)+ 1].
In contrast to classes X(k), an additional normalization condition for the functions
of f € S(k) (for example, at infinity) essentially reflects upon the growth order of
the coefficients.

Such classes of univalent functions in the disk without an additional normal-
ization were investigated by Grinshpan and Pommerenke, also by applying the
Grunsky inequalities (see [10], [11]); they established the exact growth order of
coefficients a,, in n.

8.6. The following question bridges the maximization problem studied above with
the problems for Fredholm eigenvalues considered by Schiffer.

Let 209,89, ... ,b2,) denote the collection of functions f € ¥ with the same
first m coefficients 69,89,... ,bY  which are fixed. Find the Jordan curves L =

f(SY) with maximal Fredholm eigenvalue py,.

In other words, one has to find the curves whose eigenvalue is the closest to
the eigenvalue of the circle.

The case m = 1 is rather simple; then 1/ maxpy, = [b}|, with equality only

for the maps
z4+1t/z zl >1
fra(z) = { T
z +tZ, |z| < 1,
with [¢t| = [b9]. These maps are extremal for many problems.

A partial answer for m > 1 follows from Theorem 8.1; in the general case,
the problem is open.
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9. Computation of Fredholm eigenvalues

9.1. Another approach to estimating the reflection coefficients and Fredholm eigen-
values of curves relies on the properties of holomorphic motions, i.e., of holomor-
phic isotopies depending on complex parameter (see, e.g., [4], [38]). We illustrate
it on the following theorem proved in [17].

Theorem 9.1. Let a function f map conformally the upper half-plane U into C,
and let the equation

w'(¢) = tbs(Qu'(Q), (€U, (33)

have univalent solutions on U for all t € [0,to], to > 1. Then the image f(U) is a
quasidisc, and the reflection coefficient of its boundary L = f(R) = 0f(U) satisfies

qr. < i (34)
to
This bound cannot be improved in the general case. The equality in (34) is attained
by any quasicircle which contains two C*+¢ smooth subarcs (€ > 0) with the interior
intersection angle amw, where « = 1 —1/ty (under above univalence assumption for
logarithmic derivative by = f"/f'). In this case,
1 1

qr = —

oL to (35)

The exact bound for the reflection coefficient ¢, follows from (34) by choosing
the maximal value of ¢y admitting the indicated univalence property for all ¢ €
[0, to]. The corresponding solution wy, of (33) for this value is also univalent on U,
but the domain w,(U) is not a quasidisc.

To prove the theorem, we use the conformal maps o; of the disks A; =
{l]z| < t}, t < to onto U and construct the desired holomorphic motions w(z,t) :
AxXNA; — C as the ratios ug/uy of normalized independent solutions of the equation

U =thpoo—1u’, 0<t <to.

The well-known properties of holomorphic motions provide the estimate (34). To
examine the case of equality, one must combine (34) with the angle inequality of
Kithnau [27] which asserts that if a closed curve L contains two analytic arcs with
the interior intersection angle ma, then its reflection coeflicient satisfies g7, > |1—¢/|
and use approximation.

Theorem 9.1 concerns the Ahlfors conjecture that conformal maps of U
onto the interior of quasicircles are analytically characterized by their logarith-
mic derivatives (see [2]). It was investigated by many authors.

9.2. The following theorem shows that the bound (35) given by Theorem 9.1 is
attained on the maps onto unbounded convex or concave domains and on their
fractional linear images.
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Theorem 9.2. For every unbounded conver domain D C C with piecewise C1T¢-
smooth boundary L (e > 0), the equalities

qr = 1/pr = #(g) = 2(g") = ko(g) = ko(g") =1 —|a (36)

hold, where g and g* denote the appropriately normalized conformal maps A — D

and A* — ((A:\E, respectively; ko(g) and ko(g*) are the minimal dilatations of their

quasiconformal extensions to @, and |a| is the opening of the least interior angle

between the boundary arcs Ly C L. Here 0 < o < 1 if the corresponding vertex is
finite and —1 < o < 0 for the angle at the vertexr at infinity.

The same is true for the unbounded concave domains which do not contain

oo; for those one must replace the last term by |B| — 1, where w|Q| is the opening
of the largest interior angle of D.

The univalence of solutions to the equation (33) for 0 < ¢ < 1/(1 — |a]) is
established for such domains approximating f : U — D by conformal maps f,
of the half-plane onto the rectilinear polygons P, which are chosen to be also
unbounded and convex or concave simultaneously with the original domain D.
These maps f,, are represented by the Schwarz-Christoffel integral.

The main point is that if the least interior angle of P, equals |a;,| (taking the
negative sign for the angle at infinity), then for any ¢ € [0,1/(1 — |ay]|)] the corre-
sponding fiber map w¢(z) is again a conformal map of the half-plane onto a well-
defined rectilinear polygon. After the needed approximation, the basic equalities
qop, = 1/pap, = 1 — |ay| follow from Theorem 9.1, while the remaining equalities
in (36) are obtained by combining this theorem with the Kiithnau-Schiffer theorem
mentioned above.

9.3. Theorems 9.1 and 9.2 have various important consequences. For example, for
any closed unbounded curve L with the convex interior, which is C'*¢-smooth at
all finite points and has at infinity the asymptotes approaching the interior angle
ma < 0, we have
qr=1/pL =1-|al. (37)
More generally, let L = 3 U~ U7y, where

71 = [a1,00], ¥2 = eim[ag,oo], ap > a3 >0, 0<a<1/2

and
v3 ={(x,y): y=nh(x), agcosTa <z <ay}

with a decreasing convex piecewise C'**¢-smooth function h such that

h(az cosma) = agsinw|a|, h(ay) = 0.

Equalities (37) hold for any such curve.

The above geometric assumptions on the domains are essential. In particular,
the assertion of Theorem 9.2 extends neither to the arbitrary unbounded noncon-
vex and nonconcave domains nor to the arbitrary bounded convex domains, with-
out some additional assumptions. This shows also that univalence of solutions w;
for all ¢ € [0,%0] in Theorem 9.1 is essential.
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For a few special curves, similar equalities were established in [26], [27], [41])
by applying geometric constructions giving explicitly the extremal quasireflections.

9.4. Note that Theorem 9.1 closely relates to the structure of holomorphic embed-
dings of the universal Teichmiiller space. The space T is not starlike with respect
to any of its points, and there exist points ¢ € T for which the line interval
I, = {ty : 0 <t < 1} C B contains the points v; for which the corresponding
functions f with Sy = ¢; are only locally univalent on A* (see, e.g., [19]).

The logarithmic derivatives 8y = f”/f’ determine the Becker embedding of
T as a domain T; in the Banach space By of holomorphic functions ¥ on A* with
the norm ||| = supa-(|2|2 — 1)|23(2)]; see [3]. This space also is not starlike with
respect to its origin, and therefore the general intervals in T are not connected.
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A Note on Life-span of Classical Solutions
to the Hele-Shaw Problem

Alexander Kuznetsov

Abstract. The Hele-Shaw flow with a source and with a simply connected
initial domain is considered. It is shown that, if the solution exists for a
sufficiently long time, then it is close to the identical map, and hence, it is
starlike and exists infinitely long time. An estimate for this time is given.
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1. Introduction

Hele-Shaw flow is a difficult problem of mathematical physics. A powerful tool for
the description of this process can be provided by the theory of univalent functions.

Let D(t) be a simply connected domain in the complex plane, occupied with
a viscous fluid. Without loss of generality, we can assume, that the source is sit-
uated at the origin and it is of unit strength. We define a parametric function
f(z,t), f(0,t) = 0, f(0,t) > 0, which maps the unit disk D = {z : |z] < 1} con-
formally onto the domain D(t), and which satisfies (see, e.g., [1, 6]) the following
equation

ei9+z

2
feut) = 2 ()5 | i e . (1)
0

in the case of negligible surface tension. In (1.1) dot and prime denote derivatives
with respect to t and z, respectively. A nice introduction to Hele-Shaw flows is
given in [7].

It is known that some geometric properties of the function f(z,t) are pre-
served as long as the solution to (1.1) exists, in particulars, starlikeness with re-
spect to the origin. Based on this fact, it was shown [2], that if the initial domain
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is starlike and has an analytic boundary, then the solution to the equation (1.1)
exists infinitely long.

On the other hand, if solution exists infinitely long, then the normalized
domain \/Lﬂf(]]),t) tends to the unit disk in the Hausdorff metric [3]. Thus, it is
reasonable to assume that, if the solution exists long enough, then it is close to the
identical map at some moment, and hence, is starlike and exists infinitely long.
This paper is devoted to the proof of this fact.

Let

M = max|f'(2,0)* = ||f'(z, 0)[[1,
|z|<1

F )l = max |f(2)],

|2]<r
and S be the area of the domain D(0). Let

D =vVM —/S/x,
d=vrM - S,

and

(D +2d)(3D+2d+ 2/S/7) — S/T('} N §D
D+ /S/m 27
Theorem 1.1. If the solution to (1.1) exists for all
22d+ D+ (3 — 2)T\?2 (3D +2d +2\/S/7)? — S/=
N =)
then it exists infinitely long.

(The number z = 0.0010686995709770337 ... will be defined below as a so-
lution to a transcendental equation.)

T = max {QD + 4d,

i

2. Estimate for internal and external radii

The fact that the normalized domain tends to the unit disk was proved in [4],

and it is based on the following inequality R.(t) = max.—1 [f(z,t)|, and R;(t) =

min,;|— [f(z,t)], where the ring r; < |z — &| < R; is the smallest ring containing

09(t). First we need the following inequality (see [4] p. 57 or [5] p. 22 and p. 19)
Re(t) < V2t + M.

From the inequality

V2t+ M — /2t + S/7 < D, (2.1)

R.(t) < /2t +S/m+ D. (2.2)

Also we need an estimate for R;(t), that can be obtain as a consequence of the
following inequalities (see paper [4] p. 78 or [5] p. 30):

RtZ\/2t+S/7T, TtERt* M — S.

we obtain
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Therefore,

re > /2t + S/m — V7M - S.
For |&;|, we have

6] < V2t + M — /2t + S/7 + V/7M — 8.
Using (2.1) we obtain |&] < D + d. Taking into account, that R; > ry — |&], we

have
R;(t) > \/2t+ S/m—2d — D. (2.3)

3. Extension of solution

Proposition 3.1. If the solution f(z,t) to the equation (1.1) exists for t satisfying

the inequality

V2t + S/m > 3D +2d + 2\/S/, (3.1)
then the function f(z,t) has an analytic extension to the disk Do = {2z : |z| < 2}
and satisfies the following inequality

1, 0)la < S V3 + SR 4T,

Proof. Let r(t) = Hég}({o)|f’1(z,t)|. The function f(z,t) (see, e.g., [2]) can be
zeE

analytically extended to the disk |z| < 1/r by the following equality:

FQA/E ) = S(F(&1),1).

Where o1
S(z,t) = Z — xam) (2) + xaw) (2) + - (3.2)

1 Aoy
XQ(Z)Zi%//z—w’
Q

where o,, stands for the area measure in the w-plane.

By the Schwartz lemma r(t) < %E?)). Therefore from (2.2) and (2.3) we
obtain, that inequality (3.1) means R;(t) > 2R.(0). Thus, the function f(z,t) is
analytic in the disk |z] < 2.

It is easy to see that
1F(z D)ll2 < Igggls(f(ew/?,t)),t)\-
Since || f(z,t)||1 < Re(t), then
|f(e"/2,8)] < Re(t)/2 (3.3)

Noting that the preimage of the disk |z| < R;(t) lies in D, and using the
Schwartz lemma, we have that the preimage of the disk |z| < R;(t)/2 lies in the
disk |z|] < 1/2. From this we obtain

|f(e'?/2,t)| > Ri(t)/2. (3.4)

and
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From (3.2), (3.3) and (3.4) we have
SUE/2.0).0] < Rlt)/2+ s+ - [ Ow_ = f(e)2.1).

|z —wl|’
Q(t /2(0)

Again using (3.3) and (3.4) we obtain
SUE 20000 < R2+ g+ = [[ T =3RO+ 5o

Jwl
\w\<R (t)
Thus,

IS(F(e/2,0),1)| < VAT ST7+ 2D +

—2V/2t + S/7.

«/2t+ S/7r —-2d—D
Latter two expressions are equivalent to

2(D+2d)\/2t+ S/m —2S/7
V2t +S/m—2d-D

Using the monotonicity of this function, the inequality (3.3), and assuming, that

D +2d)(3D + 2d + 2 —
T:max{2D+4d,( +2d)3D +2d+ 2/ /) S/”} 5p.
D+./S/% 2
we finish the proof. O

4. Sufficient condition of starlikeness
Fist we are going to prove the following statement

Lemma 4.1. For an analytic function f : D — D, ||f(2)|lr =¢,0 <r < 1, we have

[14Tog, r

1-log? rlog, € R 1402
T < pi=r2
Hf/(Z)HT' SF(E,T): 2r € log 7 s 6_17:;—12

= e>ri-r?

T
Proof. Using the Hadamard three-circle theorem, we have
log r
1)y St r < <1

Using the invariant version of the Schwartz lemma

1—g(2)]?
! < < <1 <1
96 € 550 < = [ < LIs(e)

for the function

f(z/r1)

logry

£ log r

we conclude that 1
£ lfg'r}

L' ()r < (r1) = nA_ ()Y
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Let us find the minimum of the right-hand side of this inequality. In order to do
this we calculate the derivative

W) = glroggv;} (r? —r2) 120g5 — (r? +1?) logr.

(rf —r2)2logr

The equation ¢'(r1) = 0 is equivalent to
ri(loge —logr) = r*(loge + log ). (4.1)

In the case € > r, the equation (4.1) has no solutions. If 0 < € < r, the
equation (4.1) has one positive solution

loge + logr 1+log.r
=Ty =Ty ———.
loge — logr 1—1log.r

Solving the inequality r; < 1, we have that if

1472
e<ri-r <

then the solution belongs to the interval (r, 1]. So we have

1+log. 7
Vo iog, e e ERE e
I T e I
ﬁ, €>ri-r?, 0

O

Proposition 4.2. An analytic function f(z) : D — D, f(0) =0, f(2) = az + ¢(z)
is starlike in the disk Dy, 0 < r < 1 if ||¢p(2)]|, < x, where x is a unique solution
to the equation

F(z,r) =

. X .
arcsin — —+ arcsin ———— = —.
ro @

2

Proof. Due to the necessary and sufficient condtion of starlikeness, we have to
prove that

ot d(z) o
a+¢(z)/z
Using lemma 4.1, we find the estimate for the argument of the numerator 6 of the
fraction in (4.2)

Re—————- >0, |z] =71 (4.2)

Edle)lr,7)

F
—arcsin —————— < 0 < arcsin M
@ a

Similarly, we derive an estimate for the argument -y of the denominator

H¢( )||r 1IN

— arcsin ———— <y < arcsin ———
ro

Condition (4.2) can be written as
m T
20—y > =
5 = 7=
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or

H¢>( )Ilr - Flo(2)]]r7)

— arcsin ————— — arcsin
F(llo()[lrs7)

H¢( )||r

>0 — v > arcsin ———— + arcsin

Thus, if the inequality

|I¢( )Ilr i FUlel7)

. s
arcsin ———— + arcsin =,
« 2

holds, then the function f (z) is starlike.
Using the monotonicity of F(x,r) for a fixed r, we arrive at the equation
F(z,r) =

.z .
arcsin — + arcsin ———= = —.
ro «@ 2

It has a unique solution z, and from ||¢(2)]||, < x, we have (4.2). O

5. Proof of the theorem
Let

f(z 1)
9(z/2,t) =
/2:9) V2 +S/m+T
From Proposition 3.1 we have that if

V2t + S/m>3D+ 2d+2+/S/x, (5.1)

then the function g(z,t) maps D into itself.
Proposition 4.2 implies that, if

H g(z,t) — —ZH < § = 0.03898585230688595 .

where § is a unique solution to the equation

. . 9F(8,1/2) =«
arcsin > —+ arcsin a1 = 5
then the function f(z,t) is starlike in D and the solution to (1.1) exists infinitely
long time [2]. We have

H'g(z’t”_‘gz”’mg {|3 \/ﬂigﬁHT \/m+T 3‘}

=z,
also
2R;(t) g’(Ot)< 2R.(t)
SV2t+S/m+T ~ SV2+ St +T
So we have

lg'(0,1) — g{ < 2z. (5.2)
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We need the following statement.

Lemma 5.1. Suppose that f(z) = Bz +2q(2), >0, q(2) = a1z +azz® +---, is an
analytic function in D satisfying the inequality |f(2)| < 1, |z| < 1. Let r € (0,1),
>0, anda>0, | —al <e If |||f(z)| — |oz| H <re, then

4
lzq(2)]|, < 4erlog, 4e + T =

Proof. For the function f(z)/z we have
1 (2)/2llr = 1B+ a(2)[l» < @ +e.
Taking into account the inequality |o — 8| < & we conclude that
Re q(z) < 2¢,|z| <.

Hence the function
_ 2e—q(rz)

has positive real part in D. It follows that |p,| < 2 for all n > 0. Consequently,
lan| < 4er™™, n > 0. Since |f(2)] <1, |2] <1, we have |a,| < 1, n > 0. Therefore,

=14piz+p22+...

der—™, 0 < n <log, 4e,
|an| <
1, n > log, 4e.

It follows that
4e
lla(2)||» < 4elog, 4e + T

which finishes the proof of the lemma. O
From this lemma and inequality (5.2) we obtain
4
Hg(z,t) - 52"1/2 < 4zlogy /o 82 + 9z.
From this it follows that if

Re( 2
max |5 mw 9’ mw 5l ==

then the solution is starlike, where z = 0.0010686995709770337 . . . is the minimal
positive solution to the equation

4z log; /o 87 + 9z = 4.

Taking into account the inequality R.(t) > R;(t), we find that is sufficient to
show that

Re(t)

V2A+S/m+T

2 .
~9 <z, and (1) —

2
SV2+S/m+T 9

> —x.
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Using estimates (2.3) and (2.2) for R.(t) and R;(t), we have
D - 2T 2d+ D+ 2T

<z and <z
V2 +S/m+T ~ V2 + S/ +T ~

As D, d, T are positive, first inequality implies second. And it is sufficient to show

that )
22d+D+ (2 —2)T
V2t +S/m > 5 (G -2) .

x
Tacking into account (4.2) we have that, if a solution exists for

22d+ D+ (3 —x)T\? 3D +2d +2,/S/7)? - S
thax{(— ki) ) —S/ﬂ',( tedt /m) /ﬂ}
9 T 2

then it exists infinitely long.

)
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The Fourier Transforms
of General Monotone Functions

E. Liflyand and S. Tikhonov

Abstract. Extending the notion of the general monotonicity for sequences
to functions, we exploit it to investigate integrability problems for Fourier
transforms. The problem of controlling integrability properties of the Fourier
transform separately near the origin and near infinity is examined. We then
apply the obtained results to the problems of integrability of trigonometric
series.
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1. Introduction

‘We consider the cosine and sine Fourier transforms
o0
F(z) = / f(t) cosxtdt (1.1)
0
and
o0
G(zr) = / g(t)sinxt dt, (1.2)
0

respectively, with « > 0.

We assume that f and g are locally absolutely continuous on (0, 400) and
tlim f(®),g(t) = 0. We call such functions admissible. For applications, we are
—00

interested in bounded functions, but some of our results are valid for functions
tending to infinity near the origin. Our functions can be non-integrable on the
whole half-axis R4 = [0, 00), hence the integrals are understood as improper inte-
grals.

While studying conditions for integrability of the Fourier transform, those
for the integrability near infinity are usually of the most interest and of crucial
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importance in applications. One of the reasons is that for L! functions integrability
of the Fourier transform on a compact set is an obvious fact. But since we allow the
functions we deal with to be not in L, integrability near the origin is of interest as
well. For instance, the example of an even monotone function with non-integrable
Fourier transform given in [14, 6.11, Theorem 125] is the one where the Fourier
transform is not integrable on [0, 1]. The reader can find many important results
in more recent books [4, 16].

Conditions for integrability of the Fourier transform near the origin are also
helpful for applications to trigonometric series (see Section 5 below).

The paper is organized as follows. Section 2 is devoted to monotone functions.
The results presented in that section are a starting point for further study and one
of the model cases on which the sharpness (or lack of it) of general results to be
checked. In Section 3, we introduce our main concept: a two-parameter family of
classes of general monotone functions. Then, in Section 4, we study integrability
conditions for the Fourier transform of a function that either itself or its derivative
is from certain class of the mentioned family. Finally, we obtain applications of
the results from the previous sections to trigonometric series.

Throughout the paper C' will denote absolute positive constant which may
differ from line to line. We will use f < g if f < Cg and f > g if f > Cg. Also,
f =< g means that f < g and f > ¢ simultaneously.

2. Monotone functions

Let us start with a few examples. First, if f and g are t~/2 each, their Fourier
transforms F and G both are equal to (7/2)/22~1/2. The latter is integrable over
(0,1) but not near infinity. If both f and g are e*, then we have that F(z) =
1/(1+2?) and G(z) = x/(1+2?). In this case F is integrable over (0, +00) while G
is integrable only on finite intervals. Finally, if both f and g are t~!, we obtain (for
all these relations, see [2]) G(x) = /2 for all z > 0 while F(z) merely does not
exist as improper integral. These examples give us a general idea what to expect
near infinity and near the origin.

The results we give below are probably known but we failed to find them
in that form. Clear hints are delivered by trigonometric series with monotone
coefficients.

Theorem 2.1. For f and g admissible and monotone,

/0 \F(2)| dx SW/O |f(t)|dt+3/1 1 £ dt (2.1)

and

/0 Ho(t)|dt + (1/12) / £ g(0)] dt < / G ()| de

< (772/2)/0 t|g(t)|dt+2/100 t=Hg(t)| dt. (2.2)
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Proof. Let us begin with the cosine transform. We have

00 T/x e
/ f(t)cosatdt = / f(t)cosatdt — ™! / 1 (t) sin xt dt. (2.3)
0 0 T/x

Integrating the absolute value of the first integral on the right, we obtain

T w/T 1 ™
/ / f(t)cosaxt dt‘ dx < / |f ()] / | cos xt| da dt
o 'Jo 0 0

00 T/t 1 e
—1
+/1 |f(t)|/0 \cosxt\dmdtﬁw/o \f(t)|dt+2/1 FUFD A (2.4)

In the second integral on the right-hand side of (2.3) we merely use the
monotonicity of f and rough estimates. By this we arrive at (2.1).

It is clear that in the above examples only f(¢) =t~! does not satisfy (2.1).

For the sine transform, G is of the same sign as g is (see, e.g., [14, 6.10,
Theorem 123]). Let, for simplicity, g be monotone decreasing with, consequently,
non-negative Fourier transform. We have

z)| de = )sinzt dt do = 2 h t~lg(t)sin®(nt/2)dt.  (2.5)
[ vt [ [ at /

The right-hand side of (2.5) is

2(/0 +/1 )t*lg(t)sin2(7rt/2)dt§ (72/2) /01 tg(t) dt+2/1oo t~tg(t) dt.

The estimate from below is derived as follows.

/0 G(2)] d > 2 /0 1T g(t) sin?(rt/2) dt + 2 /5 o))

1 oo 2k+1
> 2/ tg(t) dt+22/ t~Lg(t) sin®(wt/2) dt
0 2

1 J2k+1/2
To estimate the sum on the right, we observe that on each (2k +1/2,2k+ 1) there
holds sin?(7t/2) = sin? ((t - 2k;)7r/2) > 1/2 and, by the monotonicity of t~1g(t),

2k+1 2k+2+1/2
3/ t~1g(t) dtz/ t~1g(t) dt. (2.6)
2k+1/2 2k+1

We get

/0 G(2)| da > 2/0 tg(t) dt + (1/6) /5/2 g () dt.

Next, using again (2.6) with k = 0, we obtain

1 1 5/2
/0 tg(t)dt2/1/2t2(t1g(t))dt2(1/12)/1 t~1g(t) dt.

This is the lower bound in (2.2), and the proof is complete. O
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3. General monotone functions

Theorem 2.1 is only an initial point for further study. Our aim is to relax the mono-
tonicity condition. A natural attempt is to generalize Leindler’s rest of bounded
variation condition for sequences [7]. For an admissible function, say h, such a
generalization to functions reads as

/ (0 de < b)) (3.1)

for all « € (0,00), written h € RBV.

Clearly, any admissible monotone function h satisfies (3.1). The reverse is
not true. However, any admissible function h satisfying (3.1) can be represented
as the difference of two monotone decreasing admissible functions. Indeed, let
hi(z) = [°|1/(t)|dt, then taking ho(z) = hi(x) — h(z), we easily derive that both
h1 and ho are monotone decreasing and admissible. This means that all upper
estimates from (2.1) and (2.2) are valid for such functions as well.

Thus, we are going to relax not only the monotonicity but (3.1) as well.

The condition we will study is an extension of the general monotonicity in-
troduced in [12] for sequences. Such an extension to functions is given by

||| Lr (2,22) < B() (3.2)

for all € (0,00), some p, 1 < p < oo, and any h locally of bounded variation.
A majorant 8(z) is a fixed non-negative function on (0, 00). Of course, we shall
use dh(t) = h/(t) dt when possible. We denote the introduced class by GM,(5). If
B(z) = |h(x)|, we will write GM,; and GM for GM.

It is obvious that any monotone function belongs to GM, and that GM is
less restrictive than (3.1). Let us now investigate the properties of the introduced
classes. Our study will be minimal in the sense that we give only the basic proper-
ties we use in this paper; more detailed research will appear in [9] devoted to the
weighted integrability of Fourier transforms.

First, the Holder inequality yields for 1 < p; < ps < 00

GM,,(3?) c GM,, (BV),  where BW(z) =az!/P=1/P252)(y),

To get “proper” embedding, that is, with the same 3, one has to consider
slightly modified classes of general monotone functions GM ,(3) defined as

(x_l /:z h’(t)|pdt> v < B(x)

for 1 < p < oo and the limit case as p — oo for GM () (when both classes
coincide). Since we do not use embedding properties, the initial definition suits us
well.

Let us figure out when a general monotone function is of bounded variation.
It is important in various respects, for example, the Fourier transform of a function
of bounded variation is well defined as improper integral.
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Lemma 3.1. Let h € GM,(5). If b’ is integrable near the origin, then it is integrable
over Ry, that is, such h is of bounded variation on Ry, provided that in addition

/OO t=YPB(t) dt < oo. (3.3)

1
Furthermore, we have

o) 2 o)
/ / 71/1)
/0 \h(t)|dt<</0 |h(t)|dt+/1 tYPB(t) dt.

Proof. We write

00 1 00 2z
/ B (8] dt = (1/1n2)(/ +/ )x_l/ W (t)] dt
0 0 1 x
1 2z 00
< (1/1n2)/ x*l/ W (t)| dt + c/ VP B(x) da,
0 T 1
where the last bound came from the Holder inequality and h € GM,(3).
We then obtain

1 2x 1 t 2 1
/x_l/ |h’(t)|dt:/ W(t)|/ x_ld:vdt—i—/ W@ [ - ldedt
0 o 0 t/2 1 t/2

2
< ln2/ B (1)) dt,
0
which completes the proof. O

Remark 3.2. If we omit the assumption of integrability of A’ near the origin, the
condition, which insures that h to be of bounded variation is similar to (3.3),
but with integration over the whole R, . This can be meaningless, for example,

for a monotone h, p = 1, and fB(z) = |h(z)| when we arrive at infinite integral
ISt ()] dt.

The next properties are of special interest and importance.
Lemma 3.3. For any N > x we have for h € GM,(3) and ¢ > 1

N N
/ W ()| dt < = 1/PB(x) + / t=YP3(t) dt, (3.4)

x

N N
/ B (1)) dt < / 1P B(E) dt. (3.5)
T xz/c

Proof. For N < 2z, the estimate (3.4) trivially follows from Holder’s inequality.
Suppose that N > 2x. With

N 2u 2x N
/zu /u |h(t)|dtdu:/z |h(t)|ln(t/x)dt+ln2/zz B (8)] dt

2N
+ /N |7 ()] In(2N/t) dt
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in hand, we obtain

1n2/N|h’(t)|dt§ n? (/%+/N> h’(t)|dt+/2Nh’(t)|ln(2N/t) dt
T T 2x N

2z 2N N 2u
:m/x \h(t)|dt+/N |h(t)|1n(2N/t)dt+/x w / 1 (8)] dt du
2x 2N
- / B (8)] In(t /) dt — / 1/ (8)] In(2N /1) dt
x N
N 2u 2x
:/ u*l/ \h’(t)|dtdu+/ |/ (t)] In(22/t) dt.

The right-hand side does not exceed

2x N 2u
1112/ \dh(t)|+/ u*l/ |dh(t)| du
x x u

that, in turn, by Hoélder’s inequality and (3.2), is dominated, up to a constant
multiplier, by

N

2 YPB(x) +/ uYPB(u) du.
xT

To prove (3.5), considering (3.4) as K (z) < L(z) and integrating it over (z/c, 2),

we obtain

N

N z
(1 - 1/0)/ W (8)] dt < z/ B b+ 2(1 — 1/c)/ 1P 8(t) d.
z z/c z/c
This inequality immediately reduces to (3.5), which completes the proof. O

4. Integrability of the Fourier transform

4.1. Integrability of the Fourier transform on R

Many such conditions are known; see, e.g., [4, 14, 16, 8]. However, the classes
we are going to study are different. A model case, in many respects, is that of
monotone functions. First, G cannot be integrable on R, since g being extended
to the whole axis has discontinuity at the origin. This is not the case for F. The
following result of Pélya type is well known (see, e.g., [14, 6.10, Theorem 124]).

Theorem 4.1. Let f be a bounded non-negative conver function vanishing at infin-
ity. Then F is positive and integrable on (0, 00).

This fits our study since such f is necessarily monotone (see [4, 6.3.1]). We
observe that convexity controls the behavior of the Fourier transform on the whole
half-axis and not specifically near infinity. This is the case for much wider classes
from [8] as well.
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To get a flavor of functions with integrable Fourier transform, we note that
such a function necessarily possesses certain smoothness. More precisely, if F(x)
or G(z) is integrable on R, then the integrals

/1/2 h(z+t) — h(z —1)
c t
where h is either f or g, are uniformly bounded; for the well-known prototype for

Fourier series see [6, Ch. II, 10]. Indeed, expressing, say, f(x +t) and f(z —¢) via
the Fourier inversion, we obtain

/“2ﬂw+0f@ﬂdt

t

dt,

—1

/ t1 / Ycosu(x +t) — cosu(x —t)] dudt

z/2
§27r_1/ \F(u)|/ i
0 €

The last integral on the right is uniformly bounded; the proof for g is the same.

In Theorem 4.1 we actually assume the monotonicity of both the function
and its derivative.

Let us discuss how the assumption on the derivative may be relaxed. First, let
us replace the monotonicity of f’ with the RBV condition. As above, no chance to
get something new under assumption (3.1) since every such (admissible) function
is represented as the difference of two monotone decreasing (admissible) functions.
In our case this leads to the difference of two convex functions, with common
integral, which is a partial case of quasi-convex functions, that is, locally absolutely
continuous with derivative locally of bounded variation and such that

/Ooot|df’(t)| < . (4.1)

Every such f is the difference of two convex functions fi(¢ f : f |df’ (u)| ds
and fo(t) = f1(t) — f(¢); for f twice differentiable f{" and f are just non-negative.
We obtain this case in full by assuming f not monotone but of bounded variation
with the derivative satisfying (3.1). The cosine Fourier transform of such function
is known to be integrable on the whole half-axis, see [4, Sect. 6.3].

Let us continue with assuming the derivative to be general monotone.

du.

Theorem 4.2. Let f,g be admissible and of bounded variation and let tlim (@),
—00
g'(t) =0 and f',g" € GM,(B). Then
/ |F(2)] do < / t=YP3(t) dt, (4.2)
0 0

and for x >0
G(2) = 2~ g(r/(22)) + 0(a), (4.3)
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where |0] < C and

[ h@iar< [Toims a

0

Proof. First, if f' € GM,(8) and tlim f'(t) =0, one has for any ¢ € [1, o0]
— 00

f e GMy (), where  B(z) = /9 /OO t=YP3(t) dt.
x/2

Indeed, by Lemma 3.3,
q 1/q 00
dt) < xl/q/ t=Y/PB(t) dt.

([zﬂmwﬁws<éhlw@@> i

Integrating now by parts in the Fourier transform formula for F, we obtain

7/(2x) oo
F(z) = —a! / +/ £/ (t) sinxt dt.
0 7/(2x)
We now have

/OOC x—l‘ /0”/(%) 120 sinxtdt’dm < (1/2) /OOC /()] dt, (4.4)

and, using the fact that f € GM(05),

[e%e) e’} 2x
! —1 /
[T [T [Tirolaa
<</0 x*lﬁ(x)dx:/o /I/ztl/pﬁ(t)dtd:c <</O P B(¢) dt.

Integrating again by parts and using assumptions of the theorem, we obtain

! / f(t)sinztdt = x_2/ cosxt df'(t). (4.5)
w/(2z) w/(2x)

Then, using (3.5) with ¢ = 7/2, we get

/ x_2/ \df’(t)|dx<</ x_2/ t=YPB(t) dt dx
0 7/ (2z) 0 1/x

< / h = YPB(t) dt. (4.6)
0

Estimates of the sine transform go along the same lines with certain changes.

We have

n/(22)  poo

G(z) = / +/ g(t)sinxtdt = I + Is. (4.7)
0 m/(2z)
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After twice integrating by parts, I is estimated similarly to (4.5) and (4.6). Indeed,

oo oo
/ g(t)sinztdt = 21 / g'(t) coszt dt
7/(2x) 7/(2x)

= 2g/(t)sinxt

0o _9 o0 . ’
- sinztdg' (t
w/(2z) /ﬂ/(zx) ©
oo

= —2 % (n/(2x)) — x_2/ sinzt dg’ (t),
) (22)

and [[* |272¢'(r/(22))| dz is dominated by

| T lelde < / T a1 at,
0 0

while the second term is estimated exactly as in (4.6). For I;, we have

w/(2z)
/ g(t) sinxt dt
0
n/(2x) 7/ (2x)
= / [9(t) — g(7/(2x))] sin at dt + / g(m/(2x)) sinat dt
0 0

7\'/(2$) u
=2 tg(r/(2z)) 7/ g’(u)/ sin xt dt du.
0 0

The integral on the right is estimated like in (4.4), which completes the proof.
O

Let us now consider several examples of majorants 4 in assumptions of this
theorem. One of the most important is the G M-condition, that is, ||dh|[1 (4 20) <
|h(z)|. Then we can rewrite estimate (4.2) as

/0 F(2)|dr < / (1) dt,

with a similar estimate for [;* [y(z)|dz in (4.3).
We note that the same estimates hold if we replace the GM-condition with
the more general one
cT h t
|[dh]|L1 (2,20) <</ # dt for some c¢>1 (4.8)
z/c
(see for the discrete case [13]). Moreover, the result still holds if we suppose the
limit version of (4.8), i.e.,
= |h(@)]

||| L1 (2,00 <</ — dt for some c¢>1, (4.9)

z/c

which is more general than (4.8) (for the discrete case, see [5]).
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The conditions considered, like those in [8], control the integrability of the
Fourier transform on the whole Ry . This is not surprising since they imply the
quasi-convexity. Indeed, when p = 1 for the most general case, (4.9), we write

/t|dh’(t)|:/ / \dh’(t)|du<</ / Mdtdu<</ |h (u)] du.
0 o Ju o Jupe t 0

where h is either f or g. What is specific is that the upper bound in the the-
orem is [ |h/(u)|du rather than [°t|dh’(t)|. This is provided by the general
monotonicity of the derivative.

Considering now functions from GM,(3), with p > 1, rather than the deriva-
tives to be such, we obtain similar results with different bounds.

Theorem 4.3. Let h := f and h := g be admissible functions satisfying GM,(5)
for some 1 < p < oo. Then

[l < [Tt
0 0
and

G(z) = 2~ g(n/(2x)) + 07(x),
where 0 < C and

[ b [T as

0

Proof. Multiplying both sides of (3.2) by ~'/? and integrating then over (0, cc),
we obtain

| elidbll sy do < [ B 0) (4.10)
0 0

Assuming the right-hand side to be finite, we get for 1 < p < oo exactly the Fomin

type condition
L) 2x 1/p
/ <x_1/ h’(t)|pdt> de < o0,
0 T

and for p = oo, the Sidon-Telyakovskii type condition

/ sup |hW/(t)|dz < oo;
0 z<tl2zx

all studied in detail in [8]. Now, Theorem 3 (or Theorem 4 for p = oo) from
8] yields the result. The above argument (4.10) lets [~ z~!/?3(z) dx to be the
bound. O

Remark 4.4. For p = 1, the same argument as that in the beginning of the proof
implies i to be only of bounded variation provided fooo x718(x) dx < oo; unlike in
the case p > 1 where we obtain belonging to specific integrability subspaces of the
space of functions of bounded variation. Assuming bounded variation alone is by
no means enough for integrability of the Fourier transform.
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The last two theorems give convenient conditions for integrability of the
Fourier transform, and even asymptotic formulas for the sine transform, but again
on the whole half-axis.

Let us now study integrability of the Fourier transform separately near the
origin and near infinity.

4.2. Integrability of the Fourier transform near the origin
We will first try to check which conditions are enough for the integrability of the
Fourier transform of a general monotone function near the origin.

Theorem 4.5. For f and g admissible and from GM(5)

/O |F(2)| dx <</0 \f(t)|dt+/1 t‘lﬁ(t)(l—i—lnt) dt (4.11)
and
/OﬂG(m)|dx<</01t|g(t)|dt+/100t‘15(t)(1+1nt) dt. (4.12)

Proof. We proceed exactly like in Theorem 2.1. Using then (3.4) leads to (4.11)
and (4.12) (more restrictive than the above conditions (2.1) and (2.2) for monotone
functions). Indeed, let us see how it works for the last integral in (2.3). We have

/OTr z! 7:; @ sinxtdt‘ dx < /01 z! /;: |f/(t)| dt dx
< /01 ! [ﬁ(l/x) + /1/00 u ' B(u) du} dx
< /00 7 168(x) dx + /00 uilﬁ(u)(l + lnt> du,
1 1

and this is exactly the last integral in (4.11). The last integral in (2.4) as well as
the corresponding integrals for G(x) are treated similarly.
The proof is complete. O

Remark 4.6. Assuming in Theorem 4.5 that f,g € GM,(8) with p > 1, we will ob-
tain similar estimates but with t~/? instead of t~! in the corresponding integrals.
However, Theorem 4.3 gives less restrictive condition for 3 at infinity.

Assuming general monotonicity of the derivative rather than that of the func-
tion, we obtain the following result.

Theorem 4.7. Let f,g be admissible and let tlim f'(®),g'(t) = 0 and f',¢ €
GM,(B3). Then

™ 1 00
/ \F(x)|dx<</ t|f’(t)|dt+/ 112 6(1) d, (4.13)
0 0 1/2

and for0 <z <
G(x) = 2~ g(r/(22)) + 0(a), (4.14)
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where |0] < C and

™ 1 00
[ h@lde< [Cagiaes [0 an
0 0 1/2
Proof. The proof is just repeating the proof of Theorem 4.2 with integrating over

[0, 7] instead of over R,. Let us give only two key estimates.
First, as in (4.4) we have

/O7r xfl‘ /Oﬂ/(%) @ sinxtdt‘ dx < /01/2 t|f’(t)|dt/07r dz
+/1:t|f’(t)|/0ﬂ/(2t) dmdt<</01t|f’(t)|dt+/loof’(t)|dt.

Cwrola< [ ar ) a
1 1 t
<</1oo /t:ul/pﬁ(u) du<</1: =P B(¢) dt.

In the same way, instead of (4.6) we have (by (3.4))

/ o2 / \df' ()| do < / x_2[x_1+1/p5(7r/2x)+ / t—l/pﬁ(t)dt} da
0 7/(2z) 0 m/(2x)

< / t=YP3(t) dt.
1/2

Estimates of G go along the same lines. The proof is complete. O

By (3.5),

4.3. Integrability of the Fourier transform near infinity

To investigate integrability near infinity, let us apply the same approach as in
Theorems 4.2 and 4.3. To show that it really makes sense, we shall specify 3 and
p in the sequel.

Theorem 4.8. Let f and g be admissible functions, with f of bounded variation on
[0,1], such that tlim f'(t),q'(t) =0 and f',¢' € GM,(3). Then
—00

/M|F<x>|dm<< / ) de+ / F1F0) — £(1)] di

1 [e%s}
1-1/p —1/p
+ /0 H-1/28(¢) dt + /1 1P 8(t) dt (4.15)

and for x > m
G(z) = 27 g(2m /) + 0(2), (4.16)
where |0] < C and

/oo |’y(m)|daz§/0 t*1|g(0)fg(t)|dt+/0 tll/pﬁ(t)dtJr/octl/pﬁ(t)dt. (4.17)

2
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Proof. Let again

F(z) = (/oﬂ/z+/7rz> f(t) cosxt dt.

m/x w/T
/ f(t)cosztdt = / [f(t) — £(0)] cosxt dt.
0 0

First,

Next,

oo pm/T 1
/ / () — F(0)] dide < / () — £(0) dt.
T 0 0

Further, integrating by parts twice and using that both f and f’ vanish at infinity,
we obtain

h f(t)cosatdt = =2 f (n)x) — 22 /00 cos xt df'(t). (4.18)
/T /@

Integrating the first term on the right over [, 00) gives fol |f/(t)] dt.
Applying Lemma 3.3 with ¢ = 7 to the last term on the right-hand side of
(4.18), we have

/:O x_2‘ /7;: Cos:vtdf’(t)‘ dr < /:C 2 /7;: |df’ (t)| dx

00 00 1 00
<</ x_2/ t=YP3(t) dt dx <</ =P 3(t) dt+/ t=L/PB(t) dt,
T 1/x

0 1

which gives the required estimate.
For G, we proceed along the same lines with slight difference. First, we split

the integral as
27 /x 0
G(z) = / +/ g(t)sinxt dt.
0 27 /x

We estimate the first integral exactly as that for F' using the fact that |, 02
= 0. Integrating the second integral by parts twice, we obtain

w/x

sintx dt

o

o0
/ g(t)sinatdt = 2 tg(2n/x) — 272 / sin zt dg’ (t).
2 2

w/x w/x
The first term on the right gives the leading term in the asymptotic formula (4.16),
while the second one is treated exactly in the same way as that in (4.18). The proof
is complete. O

Let us discuss various particular cases of this theorem. First, for monotone
g from the class in question the leading term in (4.16) cannot be integrable near
infinity. Indeed, integrating it over (m, 00) leads to the integral f02 t=1|g(t)| dt. But
g(0) # 0 for monotone functions.
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Second, our attempts rest on proper choices of § in (3.2). It is natural to
substitute the Hardy transform of |h| for g, i.e.,

x
()| 1o (220) < 77" / Ih(t)] dt. (4.19)
0

In the case of h = f’ say, we have in place of (4.15)

[ i@l < | o - soja+ [ RO

/‘f ({ In(2/1). i 11,<11)<00)dt

with a similar right-hand side in (4.17); here p = 0o does not make sense at all.
Trying a weaker version with the absolute value of the Hardy transform of i
itself, that is,
1 xT
i) oy < |1 [ 100t (4.20)
0

we get a smaller class. When applied to h = f’, the bounds in (4.19) and (4.20)
coincide for monotone f. Indeed, in this case

/ “rona=| [ re dt\ — 1£(0) — f(@).

Back to (4.20) with h = f’, we obtain for 1 < p < oo in (4.15)

/ P ()] dr < / o / F1£(0) — ()] i+ / TR £(0) — £(1)] di

<</ £ (t |+/ B g sup |f0), (4.21)

te[0,00)

where w(f;-) is the modulus of continuity of f. The integral [ |y(z)| dz in (4.17)
has a similar bound.

Finally, applying Theorem 4.7, with p = 1 in (4.20), for integrability over
[0, 7] we arrive at the boundedness of flo/o2 t=1£(0) — f(t)| dt. This is of sense only

when f(0) = 0 which is of course not the case for monotone functions. This means
that (4.20) with h = f’ controls integrability just near infinity.

Remark 4.9. We know (see the beginning of the proof of Theorem 4. 2) that f’
GM,(j3) implies f € GM, () for any q € [1,00] with B(x) = /4 f t=Y/P3(t) dt
Using f € GM, (), we obtain

/0 |f’(t)|dt+/0 t‘l\f(O)ff(t)\dt<</O tl_l/”(1+|lnt|)ﬁ(t)dt

> —1/p d
+/1 t B(t) dt
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Therefore, we can write in place of both (4.15) and (4.17)
[es] o} 1
/ ()] dm,/ y(x)| de < / £ (1 [ nt]) () de (4.22)
™ ™ 0 -
+/ t=YP3(t) dt.
1

Analogously, estimating in the same way the first term on the right-hand side
of (4.13), we obtain

1 1/2 00
/ t|f’(t)|dt<</ t2*1/”ﬁ(t)dt+/ t=Y/PB(t) dt,
0 0 1/2

with a similar estimate for g. Hence,

" z)| dx " x)| dx 12*1/” 001*1/” . .
/O‘F( >|d,/0 (@) d <</Ot ﬁ(t)dt+/1 AoUrg(tydr. (4.23)

Comparing now (4.22) and (4.23) with (4.2) in terms of the majorant 3, we
see that conditions providing integrability of the Fourier transform near the origin
are less restrictive for 8 near the origin, while those near infinity allow us to relax
restrictions for 8 just near infinity.

5. Applications to trigonometric series

We wish to apply the above-proved results to trigonometric series. Observe that
we use either those where conditions are for integrability of the Fourier transform
near the origin or finite part of those where integrability is over the whole half-axis.

The almost one hundred years old problem of the integrability of trigonomet-
ric series reads as follows. Given a trigonometric series

(o)
a0/2+2(ak cos kx + by sin kx), (5.1)
k=1
find assumptions on the sequences of coefficients {ay}, {b;} under which the series
is the Fourier series of an integrable function. We will say in this case that the
trigonometric series is integrable. Frequently, the series

ap/2 + Zak cos kx (5.2)
k=1
and
Zbk sin kx (5.3)
k=1

are investigated separately, since there is a difference in their behavior.
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Given series (5.2) or (5.3) with the null sequences of coefficients in an appro-
priate space (subspace of the space of sequences of bounded variation). We apply
the following interpolation procedure. Set for t € [k — 1, k]

A(t) = ag + (k — t)Aak,l, ap =0,
B(t) = by, + (k — t) Aby_1,

where Ady, = dj, — dj+1. These two functions A(t) and B(t) take at integer points
the values {ax} and {by}, respectively, and are linear in between.

The following result due to Trigub [16, Theorem 4.1.2] is a “bridge” between
sequences of Fourier coefficients and Fourier transforms (for an extension, see the

recent paper [15]; an earlier version, for functions with compact support, is due to
Belinsky [3]):

sup
0<|z|<m

<lellBv- (5.4)

+o0 ) too )
/ gO(t)eiZZt dt — Z @(k)e’m

— 00

This is, in a sense, equiconvergence of the Fourier integral and trigonometric series,
both generated by a function of bounded variation. Relation (5.4) allows us to
pass from estimating trigonometric series (5.2) and (5.3) to estimating the Fourier
transform of A(t) and B(t), respectively, and vice versa. More precisely, A(t) and
B(t) satisfy assumptions of one of the theorems from the previous section they
inherit from the corresponding assumptions on the sequences ay and by,. Then (5.4)
delivers the claimed result for trigonometric series. This approach was suggested
in [8], where the reader can find numerous references to important results on the
integrability of trigonometric series, first of all to those by Kolmogorov, Sidon,
Boas, Telyakovskii, Fomin, etc. Many results of early period can be found in [1].

The above scheme along with corresponding routine calculations goes through
smoothly in each of the next results. We thus omit the details.

First, let us write down a known result (see, e.g., [1]) that follows immediately
from Theorem 2.1.

Corollary 5.1. If ax and by are monotone null-sequences, then

/ \a0/2+2akcosk:x\dac < Zkfl\ak\

0 k=1 k=1

and
Zkfl\bk|<</ > bisinkal do <Y kb
k=1 0 k=1 k=1

The same upper estimates are also true for RBV sequences as is discussed
above.

Let us obtain, in the same way, integrability results for general monotone
sequences of the coefficients of trigonometric series.
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First of all, let us indicate how the general monotonicity for the sequence
d = {dj} looks like, written d € GM S,(3):

2n—1 1/p
(Z IAdH> < P, (5.5)
k=n

with the usual modification for p = oco.
It is clear that for 1 < p; < ps < 00, one has the following embeddings

GMS,, (BY) € GMS,,(BY) C GMS,, (B%),

where {Bff) = nl/pl_l/mﬁg)} N In the above approach to get a function 8 we
ne
just take B(x) = Bk for k <ax < k+ 1.

Corollary 5.2. If ar and by are null-sequences both from GMS1(0), then

s 0 [e%e}

/ lao/2 + Z(ak coskx + by sinka)| dr < Z k7' Ink.
0 k=1 k=1

Remark 5.3. We took both sequences to be from GM S;(3) with the same (3 just

for brevity. If each is from a class with different 5 we simply write similar assertions

separately for cosine and sine series.

And finally using Theorems 4.7 and 4.3, we obtain integrability results for
the classes of sequences of the coefficients that, to the best of our knowledge,
have never been considered before (for corresponding earlier results, see [1, Ch. X,

§7], [10]).

Theorem 5.4. Let ai and by be null-sequences of bounded variation, and let Nay
and Aby, be null-sequences from GM S,(B). Then for each x, 0 < z <,

Z ay coskx = 611 (), (5.6)
k=1
and
Z bpsinkr = 27 B(n/(22)) + 0272(2), (5.7)
k=1

where 0;] < C and [; |yj(z)|dx < 3 k'7VPBy, j=1,2.
k=1

For a partial result of this type, with first differences in RBVS, see the recent
paper [11].

Theorem 5.5. Let aj, and by, be null-sequences satisfying (5.5) for some 1 < p
co. Then for each x, 0 < x < m, (5.6) and (5.7) hold but with [ |y;(z)|dx

o)

k=YPB, j=1,2.
=1

INIA

k



394 E. Liflyand and S. Tikhonov

If one wishes to have integrability results in a more traditional form, the only
thing to be done is to integrate (5.6) and (5.7).

Corollary 5.6. Let ay, and by, satisfy either assumptions of Theorem 5.4 or Theorem
5.5 provided the corresponding series in the bounds converge. Then the series (5.2)
is the Fourier series of an integrable function, while the series (5.3) is such if and

only if Y k71|bg| < .
k=1
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Traces of Hormander Algebras
on Discrete Sequences

Xavier Massaneda, Joaquim Ortega-Cerda and Myriam Ounales

Abstract. We show that a discrete sequence A of the complex plane is the
union of n interpolating sequences for the Hérmander algebras A, if and only
if the trace of A, on A coincides with the space of functions on A for which
the divided differences of order n — 1 are uniformly bounded. The analogous
result holds in the unit disk for Korenblum-type algebras.
Mathematics Subject Classification (2000). 30E05, 42A85.

Keywords. Interpolating sequences, divided differences.

1. Definitions and statement

A function p: C — Ry, is called a weight if

(wl) There is a constant K > 0 such that p(z) > K In(1 + |z|?).

(w2) There are constants Dy > 0 and Ey > 0 such that whenever |z —w| < 1 then
p(2) < Dop(w) + Ep.

Let H(C) denote the space of all entire functions. We consider the algebra
Ay, = {f € H(C), VzeC, |f(z)] < AePP® for some A >0,B > 0}.

Condition (wl) implies that A, contains the polynomials and (w2) that it is
closed under differentiation.

Definition 1.1. Given a discrete subset A C C we denote by A,(A) the space of
sequences w(A) = {w(A)}rea of complex numbers such that there are constants
A, B > 0 for which

lw(N)| < AePPV X e AL

Partially supported by the Picasso programme (Action Intégrée) HF2006-0211. First and second
authors supported by MEC grant MTM2008-05561-C02-01 and CIRIT grant 2005-SGR 00611.
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We say that A is an interpolating sequence for A, when for every sequence
w(A) € Ap(A) there exists f € A, such that f(A) = w(A), A € A. In terms of the
restriction operator

Ra: Ay — Ap(A)
= {FMN)haea,
A is interpolating when Rp (A4,) = A, (A).

Definition 1.2. Let A be a discrete sequence in C and w a function given on A.
The divided differences of w are defined by induction as follows

Aow()\l) = w(/\l) 5
Aj_lw(/\Q, ey /\j+1) — Aj_lw()\l, ey )\])
Ajr1 — M

Ajw()\l, .. -a)‘j-i-l) = ] Z 1.

For any n € N, denote

A" = {(A1y ey An) € AX - XA 1 A # N i 5 # k),

and consider the set X'~'(A) consisting of the functions in w(A) with divided
differences of order n uniformly bounded with respect to the weight p, i.e., such
that for some B > 0

sup AP (A, .. A [ BIPODF4POW] g og
(A1, An)EA™

Remark 1.3. Tt is clear that X'(A) € X1 (A) C - C XJ(A) = A, (A).
To see this assume that w(A) € X'(A), i.e., there exists B > 0 such that

C = sup An_lw()\27~"a)\n+l) _An_lb(J()\l,...,)\n)
(Mo Angp1)EANTE )\n+1 - )\1
x ¢~ B+ 4p(Ant1)] g

Then, given (A1,...,\,) € A" and taking \?, ..., A\ from a finite set (for instance
the n first /\? € A different of all \;) we have

Anilw()\l, RN /\n) — Anilw()\(l), )\1, RN )\nfl)

A" WA, ) = =0 (An — A)
n
A o) A, A1) — AMTRw(AGAD, L A
4 w(AL, M1 /\1)1_/\0 w(Ag, AT 2)()\n71,)\(2))+...
n— 2
A (N A A ) = AT WMD)

n—1»
+

A=A AT\ AD)

A — N
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Then a direct estimate and (wl) show that for some B > 0 there is a constant
K(\Y,...,)\%) such that

|An—1w(/\1, e, )\n)| <C (eB[p(A?)+~~+p(,\n)] R eB[P(*%—1)+~~+p(A1)})
<K, .., A0)eBlpP)F 4]
and the statement follows.

The main result of this note is modelled after Vasyunin’s description of the
sequences A in the unit disk such that the trace of the algebra of bounded holo-
morphic functions H> on A equals the space of (hyperbolic) divided differences
of order n (see [7], [8]). The analogue in our context is the following.

Theorem 1.4 (Main Theorem). The identity Ra(Ap) = X~ (A) holds if and only
if A is the union of n interpolating sequences for A,.

For the most usual of these weights there exists a complete description of
the Ap-interpolating sequences, both in analytic and geometric terms. This is the
case for doubling and radial weights (see [2, Corollary 4.8]), or for non-isotropic
weights of the form p(z) = |Im z| + log(1 + |z|) (see [5, Theorem 1]).

With similar techniques it should be possible to extend this result to an
Hermite-type interpolation problem with multiplicities, along the lines of [6].

2. General properties
We begin by showing that one of the inclusions of Theorem 1.4 is immediate.

Proposition 2.1. For all n € N, the inclusion Ra(Ap) C X 1(A) holds.

Proof. Let f € A,. Let us show by induction on j > 1 that, for certain constants
A, B>0

AT (21,0, 25)] < AeBP(z1)+4p(z))] for all (z1,...,2;) € CJ.

As f € Ay, we have [AVf(z1)| = |f(z1)] < AePPCD).

Assume that the property is true for j and let (z1,...,zj41) € C/TL Fix
21,...,%; and consider z;41 as the variable in the function
Ajilf(ZQ, ey Zj+1) - Aj’lf(zl, RN Zj)

Ajf(zla e ')Zj+1) =

Zj+1 — 21
By the induction hypothesis,

|Aj71f(22, ey Zj+1) — Ajflf(zl, ey ZJ)|
< A(eB[P(22)+~~+p(Zj+1)] + eB[P(Zl)-‘r"'-i-p(Zj)]) < 2 AeBlP(z0)+4p(2i41)]
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Thus, if |zj41 — 21| > 1, we easily deduce the desired estimate. For |zj41 — 21| < 1,
by the maximum principle and (w2):
AT f(21,...,2j41)] <24 sup ePPEDH+p(z)+p(E)]
[€—z1|=1
< AeBHDo)p(z0)++p(z)+p(z41)] O

Definition 2.2. A sequence A is weakly separated if there exist constants £ > 0 and
C > 0 such that the disks D(\,ee=CPMN) X € A, are pairwise disjoint.

Remark 2.3. If A is weakly separated then X9(V) = X(V), for all n € N.

To see this it is enough to prove (by induction) that XJ(A) € XJ'(A) for
all n € N. For n = 0 this is trivial. Assume now that X(A) € X7~(A). Given
w(A) € X)(A) we have
Anil()\z, RN )\n+1) — Anil()\l, Ceey )\n)

Ant1 — A1

< %6(34'0)[P(A1)+"'+P(>\n+1)} )
T€

|AnW()\1, . .,)\n+1)| =

Lemma 2.4. Let n > 1. The following assertions are equivalent:
(a) A is the union of n weakly separated sequences,
(b) There exist constants € > 0 and C' > 0 such that

sup #[A N D\, ee” PV <, .
AEA

(c) Xp~H(A) = X (A).

Proof. (a) =(b). This is clear, by the weak separation.

(b) =(a). We proceed by induction on j = 1,...,n. For j = 1, it is again
clear by the definition of weak separation. Assume the property true for j — 1.
Let 1 > ¢ > 0 and C > 0 be such that sup,., #[A N D(\,ee=PN)] < j. Put
e’ = e o /2 and C' = DyC. By Zorn’s Lemma, there is a maximal subsequence
A1 C A such that the disks D(\, e e‘c/p()‘)), A € Aj, are pairwise disjoint. In
particular A; is weakly separated. For any o € A\ A1, there exists A € A; such
that

D\, e'e €PN N D(a, e Py £,
otherwise A; would not be maximal. Then A € D(a, ge~“P(®), since
A —a] <ee”CPN 4l CP@) £ ge=Cpl)

by (w2). Thus D(a, ce~“P(®) contains at most j — 1 points of A\ A;. We use the
induction hypothesis to conclude that A\ A; is the union of j — 1 weakly separated
sequences and, by consequence, A is the union of j weakly separated sequences.
(b)=(c). It remains to see that X, ~'(A) C X7(A). Given w(A) € X' *(A)
and points (A1,..., A1) € A" we have to estimate A"w(A1,..., A\py1). Un-
der the assumption (b), at least one of these m 4+ 1 points is not in the disk
D(\1, 56_01’(’\1)). Note that A™ is invariant by permutation of the n+1 points, thus
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we may assume that [\ — A, 11| > ce~¢P(A1), Using the fact that w(A) € X71(A),
there are constants A, B > 0 such that
A" w(Ag, ooy A1) + A Tw( A, .o A

‘)\1 - An—i—l‘
< AeBPO)+Apng1)]

|A"w(A1, . An1)] <

(¢)=(b). We prove this by contraposition. Assume that for all C,e > 0, there
exists A € A such that #[A N D(\,ee=“PM)] > n. Since A has no accumulation
points, for any fixed C' > 0, we can extract from A a weakly separated subsequence
L = {a!'}en such that #[(A\ £) N D(d!, 1/16’01’(“1))] > n for all [. Let us call
Ao AL the points of A\ £ closest to o, arranged by increasing distance. In
order to construct a sequence w(A) € X7'(A) \ X}'(A), put

n—1

w(al) = H(al - )\é), for all o' € £
j=1

wA)=0if Ae A\ L.

To see that w(A) € X" 1(A) let us estimate A"~ tw(Aq,...,\,) for any given
vector (A1,...,A\n) € A™. We don’t need to consider the case where the points
are distant, thus, as £ is weakly separated, we may assume that at most one of
the points is in £. On the other hand, it is clear that A" lw(A,...,\,) = 0
if all the points are in A \ £. Then, taking into account that A"~! is invariant
by permutation, we will only consider the case where )\, is some o! € £ and
M,y A1 are in A\ L. In that case,

|An71w()‘1’ s Ao, @ | = |w I H |a )‘2‘71 <1,

as desired.
On the other hand, a similar computation yields

) n?

AT, A o) = (el T fa! = Ay~ = Jod = |t > 1607,

Using (w2), for any constant B > 0, and choosing C = B(nDg + 1), we have

IA"w(AL, .. AL by e BeOD+Fp(N)+p(@D) > je=BnFo _, 4o

) n’

We finally conclude that w(A) & X(A). O

Corollary 2.5. If A is an interpolating sequence, then it is weakly separated.

Proof. If A is an interpolating sequence, then Ra(A,) = XS(A). On the other
hand, by Proposition 2.1, Ra(Ap) € X5 (A). Thus XJ(A) = X (A). We conclude
by the preceding lemma applied to the particular case n = 1. O
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Lemma 2.6. Let Aq,..., A, be weakly separated sequences. There exist positive
constants a,b, B1,Bs and € > 0, a subsequence L C Ay U---U A, and disks
Dy = D(\ry\), A € L, such that

( AMU---UA, C Uxer D

(ii) ace= PPN < py < bee B2PN for all X € L

(iii) dist(Dy, Dy) > age™BrrN) for al NN e L, X#N.

(iv) #A;NDy) <1 forallj=1,...,n and A € L.

Proof. Let 0 < e <1 and C > 0 be constants such that
A= N| > ge=C/Polp(M)=Eo) VAN €A, A£N, Vi=1,...,n, (2.1)

where Dy > 1 and Ey > 0 are given by (w2).
We will proceed by induction on & = 1,...,n to show the existence of a
subsequence L C Ay U---U Ay and constants Cy > C, By > 0 such that:

\/\/\/\/

(i)k A1 U---u Ak C U)\GEkD()‘,RI)G\%
k—1
(ii)k 9—3k o —Crp(A)—Br o < R/)f\ < ce—CP(N) Z 9—(3j+2) < 2/76—017()\)5’
j=0
(iti),  dist(D(\, RE), D(N, RE,)) > 273k ce=COrpN=Bx for any \, X' € Li, A # N.

The constants Cj, and By, are chosen, in view of (w2), so that Cxp(A) + By, <
Cr41p(N) + Bi11 whenever |\ — \| < 1.

Then it suffices to chose £L = L,,, ry = R}, a = e Brn273n b =2/7 B, =C,
and By = C. Asry < e~ PWN¢ it is clear that D(\, 7)) contains at most one point
of each Aj, hence the lemma follows.

For k = 1, the property is clearly verified with £; = A; and R} = e*C”()‘)s/Zl.

Assume the property true for k and split £ = M1UMs and Ap 1 = N1UN3,
where

Mi={re Ly : DO\ RE 4273725~ CrpN=Bryq Ay ) £ (),
Ny =M N | DGR 42730 2ee O =By

AEL
My = L\ My,
No = Apy1 \ N1

Now, we put Lri1 = L UN3 and define the radii RkJr1 as follows:

Rk 4 9-3k—2, e~ Crp(A)— By if A € My,
RZ;\-H _ R§ if A € Mo,
9—3k=3 20— Cri10(A\) = Bit1 if A € Ns.

It is clear that
AMU--UM | DOGRET
ALy
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and, by the induction hypothesis,
k

98k=8 2o~ Crr1p(\)+Bri1) < R < Ee*C'p()\)Z273j72 < 2/Tee=CPN),
§=0

In order to prove (iii); take now A\, N € Liy1, A # N. We will verify that
dist(D(A, RE™), D(N, RE™)) = A= N[ =Ry =Ry > 273 3 CrnpN) =B
by considering different cases.

If A, N € Ly and p(A\) < p(XN), then

dist(D(\, RETH), DOV, REFN)) > A — X| — Ry — Ry, — 273k 1ge=Cur(V)=Br
2 273k71€efckp()\)ka.

Assume now A\, X € My and p(A) < p()). Condition (2.1) implies [A — X| >

ee~ PN hence
dist(D(A, RY™), DN, R™)) > (1 — 273 72)ee =P,
If A € M; and X € N3 there exists 3 € N; such that A — 3] < R];H. There

is no restriction in assuming that |\ — X'| < 1. Then, using (2.1) on 8, X € Ag41,
we have

VIS8 — N — [\ — 8] > ce—C/Do((B)—Eo) _ pk+1 ~ _,—Cp(\) _ pk+1
A=XN|>8=N|—-|A=0| >ce RY™ >ce Ry
The definition of R’ffl together with the estimate R’i“ < 2/756_01’(’\) yield

dist(D(\, RY™), DN, RiFY)) > ee= PN — 2RI — R

- ’
> Eefcp()\) _ 2R§ _ 273k71€efckp()\)ka _ 275k73€€70k+1p()\ )7B)€+1

> e PN _ ége—cw) _ 9=k =CupN)=Bi 5 o=Cp(N) (34 _ 9=3k),

as required.
Finally, if A € M3 and X € N3, again, assuming that |A — X | < 1, we have
dist(D(\, RY™), DN, RE)) = [A = X| = R} — 273 3ge=Crrp(N) = Bia
> 273]€726670kp()\)7Bk _ 273]€73€efc)€p()\)73k

> 9= 8k=3,,=Cp(\) 0

3. Proof of Theorem 1.4. Necessity

Assume Ry (A,) = X'71(A), n > 2. Using Proposition 2.1, we have X'~ (V) =
Xy (V), and by Lemma 2.4 we deduce that A = Ay U---U Ay, where Aq,..., A,
are weakly separated sequences. We want to show that each A; is an interpolating
sequence.

Let w(Aj) € Ay(Aj) = Xp(Aj). Let Unes Dy be the covering of A given by
Lemma 2.6. We extend w(A ;) to a sequence w(A) which is constant on each DyNA;
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in the following way:
w _ 0 if DynN Aj =0
PADA T (@) i DaNA; ={a} .

We verify by induction that the extended sequence is in X, I’f*l (A) for all k. It is clear
that it belongs to XJ(A). Assume that w € X}~2(A) and consider (ov,..., o) €

AP If all the points are in the same Dy then A*~lw(ay,...,a;) = 0, so we may
assume that a; € Dy and ap € Dy with A # X. Then we have
—Bip(\)

lon — ag| > ace ,
by Lemma 2.6 (iii). With this and the induction hypothesis it is clear that for
certain constants A, B > 0
AF20(ag, ... ag) — AP 2w(ag, ... ap)

ap — Ok

A (o, .. )| =
< AeBlp(ar)++plar)]

In particular w(A) € Xg_l(A)7 and by assumption, there exist f € A, interpolat-
ing the values w(A). In particular f interpolates w(A;).

4. Proof of Theorem 1.4. Sufficiency

According to Proposition 2.1 we only need to see that X' =1 (A) C Ra(4p).
Before going further, let us recall the following facts about interpolation in
the spaces A,.

Lemma 4.1. [1, Lemma 2.2.6] Let T' be an A,-interpolating sequence. Then:

(i) For all A,B > 0, there exist constants A’, B’ > 0 such that for all se-

quences w € Ay(T) with sup |w(v)|eBP) < A there exists f € A, with
yel’

sup |f(2)e BP®) < A and f(7) = w(y) for all v € T..
(ii) There exists a constant C'> 0 such that 3 p e~ P < o0,

Applying (i) to the sequences wy = {4 }yrer it is easy to deduce that I' is
weakly separated. Property (ii) is just a consequence of the weak separation and
properties (wl) and (w2).

Assume thus that A = A; U---UA,, where Aq,..., A, are interpolating
sequences. Recall that each A; is weakly separated (Corollary 2.5). Consider also
the covering of A given by Lemma 2.6.

Lemma 4.2. There exist constants A,B>0 and a sequence {Fx}xer C Ay such that:
1 ] AND
Fi(a) = Z'f aeAND,y
0 if aeANDy, N #X
|Fy(z)| < AeB@NHPED - for gll 2 € C.
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Proof. Fix A € £ and define w(A) by

[ (@=8)-' if agAnD,
w(a) — BeEANDy
0 if aeAND,.

By Lemma 2.6 (iii), we have |a— 3| > cse~“P(®) whenever o ¢ ANDy, 3 € ANDj.
Since #(A N D)) < n we deduce that

jw(@)] < (ce)™men P

Recall that A; is an interpolating sequence for all j = 1,...,n, thus there exist a
n-indexed sequence { fx j}rer, je[1,n)] C Ap such that for all z € C,

()] < AePPP 0 fia)= ] (@-B8'ifa¢ AjNDa,
BEANDy

with the constants A and B independent of A (see Lemma 4.1(3)).
The sequence of functions {F)} ez defined by

Fx(z) = H 1= ] -85k

BEAND
has the desired properties. O

Lemma 4.3. For all D > 0, there exist D' > 0 and a sequence {Gx}reg C Ap such
that:

Ga(a) = PPN if e AN D,.
IGa(2)] < AePPN PP for gll 2 € C,
where A, B > 0 do not depend on D.

Proof. In this proof D’ denotes a constant depending on D but not on A, and its
actual value may change from one occurrence to the other.

Let A € £. Assume, without loss of generality, that Dy N A; = {ay ;} for all
j. As A, is an interpolating sequence and ePP) < AeP'P(@31) | by Lemma 4.1(i)
there exists a sequence {hy 1} C A, such that

hyi(axi) = PPN |haa(2)] < AeP'P3) forall z € C.

Setting Hx1(z) = hx1(z), we have Hy1(ax1) = ePPN) | Now, as A, is Ap-
interpolating and

PP — Hya(ane)| _ [Haa(an) — Hya(ars))| < AeP'Plor2)

lax,2 — axl

\OéA,2 — Q)1
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there exists a sequence {hy 2} C A, such that

Dp(N) _ g ,
hy2(ax2) = ¢ s 7/\0;1%0"2), |ha2(2)] < AePPE) for all 2 € C.

Setting Hx 2(z) = ha1(2) + ha2(2)(z — ax1). We have

Hya(an1) = Hao(an2) = PP,

We proceed by induction to construct a sequence of functions {hx x}r C A, such
that
ePPA) — Hy b1 ()
axgk —axt) (g — axk-1)
|hak(2)] < AeP’PZ) for all z € C.

hak(aag) = (

Then the function defined by Hy (2) = Hx g—1(2) +har(2)(z—axr1) - (2 —
o k—1) verifies

Hyr(axi) == Hyp(ary) = PPV,
Finally, we set Gy = Hj . O
To proceed with the proof of the inclusion X ~!1(A) C Ra(Ap), let w(A) €
X7H(A).
Fix Ae Land let ANDy ={aq,...,axr}, k < n. We first consider a polyno-
mial interpolating the values w(aq),. .., w(agk):
k—1
Pa(z) = A%(an) + Alw(ar, 0)(z — 1) + - + A w(an, o) [T (2 = o)
j=1

Notice that Py € A, since w(A) € X~'(A) and by properties (w1) and (w2) we
have
P\ (2)] < Alz|FeBPlan)ttplan)] < geB ()42

Now, define
f=> FAG\Pre PPV,
AeL
where D is a large constant to be chosen later on.

By the preceding estimates on G\ and Py, there exist constants A, B > 0 not
depending on D and a constant D" > 0 such that, for all z € C, we have

1f(2)| < AeD'p(2) Z e(B—D)p(N)
AeL
In view of Lemma 4.1 (ii), taking D = B+C, the latter sum converges and f € A4,.
To verify that f interpolates w(A), let o € A and let A be the (unique) point

of £ such that a € Dy. Then, f(a) = Gx(a)Py(a)e PP = Py(a) = w(a), as
desired.
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5. Similar results in the disk

The previous definitions and proofs can be adapted to produce analogous results
in the disk. To do so one just needs to replace the Euclidean distance used in C
by the pseudo-hyperbolic distance

z=C

p(z,¢) = 1_ C*Z

and the Euclidean divided differences by their hyperbolic version
Swr) =wh),
Ajilw()\g, ey )\j+1) — AjilbU()\l, RN )\J)

Ajr1—M
I—Al)\j+1

z,( €D,

6jw(/\1, . .,)\j+1) =

i>1.

In this context a function ¢ : D — Ry is a weight if

(wdl) There is a constant K > 0 such that ¢(z) > Kln(l%‘z‘).

(wd2) There are constants Dy > 0 and Fy > 0 such that whenever p(z,{) < 1/2
then

#(z) < Dog(C) + Eo.
The model for the associated spaces

Ay ={f € HD) : sup|f(2)|e B?* < oo for some B > 0},
zeD

is the Korenblum algebra A=°°, which corresponds to the choice e™#(*) =1 — |z|.
The interpolating sequences for this and similar algebras have been characterised
in [3] and [4].

With these elements, and replacing the factors z —a by == when necessary,
we can follow the proofs above and, mutatis mutandis, show that Theorem 1.4 also
holds in this situation.

The only point that requires further justification is the validity of Lemma 4.1
for the weights ¢. Condition (i) is a standard consequence of the open mapping
theorem for (LF)-spaces applied to the restriction map Ra, and the same proof as
in [1, Lemma 2.2.6] holds. Applying (i) to the sequences wy(A) defined by

o
wA(A’){l if N =\

0 ifN#£N

we have functions f\, € Ay interpolating these values and with growth con-
trol independent of A. Since 1 = |fa(A) — fa(N)], an estimate on the deriva-
tive of f) shows that for some C' > 0 and € > 0 the pseudohyperbolic disks
DN\ eemC*N) =1z € D: p(z,)\) < e~ 9?N} are pairwise disjoint. In particular
the sum of their areas is finite, hence

> (1= [A2e2N < 400
AEA

From this and condition (wdl) we finally obtain (ii).
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Resonance Dynamics and Decoherence

Marco Merkli

Abstract. We present a rigorous analysis of the phenomenon of decoherence
for general N-level quantum systems coupled a reservoir modelled by a ther-
mal bosonic quantum environment. We present an explicit form of the dom-
inant reduced dynamics of open systems. We give explicit results for a spin
1/2 (qubit), including decoherence and thermalization times. Our approach
is based on a dynamical theory of quantum resonances. It yields the exact
reduced dynamics of the small system and does not involve master equation
or van Hove limit approximations. This approach is suitable for a wide variety
of systems which are not explicitly solvable, including systems of interacting
spins (registers of interacting qubits), for which the coupling between the
system and the environment is fixed but small.

Mathematics Subject Classification (2000). Primary 82C10; Secondary 37L05.
Keywords. Decoherence, open quantum systems, reduced density matrix, ther-

mal environment, spins, qubits, classical-quantum transition, non-equilibrium
dynamics, quantum resonances, spectral deformation.

1. Introduction

We consider an open quantum system S+ R, where S is a “system of interest” and
R is an “environment” or “reservoir”. Typically, S is a system under examination
in a laboratory, like an atom, a molecule or an aggregate of spins. It is not possible
in reality to isolate any physical system entirely from its surroundings R, and only
if we take these surroundings into account can we consider the total system as
being closed and evolving according to a Hamiltonian dynamics. The reservoir R
is supposed to be a very large quantum system compared to S. An immediate
question is how the reservoir influences the dynamics of the small system. Prime
examples of effects S shows are thermalization and decoherence. The former means
that, due to its interaction with R, the system S is driven to the equilibrium state at
the temperature of R. The effect of decoherence is the subject of this contribution,
and we will describe it in detail in the next section.
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Typically, we may assume that we know the (relatively simple) microscopic
structure of S, while our knowledge of R is limited to its macroscopic characteriza-
tion. In other words, we shall assume the energy levels and corresponding states of
S to be given to us, as well as the thermodynamic parameters of R (temperature,
pressure, chemical potential...). We will always assume that the state space of S
is finite-dimensional. Of course, in a true concrete analysis, we will also have to
specify the reservoir R on a microscopic level. However, when studying the reduced
dynamics of S, only the macroscopic properties of R will be left in the description.
The details of the environment do not play any role. In order to avoid introducing
the microscopic structure of the environment, often an effective dynamics of the
small system S is introduced — however, any trustworthy effective dynamics has
to be derived from a full microscopic model, to which certain reduction and/or
approximation schemes are applied (e.g., Born- or Born-Markov approximations).
Our approach is to start off with a fully microscopic model of S + R, to eliminate
the degrees of freedom of R and to analyze the remaining reduced description of
S. In this process, we do not employ any approximation, however, our results are
perturbative in the strength of the coupling between S and R.

We will take reservoirs to be spatially infinitely extended quantum systems.
This is not merely a mathematical convenience, but rather a physical necessity that
is linked to the very phenomena we want to describe. Indeed, if we try to keep
the reservoir very large but finite, then irreversible physical processes will not take
place. One can understand this easily heuristically, since for finite systems, Hamil-
tonians have pure point spectrum, and so the dynamics will not drive the system to
a final state. On the other hand, we may want to consider reservoirs which are just
large, but maybe not infinitely extended, say an oven in a laboratory. The tempo-
ral behaviour of such systems is approximated by that of systems with infinitely
extended reservoirs on time-scales which are large, but not too large, see, e.g., [5].

We focus in this paper on the phenomenon of decoherence. A definition of
decoherence is the vanishing of off-diagonal matrix elements of the reduced den-
sity matrix of S. A state given by a diagonal density matrix is characterized by
classical probabilities, in the sense that averages of observables are obtained by
weighing averages in specific states with given probabilities. The quantum nature
is contained in the off-diagonal reduced density matrix elements, which are respon-
sible for interference effects typical for quantum mechanics [16]. In this sense, a
decohering system undergoes a transition from quantum to classical behaviour.

2. Description of decoherence

The pure states of S + R are described by normalized vectors v in the Hilbert
space ) = 5 ® Hr. An observable A is a (self-adjoint) operator on £, its expec-
tation value in the state 1 is (A) = (¥, Ay). The dynamics is determined by the
Hamiltonian (energy operator)

H = Hg + Hy + v,
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where Hg and Hg are the Hamiltonians of S and R, A € R is a coupling constant
and where v represents the interaction between S and R. The dynamical equation
is the Schrodinger equation,

1hoy) = Hip.

We will set for convenience i = 1, so that the state vector evolves as 1y = e ).
Not all states can be represented by a single vector . Mized states are determined
by density matrices p on §). These are non-negative (self-adjoint) trace-class op-
erators which are normalized as Trp = 1. The average of an observable A in the
mixed state p is given by (A) = Tr(pA). To any density matrix p, we can associate

normalized vectors 1, and probabilities p,, n =1,2,..., s.t.
pP= anwn><¢n‘a (2.1)
n=1

where [¢,,) (1), is the rank-one orthonormal projection onto Ci),, (spectral decom-
position of p). Since the evolution of 1), is given by e #H1,, it follows from (2.1)
that the density matrix p evolves according to p; = e pyeltH

Consider the system S to be finite-dimensional, $5 = CV. An example of a
mixed state of S is its equilibrium state at temperature T' = 1/, given by the
density matrix ps g o< e 5. Tt is readily seen that one cannot find any vector
1 € CN representing this state, i.e., having the property that (i, Ay) equals
Tr(ps,gA) for all A € B($g). However, by enlarging the Hilbert space, such a
vector can be found: view ,/ps 5 as an element of the Hilbert space of Hilbert-
Schmidt operators on ) (this space is naturally isomorphic to Hs ® 9g). Then
clearly (A) = Tr(ps gA) = (/PS5 A\/PS5) g Where (k,0)yg = Tr(k*0) is the
inner product of Hilbert-Schmidt operators.!

As mentioned in the introduction, the system R is infinitely extended in space.
Consequently, even if it has a finite energy density, the total energy Hg is not well
defined (is infinite). In fact, it is not even clear which Hilbert space can describe
states of the infinitely extended system R. One constructs the system R via the
thermodynamic limit. First, one takes a state pgr a of the reservoir constrained to
abox A C R? with fixed thermodynamic properties (such as temperature, density
etc.). For each finite A, one knows the Hilbert space and the state. (For instance,
a quantum gas in a box A is described by the Hilbert space @,>0L?(A",d?"x)
(Fock space), and since A is finite, the energy operator has discrete spectrum, so
the Gibbs-state density matrix is well defined.) Then the size of the box is made
larger and larger, A T R3. This defines averages of (localized) observables A in the
infinitely extended state, F(A) = limyqgs Tr(pr,aA4). One can now try to find a
Hilbert space Hr and a normalized vector g € Hr such that E(A) = (Yr, AYr).
This is a difficult task in general, but explicit expressions for Hilbert spaces and
vectors have been found in the important cases of infinitely extended ideal quantum

IThis is a manifestation of a general fact: a state over a C*-algebra can be represented by a
vector state in a Hilbert space. This is the so-called Gelfand-Naimark-Segal representation [3].
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gases in thermal equilibrium.? We understand that this construction has been
carried out, and that the state of R is represented on the Hilbert space $r by a
vector (or a density matrix). We give a more detailed explanation of this procedure
at the end of this section. For now we carry on with a more qualitative discussion.

Given the density matrix of the total system, p;, how can we extract the
dynamics of S? Define the reduced density matriz of S by

Py = TrR(pt)7

where the trace is taken over $r only (partial trace). This is a density matrix on
9s, and it satisfies

Trs(p,As) = Trsyr (pe(As @ 1))

for all obvservables Ag € B($)g). The reduced density matrix contains all infor-
mation to describe the evolution of expectation values of observables of S alone.
The degrees of freedom of R and the effects of the interaction between S and R
are encoded in p,, which acts on the Hilbert space of the system S only.

Let {¢; }jvzl be a fixed basis of g and denote the matrix elements of p, as
[Belm.n = (©m, Prpn). A definition of decoherence is the vanishing of off-diagonal
reduced density matrix elements in the limit of large times,

lim [py]m,n =0, Vm # n. (2.2)
t—oo
This is a basis dependent notion of disappearance of correlations,

Py = Zcm,n(t)|90m><90n‘ - me(t)|90m><90m‘v (2.3)

as t — oo. Most often, the basis considered is the energy basis, consisting of
eigenvectors of Hg. A mixture of states ¢; of the form Y  cmnlom)(pn| is
called an incoherent mixture if all “off-diagonals” vanish, ¢, » =0form # n. Flse
it is called a coherent mixture of the ;. The process (2.3) is thus a transition of
a coherent to an incoherent mixture. Hence the name decoherence.

2.1. An explicitly solvable model of decoherence

Consider S to be an N-level system, coupled to a reservoir R of thermal bosons at
temperature T = 1/ through an energy-conserving interaction (see [15] for the
qubit case, N = 2, and [11] for general N).

The Hilbert space and Hamiltonian of S are given by $g = CV and Hg =
diag(E1, ..., En), respectively, and the interaction operator is v = G®p(g), where
G = diag(m,...,vn). Here,

[a*(9) + a(g)]; (2.4)

Sl

©(g9) =

2For bosons, this is known as the Araki-Woods construction, for fermions it is the Araki-Wyss
construction, [1, 2, 14].
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where the a# (g) are the usual bosonic creation and annihilation operators, smeared
out with a form factor g € L*>(R3,d%k) (momentum space representation): a(g) =
Jos 9(R)a(k)d%k, a*(9) = [ps g(k)a* (k)dk, [a(k),a* ()] = o(k — 1).

Since [Hg, H| = [Hs, Hs + Hgr + v] = 0 the energy of the small system is
conserved. This model is exactly solvable. The solution is given by

Belmn = [Polm e 1 Em—En)Famnll), (2.5)
where
() = (v = ) S(E) + 1(ym — )T (1) (2.6)
2
]/ lg (k)2 coth( ﬁ|k/2>§91-%£451§2d3k 27)
/‘ |2\k|t Zl|2(|k|t) 31 (2.8)

The parameter § in the above expression for I'(¢) is the inverse temperature of the
reservoir. We immediately see that

1. The populations are constant, [p;]m,m = [Polm,m for all m and all .

2. If v, = 7 for some m # n, then the corresponding off-diagonal matrix
element does not decay (decoherence-free subspaces).

3. Full decoherence (2.2) occurs if and only if I'(¢) — oo as t — co. Whether this
happens or not depends on the infrared behaviour (small k) of the form factor,
as well as on the space dimension. Let the infrared behaviour be characterized
by g(k) ~ |k|P as |k| ~ 0. We obtain in three space-dimensions

0 if p>0

1 B . .
- 5(7’%1772) <g, I 19>+1(’7m*’)’n)2 const. if p=-1/2
+oo if p< —1/2.

t
lim Lm’n( )
t—o00 t

For p = —1/2 the off-diagonal matrix elements decay exponentially quickly,
[Be)mm| ~ econst-t(m=7)" and for p < —1/2 the decay is quicker. For p > 0
the function h(k) := |g(k)|? coth(B3|k|/2) |k|~2 is integrable on R3. We write
sin®(|k[t/2) = 1(1 — cos(|k[t)) and obtain from (2.7)

1 k)2 , .
I(t) = —/ 9 oo 81k|/2)dk — Re(F(t)),
2 Jas K2
where F is the Fourier transform of the function
1
F() = peoth(@lrl/2) [ latlrl. )P

defined for and integrable on r € R (do is the uniform measure on the sphere
S?). From the Riemann-Lebesgue lemma we know that lim;_, F(t) = 0, so

lim T'(t) = 2/ lg(k)* coth(B|k|/2)d3k #0, for p > 0.
R3

t—o0 |k|2

That is, for p > 0 we do not have full decoherence.
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This is a non-demolition model (Hg conserved), in which processes of absorption
and emission of quanta of the reservoir by the system S are suppressed. To enable
such processes one needs interactions v which do not commute with Hg. In the
latter case, one typically expects that thermalization takes place. The phenomenon
of thermalization can be described as follows.

Let p(8,\) be the equilibrium state of the total system at temperature
T =1/ (where X is the coupling constant measuring the strength of interaction
between S and R) and let p;—( be any initial density matrix (on ). Thermalization
means that

Trsir(ptA) — Trsir(p(B8, M) A), ast — oo, (2.9)
where A is any observable of the total system S+ R. The convergence (2.9) implies
that
Py — Poo(B: A) 1= Trr(p(8, V),

as t — 0o. An expansion of g (6, ) in the coupling constant \ gives

where p (3, 0) is the Gibbs state of the system S. The Gibbs state (density matrix)
is diagonal in the energy basis (diagonalizing Hg), however, the correction term
O()\) is not, in general (see, e.g., [11] for explicit calculations for the qubit). This
shows the following effect.

Even if S is initially in an incoherent superposition of energy eigenstates

it will acquire some ‘residual coherence” of order O(\) in the process

of thermalization. This leads us to defining decoherence in thermalizing

systems as being the decay of off-diagonals of p, to their (non-zero) limit

values, i.e., to the corresponding off-diagonals of p.. (5, \).
In examining the vast literature on this topic (some references are [7, 15, 16,
17]) we have only encountered either models with energy-conserving interactions
(which are explicitly solvable), or models with Markovian approximations with
uncontrolled errors (master equations, Lindblad dynamics). The goal of our work
is to describe decoherence for systems which may also exhibit thermalization, in a
rigorous fashion (controlled perturbation expansion).

2.2. Description of the infinitely extended reservoir R
Before taking the thermodynamic limit, as outlined above, the reservoir confined
to a box A is described by the bosonic Fock space
HRA = @Laym A", ddnx)a (2.10)
n>0

where the subindex “sym” means that we take symmetric square-integrable func-
tions only (indistinguishable Bose particles). The Hamiltonian is that of non-

interacting particles, given by Hp = @nonr(:z)\’ with Han)\ Y/ 02,

(with periodic boundary conditions). The density matrix pr g = Zg | 5,18 ~PHR.A
is a well-defined trace-class operator on the space (2.10), and the normahzatlon
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factor Zg g a is chosen so that Tr(pr g.a) = 1. One calculates [1, 14] Eg(a? (f)) :=
limp s Tr(pR757Aa#(f)) = 0, where a# stands for either a or a*, and

Bl (F)ala)) = fim, Te(om e (Nate) = (0. =)o (240

where the square-integrable f, g are represented in Fourier transform in the inner
product on the right-hand side.® All products of creation and annihilation opera-
tors can be calculated using the Wick theorem [3], so (2.11) (plus the vanishing of
averages of a(f) and a*(f)) determines the infinitely extended thermal state Eg
of R completely. We consider here only reservoir equilibrium states below critical
density, i.e., in absence of Bose-Einstein condensate.

The Araki-Woods Hilbert space representation is given by

AR=FF, (2.12)
where F = @p>0L2,,,(R*", d*"x),

Yr =02®Q, (2.13)
the product of the Fock vacua in F, and

N N eBlkl 141 1 _
aﬁ(g)fa mg I+ ULI®a mga

where § is the complex conjugate of g, and where the a# are the ordinary Fock
creation and annihilation operators on F. We also set ag(g) := [aj(g)]". It is easy
to check that

Eg(a*(flalg)) = (Yr, aj(fas(9)vr) -
This last equation shows us that we have successfully represented the thermal state
of the infinitely extended R as a vector state on a concrete Hilbert space.

3. Dynamical resonance theory: Results

Let S be an N-level system, fig = CV, with energies {E;}}_,, and let R be
the free massless Bose field, spatially infinitely extended in R® in equilibrium at
temperature T' = 1/, as described at the end of Section 2.

The interaction operator is obtained by taking the thermodynamic limit of
Avp = AG ® p(ga). Here, G = G* € B(fg) is a self-adjoint N x N matrix
and ¢(ga) is the smoothed-out field operator (2.4) acting on $Hr A, (2.10), and
ga(z) = xa(x)g(x) is the function g, cut off by being set equal to zero outside A.
It is customary to abbreviate this description by simply writing

v =G ® (), (3.1)

and the thermodynamic limit is understood to be taken automatically.

30f course, one has to restrict this to functions for which the r.h.s. is well defined.
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We denote the average of observables A € B($)g) at time ¢ by
(A}, = Trg(7,A), (3.2)

and the ergodic average is denoted by

(Ao == lim 1 /0 (A)dt.

T—oo T

Our approach is based on a dynamical resonance theory, where resonances are
treated in a setting of spectral deformation (see Section 4). This leads to the
following regularity requirement which we assume to be fulfilled throughout this
paper.

(A) The function

_ ] _uanf ogu,0) if u>0
gﬁ(u,a) = 1— 67’6” ‘u| { ewg(_u)o‘) ifu<0

is such that ¥ — gs(u + ¥, 0) has an analytic continuation, as a map C —
L*(R x 82, du x do), into {|9] < 7}, for some 7 > 0. Here, ¢ is an arbitrary
fixed phase. (See [6] for the usefulness and physical interpretation of this
phase.)
Examples of admissible g are g(k) = gl(a)|k|pe"k"2, where p = —=1/24+n, n =
0,1,2,...,and g1 (0) = €'g, (0). They include the physically most important cases,
see also [15]. We point out that it is possible to weaken condition (A) considerably,
at the expense of a mathematically more involved treatment, as mentioned in
[11, 13]. The following result is the main result of [11]. We give an outline of the
proof in Section 4.

Theorem 3.1 (Evolution of observables [11]). There is a Ao > 0 s.t. the following
statements hold for |\| < Ao, t >0, and A € B(9g).
1. (Ao emists.
2. We have
(A)r = (Ao = D R(A) + OV, (3.3)
e#0
where the € are “resonance energies”, 0 < Ime < 7/2, and R.(A) are linear
functionals of A which depend on the initial state pi—g.
3. Let e be an eigenvalue of the operator Hs ® s — g ® Hg (acting on Hs®Hs).
For A\ = 0 each € coincides with one of the e and we have the following
expansion for small \

e=el® =e— 2200 4+ O(\h).
The 6&8) satisfy Im 6&8) < 0. They are eigenvalues of so-called level shift

operators A., and s = 1,...,v(s) < mult (e) labels the eigenvalue splitting.
Furthermore, we have
Re(A)= > FmndAma+ON), (3.4)

(m,n)el.
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with I, = {(m,n) | Em — E, = e}, and where Ay, is the (m,n)-matric
element of A and the numbers K, , depend on the initial state.

Discussion. Relation (3.3) gives a detailed picture of the dynamics of averages of
observables. The resonance energies ¢ and the functionals R. can be calculated
for concrete models, to arbitrary precision (in the sense of rigorous perturbation
theory in A). See Section 3.1 for explicit expressions for the qubit. In the absence
of interaction (A = 0) we have ¢ = e € R. Depending on the interaction ecach
resonance energy € may migrate into the upper complex plane, or it may stay on
the real axis, as A # 0. The averages (A); approach their ergodic means (A)) o
if and only if Ime > 0 for all € # 0. In this case the convergence takes place on
the time scale [Ime]~!. Otherwise (A); oscillates. A sufficient condition for decay

is that Tmé'™ < 0 (and X small).

There are two kinds of processes which drive the decay: energy-exchange pro-
cesses and energy preserving ones. The former are induced by interactions enabling
processes of absorption and emission of field quanta with energies corresponding
to the Bohr frequencies of S (this is the “Fermi Golden Rule Condition”). Energy
preserving interactions suppress such processes, allowing only for a phase change
of the system during the evolution (“phase damping”).

Even if the initial density matrix, p;—g, is a product of the system and reser-
voir density matrices, the density matrix p; at any subsequent moment of time
t > 0 is not of product form. The evolution creates entanglement between the sys-
tem and reservoir. Our technique does not require pi—o to be a product state [11].

Our next goal is to use Theorem 3.1 to describe in detail the decay of reduced
density matrix elements. According to Theorem 3.1 the dynamics is governed by
the resonance energies 528) whose lowest-order contributions 528) are eigenvalues
of level shift operators A.. In what follows we assume that all eigenvalues 628)

are simple. We denote the corresponding eigenvector by nés), and the eigenvector

associated to the adjoint operator A} with eigenvalue 6&8) is denoted by 77{:)- They

are normalized as <nés), ﬁés)> = 1. The assumption of simplicity of the spectrum of

A. is not necessary at all for our method, it is simply made to make the exposition
somewhat simpler. Let {¢,} be an orthornomal basis of CV diagonalizing the
Hamiltonian of S, Hsyp, = Ep¢,. The matrix element [p;]m,» is obtained by
choosing the observable A = |¢,)(pm| in (3.2). We denote the difference of two
eigenvalues of Hg by Ey,,, = Ep — E,. A closer analysis of the functionals R.
yields the following result, the proof of which we give in Section 5.

Theorem 3.2 (Dominant dynamics). There is a constant Ay s.t. if 0 < |A\| < Ay,
then for all m,n and allt > 0

[Pelm.n — {len) (@m ) oo

ite's) _ _
= 0 e 3T o Polka - OO ), (35)
{s:agi’ m750} {kLE ki =FEn,m}
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where
Y = min{Ime'®) : £() £ 0 and e # Epm}.

The mixing constants Ufi?n;m are given by

O—frsL,)n;k,l - <~(E?,)L,,,L730n & ¢m> <80l & Yk, US) > )

n,m

WS and ﬁ(s) ~ being the resonance eigenvectors introduced above.

n,m En,m

Discussion. The group of matrix elements [p;]m,» associated to the same energy
difference e = E,, — E,, evolve in a coupled way, while groups belonging to different
e evolve independently, in the regime of Theorem 3.2. It is clear that the eigenvalue
e = 0 is always degenerate (pr ® @y is always an associated eigenvector, for all
k). One easily sees that if e = E,, — E,, is simple then afi?mk’l vanishes unless

(k,1) = (m,n), in which case in?mk’l = 1 equals one (this follows simply from the

fact that 7. and 7. belong to the spectral subspace associated to e€). The main
term of the r.h.s. of (3.5) is then simply e'*“#n.m | s0

[Pelmn — {lon)(@m]) oo = el Bnm [Polm.,n + O()‘2e_mm’")-

The usefulness of Theorem 3.2 is that it relates [p;]m,» to the initial conditions
[Polk,i- We can understand how to arrive at Theorem 3.2 from Theorem 3.1 in the
following way. The expansion (3.4) implies that the main term of R.(|¢n)(@m])
is non-vanishing only if ¢ bifurcates out of e = E,, — E,,. This means that all
contributions to the sum in (3.3) with € not bifurcating out of E, — E,, are of
order A2, and decaying according to ei*¢. These terms, plus the O(A\2e~"!) term in
(3.3), constitute the remainder term in (3.5).

The constants 7, are typically of order A\* (they may be of higher order
if the so-called Fermi Golden Rule condition for efficient coupling is not satisfied
[9]). Expansion (3.5) is thus useful in the regime

)\2670\2 min{Im §{*) : e£E —tA% max{Im 5,(;,)1,”, ts=1,..,v(En,m)}

n,m} < e

In other words, given any finite maximal time of interest t.ay, there is a A1 s.t. if
0 < |A] < A1, expansion (3.5) is valid, and the remainder term is negligible for all
0 <t < tmax. The expansion (3.5) thus isolates the dominant dynamics.

3.1. Application: thermalization versus decoherence time for a qubit

A qubit, or spin 1/2, is described by the Hilbert-space of pure states C2. The
Hamiltonian is Hs = diag(Fy, E2) (in the canonical basis of C?). We set A =
FE5 — FEq > 0. The coupling operator is given by the self-adjoint operator

-]

ol

Z ] ® ¢(9),
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where ¢(g) is given in (2.4). The operator Hs ® 1 — 1 ® Hg has four eigenvalues,
e € {—A,0,0,A}. One calculates the resonance energies associated to these e to
be (see also Theorem 3.1 and the next subsection)

e (\) =0
e (V) = IN[eE(A) + O\
caN) = A+ N R+ 23 [[e€(8) + (b — a)’€(0)] + OV
e_a(A) = —ea(N)
where we have set

et = [ com () laPata - ke

and (P.V. denoting the principal value)
b® — a? Jef? BIE lg(lul, o)
k|~ —P.V. ?coth [ —— | =———~dudo. (3.6
3 (i) + e [ o () M DR g0, 30
The corresponding resonance eigenvectors (defined before Theorem 3.2) are as
follows, where {1, 2} is the canonical orthonormal basis of C2, and where ¢; ; =

wi @ pj:

R =

(1) _ ORI —pA
M =Pt e, M = o palprite el
(2) NN ~2_ 1

no =11 — € a0, Ty [p1,1 — p2,2],

C 14efA

and A =7a = @21, —A = T]a = 1,2 Note that 77(()1) is just the (not normalized)
(s)

mon:k, (see Theorem 3.2) are thus

trace state on S. The mixing constants o

(1) (1)
012:1,2 = ‘72,1,2,1

1
- () o) =
111 Mo "»¥P1,1) P11, 11 oPn’

2 2 -1
§1)22 053,1, ,<P1,1><<P22,77(())> ma

i

1

2

0;2) <77(()),<P22> <<P2,2,77(())>=m~

We shall assume that the Fermi Golden Rule is satisfied: £(A) # 0. Then zero is a
. . (1) _ o _
simple resonance eigenvalue, €, ’ = 0, and consequently, for e = 0 the term s =1

is not present in the sum (3.5). Theorem 3.1 thus gives the following dominant
dynamics:

[mu<<|sol><sol|>>oo~e“°)“){ s T } (3.7)

14+ef2  14e PR

Pil1,2 = (lp2) (@)oo ~ 2PV [pg]1 2. (3.8)
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The dynamics for [p,]2.2 and [f,]2,1 are easily obtained also directly from Theorem
3.1, or by using that [p,]1.1+[p;]2.2 = 1 (since Trp, = 1) and the fact that p, is self-
adjoint. We point out that since the system S+ R approaches its (joint) equilibrium

as t — o0, we have ((|p1){p1])ee = T5x + O(N?) and (|a)(p1[hoe = O(A2)
(Gibbs distribution). This law can also be recovered by setting ¢t = 0 in (3.7), (3.8)

and using that [pgl22 =1 — [pol1.1-

The thermalization time (decay of diagonals) is 7y, = [Imz—:f)()\)]’l, and the
decoherence time (decay of off-diagonals) is Tgec := [Imea (A)] 1. Their ratio is
Tth 1 (b — a)2 5(0) 2
= |1+ =25 | +0(0?).
o LT N

Note that we have £(0) > 0 for infra-red behaviour g(k) ~ |k|~'/2 as |k| ~ 0 and
€(0) = 0 for more regular infra-red behaviour. Moreover, £(0) ~ T and {(A) ~
const. > 0, as the temperature 7' ~ 0.

Spin-Boson model. The Hamiltonian of S is given by [4, 8]

1 1
Hg = —§hA00m + 5602,

where the o are Pauli matrices, A¢ is the bare tunnelling matrix element, and ¢ is
the bias. The coupling operator is

v=0,®¢(g)

This determines the matrix elements a,b,c in the general formulation, and we

obtain
b—a)? 2
(b-a) _ 166_2 .
2 WA
This shows for instance that the thermalization time will become smaller relative
to the decoherence time if the bias € is decreased, or if the tunnelling parameter

Ay is increased.

Explicit form of the level shift operators. For the sake of completeness, we include
the explicit form of the level shift operators A, e = 0, £A. By definition,

Ao = P.IP.(Ly — e +i0)"'P.IP,,

where P, is the spectral projection onto the eigenspace of Hs® 11— 1l® Hg associated
to the eigenvalue e, P, = 1 — P, Lg is the operator Lg restricted to Ran P,, and
where I is the interaction operator, see [11] and Section 4. The explicit form of
A, has been calculated in [11] for a general N-level system coupled to the thermal
Bose environment (Proposition 5.1 of [11]).* The explicit form of Ag, expressed in

4In the present work, we take the generator of dynamics to be the Liouville operator associated to
the reference state 19 = ¥s 00 ® ¥R, see Section 4. In [11] the Liouville operator is taken with re-
spect to the reference vector s 3 @R . Those two choices are related by a simple transformation,
and all physical results are independent of the particular choice of reference state.
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the basis {1 ® ¢1,p2 ® w2} of Ran P is
. 2 A o
Y

26BA 1 | —ePA efA

The dimension of Ran Pa is one, so A1 reduces simply to a number,

Aia= R S[eP6(A) + (b - )%€(0)]

where R is given in (3.6). Knowing the explicit form of the level shift operators,
the expansions of the resonance energies and resonance eigenvectors are now easy
to obtain.

4. Outline of resonance approach
Consider any observable A € B($)s). We have
(A); = Trs [p, A] = Trsyr [pr A ® 1g]
= <1/)0, eltha [A® 1s ® 1R) e_itL*w0> . (4.1)

In the last step, we pass to the representation Hilbert space of the system (the
GNS Hilbert space), where the initial density matrix is represented by the vector
1o (in particular, the Hilbert space of the small system becomes $s ® 9g), see also
after equation (2.1) and Section 2.2. For this outline we take the initial state to be
one represented by the product vector ¥y = 95,0 ® ¥R, Where 15  is the trace
state of S, (Vs 00, (As @ 1g)s 00) = %Tr (As), and where g is the equilibrium
state of R at a fixed inverse temperature 0 < 5 < oo, (2.13). (This form of the
initial state is is not necessary for our method to work, see [11].) The dynamics
is implemented by the group of automorphisms e'*/* . e7#Ex The self-adjoint
generator Ly is called the Liouville operator. It is of the form Ly = Lo+ AW,
where Ly = Ls + Ly represents the uncoupled Liouville operator, and AW is the
interaction (represented in the GNS Hilbert space).

We borrow a trick from the analysis of open systems far from equilibrium:
there is a (non-self-adjoint) generator K s.t.

eltIr demitha — otEx ge =KX for all observables A4, t > 0, and
Ko = 0.

There is a standard way of constructing K given L) and the reference vector
1o. Ky is of the form K, = Lo + AI, where the interaction term undergoes a
certain modification (W — I), cf. [11]. As a consequence, formally, we may replace
the propagators in (4.1) by those involving K. The resulting propagator which is
directly applied to ¥ will then just disappear due to the invariance of 1y. One can
carry out this procedure in a rigorous manner, obtaining the following resolvent
representation [11]
1

(=55 | o (Krw) -2 [A0 @ Ilyo)edz,  (42)
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where K (w) = Lo(w) + M (w), I is representing the interaction, and w — K (w)
is a spectral deformation (translation) of K. The latter is constructed as follows.
There is a deformation transformation U(w) = e~ P where D is the (explicit)
self-adjoint generator of translations [11, 10] transforming the operator K as

/
— = = X X — e

Ky(w) = U)K \U(w) ' = Lo +wN + M (w). (4.3)
A I
: ; cohhuons
/[ € m
e | 7/
]

Pofafed agtmvaluts
FIGURE 1. Spectrum of Ky(w)

Here, N = N; ® 1+ 1 ® N; is the total number operator of Hr, (2.12),
and where Nj is the usual number operator on F. N has spectrum N U {0},
where 0 is a simple eigenvalue (vacuum eigenvector 1g). For real values of w,
U(w) is a group of unitaries. The spectrum of K (w) depends on Imw and moves
according to the value of Imw, whence the name “spectral deformation”. Even
though U (w) becomes unbounded for complex w, the r.h.s. of (4.3) is a well-defined
closed operator on a dense domain, analytic in w at zero. Analyticity is used in the
derivation of (4.2) and this is where the analyticity condition (A) before Theorem
3.1 comes into play. The operator I(w) is infinitesimally small with respect to
the number operator N. Hence we use perturbation theory in A to examine the
spectrum of K (w).

The point of the spectral deformation is that the (important part of the) spec-
trum of K (w) is much easier to analyze than that of K, because the deformation
uncovers the resonances of K. We have (see Figure 1)

spec (Ko(w)) = {E; — Ej}ij=1..~ | J{wn + R},

n>1
because Ko(w) = Lo + wN, Ly and N commute, and the eigenvectors of Ly =
Ls + Lgr are ¢; ® ¢; ® ¥r. The continuous spectrum is bounded away from the
isolated eigenvalues by a gap of size Imw. For values of the coupling parameter
A small compared to Imw, we can follow the displacements of the eigenvalues by
using analytic perturbation theory. (Note that for Imw = 0, the eigenvalues are
imbedded into the continuous spectrum, and analytic perturbation theory is not
valid! The spectral deformation is indeed very useful!)
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FIGURE 2. Spectrum of K)(w). Resonances et are uncovered.

Theorem 4.1. (See Fig. 2.) Fiz Imw s.t. 0 < Imw < 7 (where 7 is as in Condition
(A) given after (3.2)). There is a constant co > 0 s.t. if |\ < co/B then, for all w
with Imw > W', the spectrum of Kx(w) in the complex half-plane {Imz < w'/2} is
independent of w and consists purely of the distinct eigenvalues

{el) . e espec(Ls),s =1,...,v(e)},

where 1 < v(e) < mult(e) counts the splitting of the eigenvalue e. Moreover,

limy_,0 \5( )()\) el =0 for all s, and we have Imel” > 0. Also, the continuous
spectrum of Kx(w) lies in the region {Im z > 3w’ /4}.

Next we separate the contributions to the path integral in (4.2) coming from
the singularities at the resonance energies and from the continuous spectrum. We
deform the path of integration z = R — i into the line z = R + iw’/2, thereby
picking up the residues of poles of the integrand at sé"”) (all e, s). Let Cé"’) be a

small circle around e° , not enclosing or touching any other spectrum of Ky (w).
We introduce the generally non-orthogonal Riesz spectral projections

Q) = QYW N) =~ [ (Kyw) — ) de. (4.4)

27 Jel
It follows from (4.2) that

v(e)
Ay =737 (40, QA ® Ts @ TwJiho ) + O(N2e™"1/2), (4.5)
e s=1

Note that the imaginary parts of all resonance energies 528) are smaller than w’/2,

so that the remainder term in (4.5) is not only small in A, but it also decays faster
than all of the terms in the sum! (See also Figure 3.)

Finally, we notice that all terms in (4.5) with el # 0 will vanish in the
ergodic mean limit, so

(Ao = lim 1/0T<A>t dt= > <¢0, [A®11R®11R}¢0>

s:e[()s) =0
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Ono
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FIGURE 3. Contour deformation: [, ;dz=73"_ [, dz + fR+iw,/2 dz

The identification of the linear functionals
R (4) = (40, QA ® s © Tnto ) (4.6)

(cf. (3.3)) is useful for concrete calculations, as well as in the proof of Theorem
3.2. This concludes the outline of the proof of Theorem 3.1.

5. Proof of Theorem 3.2

The proof is based on expansion (3.3) together with formula (4.6). We have
Pelm.n = Tr (Belon) (oml), and it follows that

[Pelm,n — €len) (@m ) oo

i E(S) s 7wl
= 3 (90, QWwn) (oml @ Tslio) + OO ). (5.1)
{e,s:et%) #0}
We leave out the trivial Ir. Remembering that 19 = 1g 00 ® ¥R, Where ¢g o is
the trace state of S, represented by the vector ﬁ Zjvzl ©; ® pj, we see that

[ln) (om| @ Ls]ho = \/Lﬁwn ® om @ YR. (5.2)

We shall treat in here the case where all resonance eigenvalues Eg *) are simple (the

general case is dealt with in a similar fashion). Thus Q') = [x{")(¥'"| is a rank-
one projection, with K (w)xe & = (S)XS), K (w)*xgs) (S)XS and with the
normalization <X£s), ng)> = 1. We expand the resonance eigenvectors in powers

of A\,

X =0l @+ 0N, X =0 @ vr + O, (5.3)
where nés), 772 ) are eigenvectors of the level shift operator A. associated to the
eigenvalue (52 and its complex conjugate, respectively (see also before Theorem
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3.2 and [11]). A, acts on the eigenspace P(Lg = e), and 778 ,778 ) € Ran P(Lg =e).
We obtain

QY = Y@ @ [r)(Ur| + Ri (),
where Ry satisfies (Yr|R1(\)|¢r) = O(M\?). (This term is of order A? and not
only X since the average of the interaction (3.1) vanishes in the vacuum state.)
Combining (5.2) and (5.3) and setting ©m n = @m @ @n, we arrive at

(40, Q2 en) (| © Tt )

= 66\/E—"m <¢0, ®¢R> <7Ye ),Sﬁnm> +0(\?)

OeE. .
= %{lk; }<¢0,<Pz,k ® Yr) <901k,77§ )>< e @nm>+0(/\2)~
JkiEp k=€

(The ¢ is the Kronecker delta here.) The initial values are recovered from the first
scalar product on the r.h.s.,

%N (o 91k ® r) = (Yo, [lo1) (2] ® Ts]tbo) = [Foles.

This shows that

(40, QP llen)oml © Islt0) =depr D GmmskalBolia + OO),  (5.4)
{l,k):Elyk:En,,m}

(s)

“ - M ”
where the “mixing coefficients T omik,

pression (5.4) in (5.1),
Pelmn — (on) (@m0 (5.5)

, are defined in Theorem 3.2. We use ex-

ite(®) _ )
= Z e D ToalPolka + OO) | + O ),
{e,5:e$3)£0} {l,k:E; x=FEn m}
The main term in the sum selects e = E, ,,, and only the summation over s :

(s) # 0 remains. This yields the dominant part in the r.h.s. of formula (3.5).
The “remainder is

Z 1ta< )O()\Z) + O()\2 —w t/2)
{e:6#£En m, sl #0}

which is O(A\2e~?¥m.n) | as indicated in Theorem 3.2. This concludes the proof of
Theorem 3.2.
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Ramified Integrals, Casselman Phenomenon,
and Holomorphic Continuations
of Group Representations

Yuri A. Neretin

To Mark Iosifovich Graev on his 85*" birthday

Abstract. Let G be a real semisimple Lie group, K its maximal compact
subgroup, and G¢ its complexification. It is known that all K-finite matrix
elements on G admit holomorphic continuations to branching functions on
Gc having singularities at a prescribed divisor. We propose a geometric ex-
planation of this phenomenon.

1. Introduction

1.1. Casselman’s theorem. Let G be a real semisimple Lie group, let K be a
maximal compact subgroup. Let G¢ be the complexification of G.

Let p be an infinite-dimensional irreducible representation of G in a complete
separable locally convex space W!. Recall that a vector w € W is K-finite if the
orbit p(G)v spans a finite-dimensional subspace in W .2

A K-finite matrix element is a function on G of the form

f(g) = £(p(g)v),

where v is a K-finite vector in W and ¢ is a K-finite linear functional, i.e., a
K-finite element of the dual representation.

Supported by the grant FWF, project P19064, Russian Federal Agency for Nuclear Energy,
Dutch grant NW0.047.017.015, and grant JSPS-RFBR-07.01.91209 .

Lthe case of unitary representations in Hilbert spaces is sufficiently non-trivial.

2Let us rephrase the definition. We restrict p to the subgroup K and decompose the restric-
tion into a direct sum ) V; of finite-dimensional representations of K. Finite sums of the form
Evj ev; Vj are precisely all K-finite vectors.
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Theorem 1.1. 3 There is an (explicit) complex submanifold A C G¢ of codimension
1 such that each K -finite matriz element of G admits a continuation to an analytic
multi-valued ramified function on G¢ \ A.

ExaMPLE. Let G = SL(2,R) be the group of real matrices (Z Z), whose

determinant = 1. Then K = SO(2) consists of matrices ( cosp s @), where
—sing cosyp

© € R; the group Gg is the group of complex 2 x 2 matrices with determinant = 1.
The submanifold A C SL(2, C) is a union of the following four manifolds

a=0, b=0, ¢c=0, d=0. (1.1)

Indeed, in this case, there exists a canonical K-eigenbasis. All the matrix elements
in this basis are Gauss hypergeometric functions of the form

oF1(a, B3;7;6), where § = ‘;_f,

where the indices «, 3, v depend on parameters of a representation and of a pair
of basis elements (see [6]).

Points of ramification of 3 F; are § = 0,1, co. Since ad — bc = 1, only 8 = 0
and 6 = oo are admissible; this implies (1.1). O

Thus a representation p of a real semisimple group admits a continuation
to an analytic matrix-valued function on G¢ having singularities at A. This fact
seems to be strange if we look to explicit constructions of representations.

Our purpose is to clarify this phenomenon and to find a direct geometric
construction of the analytic continuation. We achieve this aim for a certain special
case (namely, for principal maximally degenerate series of SL(n,R), see Section 2)
and formulate a general conjecture (Section 3). It seems that our explanation (a
reduction to the ‘Thom isotopy Theorem’), see [4], [5]) is trivial. However, as far
as I know it is not known for experts in representation theory.

Addendum contains a general discussion of holomorphic continuations of rep-
resentations.

2. Isotopy of cycles

2.1. Principal degenerate series for the groups SL(n,R). Let G = SL(n,R) be the
group of all real matrices with determinant = 1. The maximal compact subgroup
K =8S0(n) is the group of all real orthogonal matrices.

3This theorem was obtained in famous preprints of W. Casselman on the Subrepresentation
Theorem. Unfortunately, these preprints are unavailable for the author; however these results
were included to the paper of W. Casselman and Dr. Milicic [1]. There are (at least) two known
proofs; the original proof is based on properties of system of partial differential equations for
matrix elements [1], also by a simple trick [3] the theorem can be reduced to properties of
Heckman—Opdam hypergeometric functions [2].
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Denote by RP"~! ¢ CP"~! the real and complex projective spaces; recall
that the manifold RP"~! is orientable iff n is even.

Denote by dw the SO(n)-invariant Lebesgue measure on RP" ™1, let d(wg) be
its pushforward under the map SL(n,R), denote by

dwg
J(g,l‘) = E

the Jacobian of a transformation g at a point x.
Fix a € C. Define a representation T, (g) of the group SL(n,R) in the space
C°>°(RP"~1) by the formula
Ta(9)f(x) = f(xg)J(g,2)".
The representations T, are called representations of principal degenerate series. If
a € 1 + iR, then this representation is unitary in L?(RP"~1).

2.2. Discriminant submanifold A. Denote by g* the transpose of a matrix g. Denote
by A the submanifold in SL(n,C) consisting of matrices g such that the equation
det(gg" —\) =0

has a multiple root.

We wish to construct a continuation of the function g — Tu(g) to a

multi-valued function on SL(n,C) \ A.
4

For simplicity, we assume n is even.
2.3. Invariant measure. Denote by =1 : 2 : - -+ : x,, the homogeneous coordinates
in the projective space. The SO(n)-invariant (n — 1)-form on RP"~! is given by
dw(z) = (Y a2) ™23 (~1Va;doy ... da; ... do,.
J J
This expression can be regarded as a meromorphic (n — 1)-form on CP"~! having
a pole on the quadric

Qzx) := Zx? =0.
Now we can treat the Jacobian J(g,z) as a meromorphic function on CP"~!
having a zero at the quadric @(z) = 0 and a pole on the shifted quadric Q(gz) = 0.

2.4. K-finite functions. The following functions span the space of K-finite functions
on RP™1: .
Iz
f@) = =557
>z 5 )Z i/
Evidently, they have singularities at the quadric Q(z) = 0 mentioned above.

where g k; is even.

2.5. K-finite matrix elements. K-finite matrix elements are given by the formula

(et = [ h@hlee.0) dota). (2.1

4If n is odd, then we must replace the integrand in (2.1) by an (n — 1)-form on two sheet covering
of CP?~1 \ RP*~1. Also we must replace the cycle RP"~! by its two-sheet covering.
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The integrand is a holomorphic form on CP"~! of maximal degree ramified over
the quadrics Q(z) = 0, Q(zg) = 0. Denote by i = $l[g] the complement to these
quadrics. Therefore locally in i the integrand is a closed (n — 1)-form. Hence we
can replace RP"~! by an arbitrary isotopic cycle C in 4.

2.6. Reduction to the Pham Theorem. Now let g(s) be a path in SL(n,C) starting
in SL(n,R). For each s one has a pair Q(z) = 0, Q(z - g(s)) = 0 of quadrics and
the corresponding complement U[g(s)].

Is it possible to construct an isotopy C(s) of the cycle RP"~! such that
C(s) c Ug(s)] for all s?

Now recall the following theorem of F. Pham [4] (see, also, V.A. Vasiliev [5]).

Theorem 2.1. Let Ri(s), ..., Ri(s) be nonsingular complex hypersurfaces in CP*
depending on a parameter. Assume that R; are transversal (at all points for all
values of the parameter s). Then each cycle Q(so) in the complement of UR;(so)
admits an isotopy Q(s) such that for each s a cycle Q(s) is contained in the
complement of UR;(s).

2.7. Transversality of quadrics

Lemma 2.2. Let A, B be non-degenerate symmetric matrices. Assume that all the
roots of the characteristic equation

det(A—AB) =0

are pairwise distinct. Then the quadrics Eaijxixj =0 and Zbijximj = 0 are
transversal.

By the Weierstrass theorem such pair of quadrics can be reduced to

Z )\jx? =0, Zx? =0, (2.2)

where \; are the roots of the characteristic equation. If they are not transversal
at a point z, then the rank of the Jacobi matrix

(Alxl ... )\nmn>
1 ... Tn
is 1. Therefore
(A — Aj)zjz; =0 for all 4, 5. (2.3)
The system (2.3), (2.2) is inconsistent. O

2.8. Last step. In our case, the matrices of quadratic forms are gg* and 1. Therefore,
by the virtue of the Pham Theorem a desired isotopy of the cycle RP?~! exists.
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3. General case

By the Subrepresentation Theorem, all the irreducible representations of a semisim-
ple group G are subrepresentations of the principal (generally, non-unitary) series.
Therefore, it suffices to construct analytic continuations for representations of the
principal series.

For definiteness, we discuss the spherical principal series of the group G =
SL(n,R).

3.1. Spherical principal series for G = SL(n,R). Denote by F1(R™) the space of all
complete flags of subspaces

W:0CcW,C---CWy_1 CR"

in R™; here dim Wy = k. By Grip(R™) we denote the Grassmannian of all k-
dimensional subspaces in R™. By 7 we denote the natural projection FI(R") —
Gri(R™).

By wi we denote the SO(n)-invariant measure on Gry(R™). For g € GL(n,R)
we denote by Ji(g, V') the Jacobian of the transformation V — Vg of Gry(R"),

dwi(Vg)

Ji(g, V) = ——==.

k(ga ) dwk(V)
Fix aq, ..., a,_1 € C. The representation T, of the spherical principal series
of the group SL(n,R) acts in the space C°°(F1(R™)) by the formula
n—1
To(g) fOW) = OV - 9) [ ] Te(g: W)

k=1

3.2. Singularities. Consider the symmetric bilinear form in C™ given by

B(z,y) = ijyj.
By Li C Gri(C™) we denote the set of all the k-dimensional subspaces, where
the form B is degenerate®. By £ C FI(C") we denote the set of all the flags
Wy c---C Wy_1, where Wy, € L, for some k.

In fact, all K-finite functions on FI(R™) admit analytic continuations to
F1(C™) \ £ (a singularity on £ is a pole or a two-sheet ramification).

3.3. A conjecture

Conjecture 3.1. Let y(t) be a path on GL(n,C) avoiding the discriminant sub-
manifold A, let v(0) € SL(n,R). Then there is an isotopy C(t) of the cycle
C(to) := FI(R™) in the space FI(C™) avoiding the submanifolds L and L - g(s)

Such isotopy produces an analytic continuation of representations of principal
series of SL(n,R).

5Equivalently, we can consider all the (k — 1)-dimensional subspaces in CP®~! tangent to the
quadric ) 1]2 =0.
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Addendum. Survey of holomorphic continuations of representations

Let G be a connected linear Lie group. Denote by G¢ its complexification. Let p
be an irreducible representation of G (in a Fréchet space). We are interested in
the following problems:

— Is it possible to extend p holomorphically to G¢?
— Is it possible to extend p holomorphically to an open domain U C Gg.
See, also, [16], Section 1.5.

A.1. Weyl trick. Let p be a finite-dimensional representation of a semisimple Lie
group G. Then p admits a holomorphic continuation to the group Gc.

A.2. Why the Weyl trick does not survive for infinite-dimensional unitary rep-
resentations? Let G be a noncompact Lie group, let p be its irreducible faithful
unitary representation. Let X be a noncentral element of the Lie algebra g. It is
more-or-less obvious that the operator p(X) is unbounded.

Then, for ¢, s € R,

plexp(t +is)X) = exp(isp(X)) exp(tp(X)).
Since ip(X) is self-adjoint, then exp(tp(X)) is unitary; on the other hand
exp(isp(X)) have to be unbounded for all positive s or for all negative s (and
usually it is unbounded for all s.
However, this argument does not remove completely an idea of holomorphic
continuation, since it remain two following logical possibilities

— a holomorphic extension exists in spite of the unboundedness of operators.

— If a spectrum of X is contained on the positive half-line, then exp(tX) is
defined for negative t. We can hope to construct something from elements of
this kind.
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The second variant is realized for Olshanski semigroups, see below, the first
variant is general, this follows from the Nelson Theorem.

A.3. Nelson’s paper. In 1959 E. Nelson [13] proved that each unitary irreducible
representation p of a real Lie group G has a dense set of analytic vectors. This
implies that p can be extended analytically to a sufficiently small neighborhood of
G in G((;.

Usually this continuation can be done in a constructive way as it is explained
below (see also [16], Section 1.5.).

A 4. Induced representations. First, we recall the definition of induced represen-
tations.

Consider a Lie group G and its closed connected subgroup H. Let p be a
representation of H in a finite-dimensional complex space V.

These data allow to construct canonically a vector bundle (skew product) over
G/H with a fiber V. Recall a construction (see, for instance, [8]). Consider the
direct product G x V and the equivalence relation

(g,v) ~ (gh™", p(h)v), where g € G,veV, he H.

Denote by R = G xy H the quotient space. The standard map G — G/H de-
termines a map R — G/H (we simply forget v). A fiber can be (noncanonically)
identified with V.

Next, the group G acts on G x V by transformations
(g,v) — (rg,v), where g € G,v eV, req.

This action induces an action of G on G x i V, the last action commutes with the
projection G xg V. — G/H.

Therefore G acts in the space of sections of the bundle G xg V — G/H
(because the graph of a section is a subset in the total space; the group G simply
moves subsets). The induced representation = = Ind$(p) is the representation of
G in a space of sections of the bundle G xy V. — G/H.

The most important example are principal series, which were partially dis-
cussed above.

Our definition is not satisfactory since rather often it is necessary to specify
the space of sections (for instance, smooth functions, L2-functions, distributions,
etc.). This discussion is far beyond our purpose, for the moment let us consider
the space C*°[G/H; p] of smooth sections.

A.5. Analytic continuation of induced representations. Here we discuss some heur-
istic arguments (see [16], Section 1.5). Their actual usage depends on the explicit
situation.

Denote by H|cj the complexification of the group H inside Gc.
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The (finite-dimensional) representation p admits a holomorphic extension to
a representation of the universal covering group of H|c) of Hc) in the space V. For
a moment, let us require two assumptions®

— Higy is closed in Gc.
— p is a linear representation of Hcj.

Under these assumptions, the same construction of a skew-product produces
the bundle (G¢) Xy V — G¢/He. Moreover,

GxgV C (G(C) XHCV

Now let us agree on the next assumption’. Let the space of holomorphic
sections of (Gc) xm. V be dense in C* on G/H. Then we get a holomorphic
continuation of the induced representation 7 to the whole complex group Gc.
More precisely, we slightly reduce the space of representation, but the ‘formulae’
determining a representation are the same.

This variant is realized for all nilpotent Lie groups.
A.6. Nilpotent Lie groups
EXAMPLE. Let a, b, ¢ range in R, Consider operators T'(a, b, c) in L?(R) given by
T(a,b,c)f(z) = f(z + a)e®*te,

They form a 3-dimensional group, namely the Heisenberg group. Now let a, b, ¢
range in C and f ranges in the space Hol(C) of entire functions. Then the same
formula determines a representation of the complex Heisenberg group in Hol(C).
After this operation, the space of representation completely changes. However it
is easy to find a dense subspace in L?(R) consisting of holomorphic functions and
invariant with respect to all the operators T'(a, b, ). a

Now, let G be a simply connected nilpotent Lie group. By the Kirillov The-
orem [7], each unitary representation of a nilpotent Lie group G is induced from a
one-dimensional representation of a subgroup H; the manifolds G/H are equiva-
lent to standard spaces R™. Therefore, G¢/Hg is the standard complex space C™,
and we get a representation of Gi¢ in the space of entire functions.

However, the following Goodman-Litvinov Theorem (R. Goodman [4], G.L.
Litvinov [11], [12]) is more delicate.

Theorem. Let p be an irreducible unitary representation of a nilpotent group G in
a Hilbert space W. There exists a (noncanonical) dense subspace Y with its own
Fréchet topology and holomorphic representation p of G¢ in the space W coinciding
with p on G.

6The second assumption is very restrictive. It does not hold for the parabolic induction.
If it does not hold, then we go to Subsection A.7, where all the assumptions are omitted.
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Let us explain how to produce a subspace Y. Let p be a unitary representation
of a nilpotent group G in a space W. Let f be an entire function on G¢ (it is
specified below). Consider the operator

/= /G F(@)o(g) dg

Let r € G¢. We write formally

:/f(g> plrg dg—/f

Assume that for each v € Gc the function ~,.(g) := f(gr—!) is integrable on G.
Under this condition we can define operators

p(r) : {Image of p(f)} - W

as just now.
In fact, we need a subspace Z in L'(G) consisting of entire functions and
invariant with respect to complex shifts. To be sure that

Y i= UpezIm(p(f)) C W

is dense, we need a sequence of positive f; € Z converging to J-functions; then
p(fj)v converges to v for all v € W. In what follows we describe a simple trick
that allows to construct many functions f and a subspace Z.

A construction of functions f. First, let G = T;, be the unipotent upper triangular
subgroup of order n. Let ¢;;, ¢ < j, be the natural coordinates on 7;,. Write them
in the order

t12,t23, 134, - - - Ln—1)n> 013, t245 - -+ s E(n—2)m> t145 - - -

and re-denote these coordinates by 1, x2, x3, .... In this notation, the right shift

g+ gr~! is an affine transformation of the form

(1,22, 3,...) — (1 + a1, 22 + ag + ba11, 3 + az + b3121 + baaxa, ... ).

Now we can choose a desired function f in the form
flx) = exp{ Zp] 2k; }, where p; > 0 and ky > kg > --- > 0 are integers.

For an arbitrary nilpotent G' we apply the Ado theorem (in fact, the standard
proof, see [17], produces a polynomial embedding of G to some T,, with very
large n).

A.7. Local holomorphic continuations. Now let G O H be arbitrary.

The construction of a skew product survives locally. It determines a holo-
morphic bundle on a (noncanonical) neighborhood U C G¢/Hc of G/H. Denote
by A(U) the space of holomorphic sections of this bundle. Let r € G¢ satisfies
r-G/H C U. Then r determines an operator 7(r) : A(U) — C* and we get a
local analytic continuation of the induced representation.
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A.8. Local analytic continuations for semisimple groups. For definiteness, consider
G = SL(n,R). Denote by P be the minimal parabolic (i.e., P is the group of
upper triangular matrices), Then G/P is the flag space mentioned above. Next,
Gc = SL(n,C), and Py is the group of complex upper-triangular matrices of the
form

bi1 b12
B=|0 02 .. , where b;; # 0.

Evidently, the group Pr is not simply connected.
Fix s; € C and consider the one-dimensional character

j=1

of P. The function x, is defined on P¢ only locally, however this is sufficient for
the arguments of the previous subsection.

This kind of arguments can be easily applied to an arbitrary representation of
a nondegenerate principal series. Keeping in the mind the Subquotient Theorem,
we easily get the following statement.

OBSERVATION. Let G be a semisimple Lie group. Then there are (noncanonical)
open sets Uy C Uy C Ge containing G such that Us D Uy - Uy and the following
property holds. Let p be an irreducible representation of G in a Fréchet space
W. Then there is a (noncanonical) dense subspace Y C W (equipped with its

own Fréchet topology) and an operator-valued holomorphic function p : Uz —
Hom(Y, W) such that p=p on G and

plg1)p(92)y = p(gr92)y  forgr, g2 €U, y €Y
Certainly, the operators p(g) are unbounded in the topology of Hom (W, W).

A.9. Crown. D.N. Akhiezer and S.G. Gindikin (see [1]) constructed a certain ex-
plicit domain A C G¢ (‘crown’) to which all the spherical functions of a real
semisimple group G can be extended. Also the crown is a domain of holomorphy
of all irreducible representations of G, see B. Krotz, R. Stanton, [9], [10].

The relation of their constructions with our previous considerations are not
completely clear.

A.10. Olshanski semigroups. In all the previous examples, the operators of holo-
morphic continuation are unbounded in the initial topology. There is an important
exception.

Unitary highest weight representations of a semisimple Lie group G admit
holomorphic continuations to a certain subsemigroup I' C G¢ (M.I. Graev [6],
G.I. Olshanski [19]). Since this situation is well understood, we omit further dis-
cussion, see also [18].

A.11. Infinite-dimensional groups. Induction (in different variants) is the main tool
of construction of representations of Lie groups.
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For infinite-dimensional groups the induction exists® but it is a secondary
tool (however, the algebraic variant of induction is important for infinite-dimen-
sional Lie algebras). A more effective instrument are symplectic and orthogonal
spinors.

Let us realize the standard real orthogonal group O(2n) as a group of
(n+mn) x (n+ n) complex matrices g having the structure

(2 9

that are orthogonal in the following sense

(3 a)= (1 o)

Actually we do the following. Consider the space R?" equipped with a standard
basis €1, ..., €n, €nil,. .., €2,. Then we pass to the space C?"* and write matrices
of real orthogonal operators in the basis

€1+ ient1, €2 T i€nt2, ..., €y + €2, €1 — 1€n 41, €2 — 1€ny2, - .., €y — (€2

Next, we set n = co. Denote by OU(200) the group of all bounded matrices
of the same structure satisfying an additional condition: ¥ is a Hilbert—Schmidt
matrix (i.e., the sum Y~ [1hx|? < 00).

By the well-known theorem of F.A. Berezin [2], [3] and D. Shale-W. Stine-
spring [20], the spinor representation is well defined on the group OU(200).

Numerous infinite-dimensional groups G can be embedded in a natural way
to OU(200), after this we can restrict the spinor representation to G.

For instance, for the loop group C°°(S',S0O(2n)) we consider the natural
action in the space L2(S',R?") and define the operator of the complex structure
in this space via Hilbert transform (see, for instance, [16]). Applying the spinor
representation, we get the so-called basic representation of the loop group. To
obtain other highest weight representations we apply restrictions and tensoring.

The group OU(200) admits a complexification OGL(200,C) consisting of
complex matrices g = (é B) that are orthogonal in the same sense with Hilbert—
Schmidt blocks B and C. The spinor representation of OU(200) admits a holo-
morphic continuation to the complex group OGL(200), see [14], [16], the operators
of the holomorphic continuation are unbounded in the initial topology, but are
bounded on a certain dense Fréchet subspace equipped with its own topology.

This produces a highest weight representation of complex loop groups as free
byproducts (see another approach in R. Goodman, N. Wallach [5]).

More interesting phenomenon arises for the group Diff of diffeomorphisms
of circle, in this case the analytic continuation exists in spite of the nonexistence
Diffc, see [15].

81f a group acts on the space with measure, then it acts in L2.
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Abstract. We provide a sufficient condition for the orbital stability of negative
solitary-wave solutions of the regularized long-wave equation. In particular,
it is found that solitary waves with speed ¢ < f% are orbitally stable.
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1. Introduction

In this article, the dynamic stability of negative solitary-wave solutions of the
regularized long-wave equation

Up + Uy + (u2)x_umwt =0, (1.1)
is investigated. This equation which is also called the BBM equation, is used
to model the propagation of small-amplitude surface waves on a fluid running
in a long narrow channel. For an account of modeling properties of (1.1), the
reader may consult the work of Benjamin et al. [6], Peregrine [14] and Whitham
[17]. As is well known, equation (1.1) admits solitary-wave solutions of the form
u(z,t) = ®(x—ct). Indeed, when this ansatz is substituted into (1.1), there appears
the ordinary differential equation

—c® + & + " 4 d* =0, (1.2)
ae

where &’ = T for £ = x — ct. It is elementary to check that a solution of (1.2) is
given by

D) = 3(c—1) sech2(§ ;15) (1.3)
These solutions are strictly positive progressive waves which propagate to the right

without changing their profile over time. As can be seen from the expression (1.3),
solitary waves with positive propagation velocity are defined only when ¢ > 1. It is

This work was supported in part by the Research Council of Norway and the ESF Research
Networking Programme HCAA.
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well known that these positive solitary waves are dynamically stable with respect
to small perturbations. As observed by one of the authors in [12], the formula (1.3)
is still valid when ¢ < 0, resulting in a solitary wave of depression which propagates
to the left. Surprisingly, the stability of these solitary-waves of depression depends
on the speed c. In fact, it was shown in [12] that for negative values of ¢ close to
zero, the solitary waves are unstable.

The original proof of stability of positive solitary waves was given by Ben-
jamin [5] and Bona [7], using previous ideas of Boussinesq concerning the char-
acterization of solitary waves as extremals of a constrained minimization problem
[1, 9]. While the main thrust of their work was in the direction of the Korteweg-
deVries equation

w4ty + (%) 4 Uzga = 0,

their proof is also applicable to the regularized long-wave equation (1.1). In fact,
the proof of stability of positive solitary waves appears in the appendix of [5]. The
method of Benjamin has subsequently been refined and extended, and a general
theory has been developed [2, 4, 8, 10, 11, 16]. It appears however that almost
all previous work has exclusively focused on positive solitary waves. In order to
treat negative solitary waves, the general theory developed in [10, 16] cannot be
applied straightforwardly, and it is our purpose here to indicate a complete proof
of stability of negative solitary waves. Thus the main contribution of the present
article is the proof of the following theorem.

Theorem. The solitary wave ® with velocity c is stable if ¢ < —%.

Observe that this theorem provides a sufficient condition for the stability
of negative solitary waves. We must hasten to mention however that numerical
computations in [12, 13] suggest that our result is not sharp. For the sake of
clarity, we closely follow the original proof of Benjamin without paying much heed
to the more general theory.

Figure 1 is depicting a stable solitary wave of depression, with velocity ¢ =
—1.2 and amplitude max, |®| = 3.3, propagating to the left.

2. Preliminaries

As already observed by Benjamin and others [5, 6], a solitary wave cannot be stable
in the strictest sense of the word. To understand this, consider two solitary-waves
of different height, centered initially at the same point. Since the two waves have
different amplitudes, they have different velocities according to the formula (1.3).
As time passes the two waves will drift apart, no matter how small the initial
difference was. However, in the situation just described, it is evident that two
solitary waves with slightly differing height will stay similar in shape during the
time evolution. Measuring the difference in shape therefore will give an acceptable
notion of stability. This sense of orbital stability was introduced by Benjamin [5].
We say the solitary wave is orbital stable, if for a solution u of the equation (1.1)
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FIGURE 1. Stable solitary wave of depression with velocity ¢ = —1.2.

that is initially sufficiently close to a solitary-wave will always stay close to a
translation of the solitary-wave during the time evolution. A more mathematically
precise definition is as follows. For any € > 0, consider the tube

U.={uec H :inf|lu— 7,0||z < e}, (2.1)

where 7,®(z) = ®(z — s) is a translation of ®. The set U, is an e-neighborhood of
the collection of all translates of ®.

Definition 2.1. The solitary wave is stable if for any € > 0, there exists § > 0 such
that if ug = u(-,0) € Uy, then u(-,t) € U, Vt € R. The solitary wave ® is unstable
if ® is not stable.

The proof of stability is based on the conservation of certain integral quanti-
ties under the action of the evolution equation. Equation (1.1) has four invariant
integrals. In particular, the functionals

Vi) =1 / (U2 + u2) da, (2.2)
and

E(u) = / (2u®+ %u‘g)daz, (2.3)
are critically important to the proof of stability of ®. Note that V(g) = 1|lg/|%x.

The properties of these functionals are summarized in the following proposition.
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Proposition 2.2. Suppose u is a smooth solution of (1.1) with sufficient spatial
decay. Then V and E are constant as functions of t, invariant with respect to
spatial translations and continuous with respect to the H*(R)-norm.

Proof. The proof is standard. To see conservation in time for V and E, multiply
the equation by u and (—u — u? + uy), respectively. Translation invariance means

V(u) = V(rs(u)); and E(u) = E(1s(u)), Vs € R.

This follows immediately from the definition. Finally, we prove continuity of F
with respect to the H*(R)-norm. Let {w,} be any sequence in H'(R) such that
limy, 00 ||wp — w|| g1 = 0. Then

[Bw,) - B@)] = |4 / - wtlde+ d [ -l

‘/ Y wp, + w dm‘—l— ‘/ (wy, —w)(w? + wyw + w?)dz|.

Using the Cauchy-Schwarz inequality, this can be dominated by
3 [wn — w2 llwn +wl L2 + 5 lwn — wl 2|} +waw + 1w 2.

Thus there appears the estimate
|E(wn) — E(w))|
< = wllr {5 (ol + ol ) + 3 (w2l + ]+ e?ln) .

This expression approaches 0 as n — oo, because wyand w € HY(R) imply
|wws || ;1 < oo for r, s = 0,1,2; Thus, lim, . |E(w,) — E(w)| = 0. O

It is well known that the initial value problem for (1.1) is globally well posed.
In fact, as soon as local existence is established, the conservation of the H!'-norm
can be exploited to obtain a global solution. For the exact proof, the reader may
consult the articles of Benjamin et al. [6] and Albert and Bona [3].

The notation used in this article is the standard notation in the theory of
partial differential equations. Since all functions considered here are real-valued,
we take the L?-inner product to be (f,g) f_ x) dz. We will also have

occasion to consider the L2—1nner product on the half hne, and this will be denoted
by <f7 >L20<>c)*f0 ) (CL’)d:L’

3. Orbital stability

In this section, orbital stability of the solitary waves of depression will be proved.
Consider for a moment the difference in L?(R) of a solitary wave and a general
solution of (1.1). Intuitively, for each u in H!(R), there is an « € R, such that

o0

| futeratn -} a-int [~ {ucra-aefe @

— 00 — 00
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If the integral on the right is a differentiable function of a, and ||u||z2 = ||®|| Lz,
then a(u) could be determined by solving the equation
(u(- + a(u)),®") = 0. (3.2)

A formal proof of the existence of a a(u) proceeds with the use the implicit function
theorem as follows.

Proposition 3.1. There is € > 0, such that there exists a C'-mapping o : U, — R,
with the property that (u(- + a(u)),®’) = 0 for every u € U..

Proof. For a given u € U,, consider the functional
(u, »—>/ u(€ + a(u))®’'(€)de.
Observe that

LD - [" @@ra>o.

da o
and
F(®,0) = / ()P (€)de. = / ddg ?(€)de = 5[8%(00) — ¥*(~o0)] =0

Therefore, by the implicit function theorem, there exists a C''-map a(u) near ®
such that
(u(-+ a(u)),®’) = 0.
By translation invariance, the size of the neighborhood is the same everywhere.
|

A crucial ingredient in the proof of stability is the fact that for all ¢ less
than some critical speed ¢*, the functional F(u) attains its minimum value when
restricted to functions for which V(u) = V(®). In fact, we have the following
explicit estimate.

Proposition 3.2. Ifc < —%, there are B > 0, and € > 0 such that

B() ~ B(®) > 5 Ju(- + a(w) ~ 2,

for all w € Ue, satisfying V(u) = V(®).

Proof. The demonstration of this theorem follows the ideas outlined in the work of
Benjamin [5]. In that work, however, the focus was on positive solitary waves. To
accommodate negative solitary waves, the proof has to be modified accordingly.

For each u in U, such that V(u) = V(®), let v = u(- + o(u)) — @, where « is
defined in Proposition 3.1. Let AV = V(® 4+ v) — V(®), and note that AV = 0.
However, according to the definition of V', we also have

AV = % / {02+ 02 4 200+ 20" }de. (33)

— 00
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Defining AF in a similar way, we see that

AE = E(® +v) — BE(®) = / {%ﬁ + v + D2 + Du? + %&”}dg. (3.4)

— 00

On the other hand, since AV = 0, we may also write
AFE =AFE — cAV.

Therefore, in view of equations (3.3) and (3.4) there appears the expression

oo
AE = / {307+ 0% + 10° — L0 — Lev?} dg
o0

[e.¢]
+/ {® — c®+ ° + @} vde.
—00

Since ® satisfies (1.2), the integrand of the second integral vanishes identically.
Therefore,

oo

AE = %/ {—cv'2+(*0+1+2‘1’)v2}d5+§/ vl .

— 00

Thus we have AE = 62E + §°E, where 6>F and 63E are the second and third
variation of E, respectively. In order to obtain a lower bound for §2F, v is written
as the sum of an even function f and an odd function g. Since @ itself is even, it
can be shown directly that the even and odd parts of v contribute independently
to 62E. In other words, we have

§*E = §8*E(f) + 6*E(g). (3.5)
The contribution to §2E from even functions is obtained as follows.

Lemma 3.3. If c < f%, there are positive constants k1 and ko such that
SPE(f) = kil flFn — w2llollzn.

Proof. The estimate for the lower bound of the contribution of 62E(f), where f
is an even function will be obtained by comparison with the integral

1= [Thym e [y e o 6] e

where p is a constant to be specified later. The substitution z = %¢ % ¢ yields

d=3(c-1) sech?z, and puts the integral in the simpler form

)
J = /00 { <%)2 + (,u —20 Sech2z)f2}dz.
0

From here one, derivatives with respect to z will be denoted by %, while derivatives
with respect to £ will be indicated by a prime. Moreover, the integrands will be
interpreted as functions of z or £ as indicated by the variable of integration. Next,
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we will make use of the spectral theory for a certain linear operator on the Hilbert
space L2(0,00). Let the operator £. be defined by

d2
Cd2?

with domain defined as those functions ¢ € H?(0,00) that satisfy the boundary
condition ¢’(0) = 0. As it turns out, £, has only two negative eigenvalues:

A1 = —16 and Ay = —4,

Le= — 20 sech?z, (3.6)

with corresponding normalized eigenfunctions

Y1 = 4/ i’—g sech®z, and Yo = g (6 sech?z — 7 sech4z). (3.7)
Ay = —4
L *—} A
A = —16 0 Positive continuous spectrum A > 0

F1GURE 2. The spectrum of L.

The rest of the singular set consists of positive continuous spectrum. Now
it can be seen from the expressions in (3.7) that ¢ and 9 have sech'z as a
common term. Thus we may write sech?z as a linear combination of ¢, and .

In particular,
sech?z = T3+ %\/g Ya. (3.8)
The connection between J and L. becomes apparent as follows.
oo
(Lef f) 2,00y :/ {f? — 20 sech®z f?}dz.
’ 0

One should recognize the right-hand side of this equation as the first and last term
in the integral J. By the spectral theorem, the left-hand side of this equation is
equal to

oo
—16 F2 — 4 F3 +/ F2()\) Mp()N), (3.9)
0

where p(A) is the spectral-function on R. The coefficients Fy, Fy, and F(\) are
defined by

Fm:/o Vis f(2)dz and F(/\):/O V(=N F(2)dz, (3.10)

where 1(z;\) is the generalized eigenfunction corresponding to the continuous
spectrum of L.. Moreover, the spectral decomposition

[(2) = Fipy + Faypa + /0OC P(z; A)F(N)dp(N),
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and Parseval’s identity give
oo e}
/ f?dz = F} + Fy +/ F2dp()). (3.11)
0 0
From equation (3.9) and (3.11), we obtain a new form for the integral J as follows:
(o)
T = (u=10F + (= 0FF + [ (u+ NFdp(). (3.12)
0

Next, we introduce the notation p = ||v|| g1, and write Fy as a linear combination
of Fy and p?. Here, the constraint AV = 0 will play a major role. According to
equation (3.3), the constraint AV = 0 is equivalent to

—p? = 2/ (v + D' dE.
— 00
On the right-hand side, use integration by parts in the last term yields
—p2:2/ (& — ") vdt.
— 00

In light of equation (1.2) and the fact that ® is an even function, this equation
can be put in the form

4 e}

=5 [ @eet s
¢Jo

On the right-hand side of this equation, use the expression (1.3) for ®, and make

a change variable z = 1,/ ¢ Then (3.7) and (3.10) can be used to put the

(&
equation in the form

/ sech’z fdz = 3B (-1 - &5\ P2 (3.13)

0
Using the definition of F, (3.13), the definition of Fy, it appears that

By, = AF, + Ip?,
where A and I are defined by

A= (—9c+2),/2 and 1= -1,/2 JeE (3.14)

Thus equation (3.12) becomes

JDL1ﬁ+m4mﬂF§uu@@AH@F+F¢)+Awm+Aﬂﬂ@@y

Now for positive u, the integral term is nonnegative. We choose p is such a way
that the coefficient of F in the expression for J is nonnegative. Thus we need

2
_ 44+ 4%)

1
=T (3:.15)
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2
Since % > 4, the coefficient (u — 4) is then automatically also positive.

Therefore, with this choice of u, J can be estimated below by
24
J > A2 AIFlp

By using straightforward inequalitles

o 1 [e.¢]
F12§/ f2dz§§/ vidz < = / {v +1¢1 ’2}d,z
0 —
1
2 c—1 2
g = — ;
ydg =\ p

we obtain the lower bound for the integral as

12A1 7, |\
2 s (52) i, (3.16)

Finally, a lower bound for the even contribution to 62F is found as follows.

52E(f)/ooo{%f’2+( c+1)(1- )f2}dg+10\/ﬁj

> %/Z { — X4 (—e+1)(1- —u)fQ}di
18A71

i o= 1) () ol

Now we need the coefficient 1 — %,u to be positive, and considering (3.15), this is

. e 20 4(44A?) . . .
possible only if 5 > p > ——7*. But by (3.14), this inequality can be satisfied

only if ¢ < —%. Thus as long as ¢ < —%, we have the estimate

o0

¥Mﬁzm/ (F2 + £2)de — mallo]n, (317)

— 00

ESE

where £y = min ( — £,1(—c+1)(1 — Zp)), and kg = szlljjg) cle—1) (671)

(&
are positive constants. O

Next, we turn to the contribution to 62E from the odd part of v.

Lemma 3.4. For all ¢ < 0, there holds the estimate
—c
0*E(9) = — llgll7-

Proof. For the odd contribution to 62F, the result in Proposition 3.1 will play an
important role. By virtue of this result, we have

/oo (® + v)®'d¢ = 0.

— 00
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Since @ is even, this is the same as

/OC g®'d¢ = 0. (3.18)

— 00
Let s be a positive constant, and consider the linear operator
2

Z, = é{— j—g? —3s sech2(%\/§ f)}, (3.19)

defined on those functions ¢ € H?(0,00) that satisfy the boundary condition
¢(0) = 0. As illustrated in Figure 3, %, has only one negative eigenvalue \; = —1
with corresponding eigenfunction

d
6, = % {3s sech®(3/5 €)}, (3.20)
and the rest of the spectrum of .%, is positive continuous [5].
A =-1
*— A
0 Positive continuous spectrum A > 0

FiGURE 3. The spectrum of .%,.

Now the spectral theorem asserts that

(Zot 6} 120,00y = — (8612010, 00) + / G2 (A)dp(N).

where G(A fo &)d¢, and 0(¢; )\) is a generalized eigenfunction of .%,.
If we now choose s = (3.18) that
(9,01)12]0,00) = 0.
Thus we obtain
(Zo9,9)12(0,00) = 0. (3.21)

On the other hand, after integration by parts, there appears

0 < <$0979>L2[0,oo) = cf 1/0 {9/2 _ 3621 seCh2(% /c 1 5) QQ}dg

Thus it is immediate that the following integral is nonnegative.

K:/OO {g% - 20 g%} de > 0. (3.22)
0

The contribution to 6?E due to the odd part of v may now be estimated by
comparison with the integral K.

52E(g)=——K+ / {@+3(—c+1)}g%d+ = / {—cg”?+(—c+1) g° }d¢.
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In light of (3.22), —c+1 > —c, and the fact that ® > 3(c—1) [cf.(1.3) with ¢ < 0],
there follows

o oo
§*E(g) > gc/ (9% +9°)d¢ . (3.23)
—o0
O
Proof of Proposition 3.2: Using (3.5), Lemma (3.3), and Lemma (3.4), it is plain
that
62E > ﬁ/ v+ 0?)dE — Ka|v||3, (3.24)

where 3 = min(%, k1) is a positive constant, and s and ko are defined in (3.17).
Now Psmg the inequality supgcp [v(§)] < ﬂ”“HHl L there appears an esti-
mate for 6°F
3 L[ 2 1 < 9
5E:——/ —v)ved 2——su v/ vidE > — vl %1 . 3.25
5] (owtde = —gswll [ o ool (329)

Combining (3.24) and (3.25) yields the final estimate
8Bz 9 [+ e = ol = ol (6 = Vlolm)

where v = kg + f Therefore, if ||v|| g1 is sufficiently small, say ||v|| g < ’8 , We
obtain

B
AE > S vl .

Finally, we will close this section by showing a necessary condition for stability
of the solitary-wave.

Theorem. The solitary wave ® with velocity c is stable if ¢ < f%.

Proof. The proof is based on the techniques of of Bona, Grillakis, Souganidis
Shatah, and Strauss in [8, 10]. In particular, the theorem will be proved by con-
tradiction as follows. Suppose ® is not stable, then there exists an € > 0, and a se-
quence of initial data u? € H(R) and corresponding solutions u,, € C(R, H!(R))
with u,(+,0) = uf}, such that

Timfuy, — @] =0, (3.26)

but

1
sup inf [lun (1) = 7s2()llm 2 3¢,

for large enough n. By the continuity of w, in t, we can pick the first time ¢, so
that

. _1

;Iéﬂf{ tn (- tn) = Te®()|lr = 5 € (3.27)

In other words, un(-,tn) € OUp..

IThis is known as the Sobolev lemma. The reader may refer to [5] for a simple proof.
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Since V is continuous in H!(R) and invariant under time evolution, we have
lim,, o V(ul) = V(®), and consequently

lim V(u(-tn)) = V(). (3.28)

n—oo

Choose a sequence w, € H!(R), such that V(w,) = V(®) and lim, . ||w, —
Uun (-, tn)|l gr = 0. 2 Note that by H'-continuity of E, and time invariance,

lim [E(w,) — E(®)] =0,

n—oo

and also note that w, € U, for large n. On the other hand, so long as € is small
enough, Proposition (3.2) shows that

B
2
where (3 is the constant defined in (3.24). Therefore, since a(u) is a continuous
function, it appears that

Hm ||un (-, tn) — (- — a(un (-, tn)))|| g2 = 0.

n—oo

Finally, this is a contradiction to (3.27) O

E(wy) = BE(®) > 5 llwn (- + a(wn)) — @I,
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Singular and Tangent Slit Solutions
to the Lowner Equation

Dmitri Prokhorov and Alexander Vasil’ev

Abstract. We consider the Lowner differential equation generating univalent
maps of the unit disk (or of the upper half-plane) onto itself minus a single
slit. We prove that the circular slits, tangent to the real axis are generated by
Hélder continuous driving terms with exponent 1/3 in the Lowner equation.
Singular solutions are described, and the critical value of the norm of driving
terms generating quasisymmetric slits in the disk is obtained.

Mathematics Subject Classification (2000). Primary 30C35, 30C20; Secondary
30C62.

Keywords. Univalent function, Lowner equation, Slit map.

1. Introduction

Let D = {z € C: |z| < 1} be the unit disk and T := 9D. The famous Léwner
equation was introduced in 1923 [3] in order to represent a dense subclass of the
whole class of univalent conformal maps f(z) = z(1+c12+---) in D by the limit

f(z) = lim e'w(z,t), ze€D,
t—oo

where w(z,t) = e tz(1 + ¢1(t)z + - -+ ) is a solution to the equation

dw et) 4

o *wm» w(z,0) = 2, (1)
with a continuous driving term u(t) on t € [0, 00), see [3, page 117]. All functions
w(z,t) map D onto Q(t) C D. If Q(t) = D\ v(¢), where v(¢) is a Jordan curve in D
except one of its endpoints, then the driving term w(¢) is uniquely defined and we
call the corresponding map w a slit map. However, from 1947 [5] it is known that

The first author was partially supported by the Russian Foundation for Basic Research (grant
07-01-00120) and the second by the grants of the Norwegian Research Council #177355/V30,
the European Science Foundation RNP HCAA, and the Scandinavian Network Analysis and
Applications (Nordforsk).
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solutions to (1) with continuous w(t) may give non-slit maps, in particular, ()
can be a family of hyperbolically convex digons in D.

Marshall and Rohde [4] addressed the following question: Under which con-
dition on the driving term u(t) the solution to (1) is a slit map? Their result states
that if u(t) is Lip(1/2) (Holder continuous with exponent 1/2), and if for a certain
constant Cp > 0, the norm ||ul|; /2 is bounded |[[ul; /2 < Cp, then the solution w is
a slit map, and moreover, the Jordan arc (t) is s quasislit (a quasiconformal im-
age of an interval within a Stolz angle). As they also proved, a converse statement
without the norm restriction holds. The absence of the norm restriction in the lat-
ter result is essential. On one hand, Kufarev’s example [5] contains ||ul|; o = 3v/2,
which means that Cp < 3v/2. On the other hand, Kager, Nienhuis, and Kadanoff
[1] constructed exact slit solutions to the half-plane version of the Léwner equation
with arbitrary norms of the driving term.

Let us give here the half-plane version of the Lowner equation. Let H = {z :
Im z > 0}, R = OH. The functions h(z,t), normalized near infinity by h(z,t) =
2z —2t/2+b_o(t)/z% + - -+, solving the equation

dh -2

% = m, h(Z,O) =z, (2)
where A(t) is a real-valued continuous driving term, map H onto a subdomain of
H. The question about the slit mappings and the behaviour of the driving term
A(t) in the case of the half-plane H was addressed by Lind [2]. The techniques
used by Marshall and Rohde carry over to prove a similar result in the case of the
equation (2), see [4, page 765]. Let us denote by Cy the corresponding bound for
the norm [|A[[1/2. The main result by Lind is the sharp bound, namely Cy = 4.

In some papers, e.g., [1, 2], the authors work with equations (1, 2) changing
(-) to (4) in their right-hand sides, and with the mappings of slit domains onto
D or H. However, the results remain the same for both versions.

Marshall and Rohde [4] remarked that there exist many examples of driving
terms u(t) which are not Lip(1/2), but which generate slit solutions with simple
arcs (). In particular, if v(¢) is tangent to T, then w(t) is never Lip(1/2).

Our result states that if y(¢) is a circular arc tangent to R, then the driving
term A(t) €Lip(1/3). Besides, we prove that Cp = Cy = 4, and consider properties
of singular solutions to the one-slit Lowner equation.

The authors are grateful for the referee’s remarks which improved the pre-
sentation.

2. Circular tangent slits

We shall work with the half-plane version of the Lowner equation and with the
sign (4) in the right-hand side, consequently with the maps of slit domains onto H.

We construct a mapping of the half-plane H slit along a circular arc ()
of radius 1 centered on i onto H starting at the origin directed, for example,
positively. The inverse mapping we denote by z = f(w,t) = w —2t/w+---. Then
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¢ = 1/f(w,t) maps H onto the lower half-plane slit along a ray co-directed with R
and having the distance 1/2 between them. Let (o be the tip of this ray. Applying
the Christoffel-Schwarz formula we find f in the form

1/w
1 _/ (1 —yw) dw By g W=, a—7 1
flw,t) (1 —aw)2(1 - pw) (a—B)2 gw—ﬁ a—Bw—a’

3)

where the branch of logarithm vanishes at infinity, and f(w,t) is expanded near
infinity as

2t

Flwt)=w— 4.

w
The latter expansion gives us two conditions: there is no constant term and the
coefficient is —2t at w, which implies v = 2« + 8 and a(a + 28) = —6t. The
condition Im ¢y = —1/2 yields

—2a
(@—B7  2r

Then, f = a+2+/—am, and a(3a+4y/—ar) = —6t. Considering the latter equation
with respect to o we expand the solution «(t) in powers of t1/3. Hence,

9 1/3
Oé(t):—<—) t2/3+A2t+A3t4/3+~'~

47

and
B(t) = (12m) Y313 4 Bot?/® ...
Formula (3) in the expansion form regarding to 1/w gives
B—a 1l [2—0a? 1 Q a? 1 «@

- et (142242 ) (2 =)= 4
27 wjL 4 w2jL + JrﬁJr ﬁ2+ erw2Jr ¢ ()
Remember that this formula is obtained under the conditions v = 2a + 3 and
(a — B)? = 4am. We substitute the expansions of a(t) and 3(t) in this formula
and consider it as an equation for the implicit function w = h(z,t). Calculating

coefficients Bs ... By in terms of As, ..., Ay, and verifying As = —3/47 we come
to the following expansion for h(z,t):

1 1 3
w = h(z,t) = h(zat) =7 +2¢t + 5(127r)1/3t4/3 +---
This version of the Léwner equation admits the form
dh 2
— =T h(z,0) = z. 5
@ g 0=z (5)

Being extended onto R\ A(0) the function h(z,t) satisfies the same equation. Let
us consider h(z,t), z € H \ A(0) with a singular point at A(0), where H is the
closure of H. Then

At) = bz, 1)~ — 2

eors A0) + (127) /343 4 ...
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about the point ¢ = 0. Thus, the driving term A(¢) is Lip(1/3) about the point
t = 0 and analytic for the rest of the points ¢.

Remark 2.1. The radius of the circumference is not essential for the properties of
A(t). Passing from h(z,t) to the function %h(rz, t) we recalculate the coefficients of
the function h(z,t) and the corresponding coefficients in the expansion of A(t) that
depend continuously on r. Therefore, they stay within bounded intervals whenever
r ranges within the bounded interval.

Remark 2.2. In particular, the expansion for h(z,t) reflects the Marshall and Ro-
hde’s remark [4, page 765] that the tangent slits can not be generated by driving
terms from Lip(1/2).

3. Singular solutions for slit images

Suppose that the Lowner equation (5) with driving term A(t) generates a map
h(z,t) from Q(t) = H \ v(t) onto H, where () is a quasislit. Extending h to the
boundary 9€2(t) we obtain a correspondence between y(t) C 02(t) and a segment
I(t) C R, while the remaining boundary part R = 9€(t) \ v(t) corresponds to
R\ I(t). The latter mapping is described by solutions to the Cauchy problem for
the differential equation (5) with the initial data h(x,0) = € R\ A(0). The set
{h(z,t) : 2 € R\ A(0)} gives R\ I(¢), and A(t) does not catch h(z,t) for all ¢t > 0,
see [2] for details.

The image I(t) of v(t) can be also described by solutions h(A(0),t) to (5),
but the initial data h(A(0),0) = A(0) forces h to be singular at ¢ = 0 and to possess
the following properties.

(i) There are two singular solutions h~(A(0),¢) and h*(A(0),t) such that I(t) =

[~ (A0), 1), h* (A(0),1)].

(ii) A*(A(0),t) are continuous for ¢+ > 0 and have continuous derivatives for all
t>0.

(iii) A~ (X(0),t) is strictly decreasing and h*(A(0),t) is strictly increasing, so that
h=(N(0),t) < A(t) < hT(N0),y).

We will focus on studying the singularity character of h* at t = 0.
Theorem 3.1. Let the Lowner differential equation (5) with the driving term \ €
Lip(1/2), |Allij2 = ¢, generate slit maps h(z,t) : H\ ~(t) — H where v(t) is a
quasislit. Then h™(X(0),t) satisfies the condition
+ _ Kt 211
lim suph (A0),t) — AT (A(0),0) < c+ Ve + 6’
t—0+ Vi 2

and this estimate is the best possible.

Proof. Assume without loss of generality that AT (A(0),0) = A(0) = 0. Denote
o(t) == h*(\0),t)/vt, t > 0. This function has a continuous derivative and
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satisfies the differential equation

e — 2 el
O

This implies together with Property (iii) that ¢'(¢) > 0 iff

%<<p(t}<gp1(t) :;\(—\2 %?‘1’4.

Observe that ¢1(t) < A:= (¢c+ V2 4+ 16)/2.

Suppose that lim; o4 supp(t) = B > A, including the case B = co. Then
there exists t* > 0, such that p(t*) > B — e > A, for a certain € > 0. If B = o0,
then replace B — € by B’ > A. Therefore, ¢’ (t*) < 0 and ¢(t) increases as t runs
from t* to 0. Thus, ¢(t) > B — ¢ for all t € (0,t*) and we obtain from (5) that

dhT(X(0),¢) < 2
dt T Vi(B—e—c)
for such t. Integrating this inequality we get
4/t 4/t
WEN0), 1) < Bjic < A{C,
that contradicts our supposition. This proves the estimate of Theorem 3.1.
In order to attain the equality sign in Theorem 3.1, one chooses A(t) =

cv/t. Then h*(A(0),t) = AVt solves equation (5) with singularity at ¢ = 0. This
completes the proof. O

Remark 3.1. Estimates similar to Theorem 3.1 hold for the other singular solution
h=(A(0).1).

Remark 3.2. Let us compare Theorem 3.1 with the results from Section 2. The im-
age of a circular arc ¥(t) C H tangent to R is I(t) = [h=(A(0),t),hT(X(0),t)],
where h=(A0),t) = at) = —(9/4m)Y/3¢2/3 + ... and ht(N0),t) = B(t) =
(12m)' /3413 4 ... s0 that h=(A\(0),t) € Lip(2/3) and ht(X\(0),t) € Lip(1/3).

Remark 3.3. Singular solutions to the differential equation (5) appear not only at
t = 0 but at any other moment 7 > 0. More precisely, there exist two families
h=(y(7),t) and ht (y(7),t), 7 >0, t > 7, of singular solutions to (5) that describe
the image of arcs y(t), t > 7 under map h(z,t). They correspond to the initial
data h(vy(1),7) = A7) in (5) and satisfy the inequalities h=(y(7),t) < A(t) <
ht(y(7),t), t > 7. These two families of singular solutions have no common inner
points and fill in the set

{(z,t) : = (N0),t) <2 < hT(N0),1),0 <t <to},

for some t.
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4. Critical norm values for driving terms

In this section we discuss the results and techniques of Marshall and Rohde [4]
and Lind [2]. The authors of [4] proved the existence of Cp such that driving terms
u(t) € Lip(1/2) with [[ul[;/2 < Cp in (1) generate quasisymmetric slit maps. This
result remains true for an absolute number Cy in the half-plane version of the
Lowner differential equation (2), see, e.g., [2].

Lind [2] claimed that the disk version (1) of the Léwner differential equation
is ‘more challenging’, than the half-plane version (2). Working with the half-plane
version she showed that Cy = 4. The key result is based on the fact that if
A(t) € Lip(1/2) in (2), and h(z,t) = A(t), say at t = 1, then Q(t) = h(H,¢) is not
a slit domain and ||| /2 > 4. Moreover, there is an example of A(t) =4 —4y/1 — ¢
that yields h(2,1) = A(1). Although there may be more obstacles for generating
slit half-planes than that of the driving term A catching up some solution h to
(2), Lind showed that this is basically the only obstacle. The latter statement was
proved by using techniques of [4].

We will modify here the main Lind’s reasonings so that they could be applied
to the disk version of the Lowner equation. After that it remains to refer to [4]
and [2] to state that Cp also equals 4.

Suppose that slit disks €(t) correspond to w € Lip(1/2) in (1) with the
sign ‘4’ in its right-hand side instead of ‘—’. Then the maps w(z,t) are extended
continuously to T\ {e™(}. Let zo € T\ {e™(©}, and let a(t, ap) := argw(zo,t)
be a solution to the following real-valued initial value problem

d(j;it) = cot < 5 u’ a(0) = ap. (6)

Similarly, suppose that slit half-planes Q(t) correspond to A € Lip(1/2) in
(2) with the sign ‘4’ in its right-hand side instead of ‘—’. Then the maps h(z,t)
are extended continuously to R\ A(0). Let 2o € R\ A(0) and let x(¢, zo) := h(zo,1)
be a solution to the following real-valued initial value problem

dx(t) 2
a2l —A@) z(to) = o. (7)

For all t > 0, tan((«(t) — u(t))/2) # 0 in (6), and x(t) — A(t) # 0 in (7) (see
[2] for the half-plane version). Let us show a connection between the solutions a(t)
to (6), and x(t) to (7), where the driving terms u(t) and A(t) correspond to each
other.

Lemma 4.1. Given A(t) € Lip(1/2), there exists u(t) € Lip(1/2), such that equa-
tions (6) and (7) have the same solutions. Conversely, given u(t) € Lip(1/2) there
exists A(t) € Lip(1/2), such that equations (6) and (7) have the same solutions.

Proof. Given A(t) € Lip(1/2), denote by x(t,z¢) a solution to the initial value
problem (7). Then the solution a(t, ag) to the initial value problem (6) is equal to
x(t, ag) when

a—u T —A
tan =
2 2
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and
—u(0
xo = A(0) 4+ 2 tan aofu().
The function u(t) is normalized by choosing
—A(0
u(0) = zy — arctan xof()-

This condition makes ag and xy equal. Hence, the first part of Lemma 1 is true if
we put

m(t,xO)Qf )\(t). ()

u(t) = xz(t,zg) — 2 arctan

Obviously, (8) preserves the Lip(1/2) property.
Conversely, given u(t) € Lip(1/2), a solution x(t, zo) is equal to a(t, ag) when

alt, aO; - u(t) (9)

Again (9) preserves the Lip(1/2) property. This ends the proof. O

A(t) = alt,ap) — 2tan

Observe that in some extreme cases relations (8) or (9) preserve not only the
Lipschitz class but also its norm. Lind [2] gave an example of the driving term
At) =4—4y1 —tin (7). It is easily verified that z(¢,2) =4 - 2y/1 —t. If t =1,
then x(1,2) = A(1) = 4, and A cannot generate slit half-plane at ¢ = 1. This
implies that Cy < 4. Going from (7) to (6) we use (8) to put

w =4 —2v/1—t—2arctanv1 —t.

From Lemma 4.1 we deduce that a(1,2) = u(1). Hence u cannot generate slit disk
at t =1, and Cp < ||ul|1/2. Since

u(t) = x(t,2) — 2 arctan

1) —u(t t, 1-—t¢
sup M (szv):él,
o<t<1 V1-—t 0<t<1 v1—-1t

we have that [Jul]; /2 < 4. It is now an easy exercise to show that ||ul[, 2 = 4. This
implies that Cp < 4.

Lemma 4.2. Let u € Lip(1/2) in (6) with u(0) =0 and oy € (0, 7). Suppose that
a(t) is a solution to (6) and a(1) = u(1). Then [jull,/2 > 4.

Proof. Observe that a(t) is increasing on [0,1], and «(t) — u(t) > 0 on (0,1). Let
u € Lip(1/2) in (3), and |u||;/2 = c. Then,

alt) —u(t) <al) —u(l)+evl—t=cv1l—t. (10)
Given € > 0, there exists § > 0, such that

cv1—1t V11—t
an > < >

t

(1+9),
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for1 -6 <t <1andall0<c<4. We apply this inequality to (6) and obtain
that

da V11—t 2
— > cot

> .
dt — 2 cv1—1t(1+¢)

Integrating gives that
41—t
a(l) —at) > ——.
c(1+e)

This allows us to improve (10) to
41—t 4
N a4 evl—t=(c— ——
it “D+e <C 1+
Repeating these iterations we get

at) —u(t) < cpv1 —t,

where ¢y = ¢, cny1 = ¢ —4/[(1 +¢€)cy], and ¢, > 0. Let g, be recursively defined
by (see Lind [2])

alt) —u(t) < a(l) — ) V1i—t. (11)

4 4
) =y-_, o) =y @)
It is easy to check that ¢, < g,((1+¢)c) < (1+¢)cy
Lind [2] showed that ¢, (y») = 0 for an increasing sequence {y, }, and gn+1(y)
is an increasing function from (y,, 00) to R. So ¢(1+€) > y, for all n, and it remains
to apply Lind’s result [2] that lim, . ¥, = 4. Hence, ¢ > 4/(1+ ¢€). The extremal
estimate is obtained if € — 0 which leads to ¢ > 4. This completes the proof. [

n > 2.

Now Lind’s reasonings in [2] based on the techniques from [4] give a proof of
the following statement.

Proposition 4.1. If u € Lip(1/2) with [|ul[,/2 < 4, then the domains Q(t) generated
by the Léwner differential equation (1) are disks with quasislits.

In other words, Proposition 4.1 states that Cp = Cyg = 4.
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A Remark on Amoebas in Higher Codimensions

Alexander Rashkovskii

Abstract. It is shown that tube sets over amoebas of algebraic varieties of di-
mension ¢ in C} (and, more generally, of almost periodic holomorphic chains
in C™) are g-pseudoconcave in the sense of Rothstein. This is a direct conse-
quence of a representation of such sets as supports of positive closed currents.

Mathematics Subject Classification (2000). Primary 32A60; Secondary 32A07,
42A75.

Keywords. Amoeba, k-pseudoconvexity, almost periodic chain, closed positive
current.

1. Introduction

Let V be an algebraic variety in C = (C\ 0)". Its image Ay = LogV under
the mapping Log (z1,...,2,) = (log|z1],...,log|zy]) is called the amoeba of A.
The notion was introduced in [9] and has found numerous applications in complex
analysis and algebraic geometry, see the survey [11].

The amoeba of V' is a closed set with non-empty complement A{, = R™\ Ay.
If V is of codimension 1, then each component of Af, is convex because Log -1 (A5)
is the intersection of a family of domains of holomorphy. This is no longer true for
varieties of higher codimension; nevertheless, some rudiments of convexity do take
place. As shown by Henriques [10], if codim V' = k, then A§, is (k — 1)-convex, a
notion defined in terms of homology groups for sections by k-dimensional affine
subspaces. A local result, due to Mikhalkin [11], states that Ay has no supporting
k-cap, i.e., a ball B in a k-dimensional plane such that Ay N B is nonempty and
compact, while Ay N (B +ev) = 0 for some v € R™ and all sufficiently small € > 0.

The notion of amoeba was adapted by Favorov [3] to zero sets of holomorphic
almost periodic functions in a tube domain as “shadows” cast by the zero sets to
the base of the domain; a precise definition is given in Section 4. In [2], Henriques’
result was extended to amoebas of zero sets of so-called regular holomorphic almost
periodic mappings. This was done by a reduction to the case considered in [10]
where the proof was given by methods of algebraic geometry.
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In this note, we propose a different approach to convexity properties of amoe-
bas in higher codimensions. It is purely analytical and works equally well for both
algebraic and almost periodic situations. Moreover, we get our (pseudo)convexity
results as a by-product of a representation of an amoeba as the support of a certain
natural measure determined by the “density” of the zero set.

Let us start with a hypersurface case. When V' = {P(z) = 0} C C? is defined
by a Laurent polynomial P, the function

1 ) )
Np(y) = —— /[ ] log |P(e¥1 ¥ .. eyntifn)

(2m)"
known in tropical mathematics community as the Ronkin function, is convex in
R™ and linear precisely on each connected component of A{,. This means that the
support of the current dd°Np(Im z) equals T4, = R" +iAy, the tube set in C™
with base Ay . Since the complement to the support of a positive closed current of
bidegree (1,1) is pseudoconvex (being a domain of existence for a pluriharmonic
function), this implies pseudoconvexity of T' ‘A, and thus convexity of every compo-
nent of Af,. Of course, the function Np gives much more than simply generating
the amoeba (see, for example, [18], [8], [12]).

The same reasoning applies to amoebas of holomorphic almost periodic func-
tions f with Ronkin’s function Np replaced by the mean value M¢(y) of log|f|
over the real planes {z +iy: x € R"}, y € R™.

What we will do in the case of codimension k > 1, is presenting T4, as
the support of a closed positive current of bidegree (k, k) (namely, a mean value
current for the variety or, more generally, for a holomorphic chain) and then using
a theorem on (n — k)-pseudoconcavity, in the sense of Rothstein, of supports of
such currents due to Fornaess and Sibony [7]. In addition, we show that for a
closed set I' C R™, Rothstein’s (n — k)-pseudoconcavity of Tt implies the absence
of k-supporting caps of I (Proposition 2.2).

We obtain our main result, Theorem 4.1, for arbitrary almost periodic holo-
morphic chains, which is a larger class than zero sets of regular almost periodic
holomorphic mappings, and the situation with algebraic varieties (Corollary 4.2)
is a direct consequence. The existence of the mean value currents was established
in [4], so we just combine it together with the theorem on supports of positive
closed currents. In this sense, this note is just a simple illustration of how useful
the mean value currents are.

de,

2. Rothstein’s g-pseudoconvexity

We will use the following notion of ¢g-pseudoconvexity, due to W. Rothstein [19],
see also [14]. Given 0 < ¢ < n and «, 8 € (0,1), the set

H={(zw) eC"IxC?: ||z]loc <1, |Jw|loo <a@orB<|z|loc <1, |w|leo <1}

is called an (n — ¢, ¢)-Hartogs figure; here ||z|| = max; |z;|. Note that its convex
hull H is the unit polydisc in C™. An open subset €2 of a complex n-dimensional
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manifold M is said to be g-pseudoconvez in M if for any (n—q, ¢)-Hartogs figure H
and a biholomorphic map ® : H — M, the condition ®(H) C Q implies ®(H) C Q.
If this is the case, we will also say that M \ € is g-pseudoconcave in M.

Loosely speaking, the g-pseudoconvexity is the Kontinuitatssatz with respect
to (n—gq)-polydiscs; usual pseudoconvexity is equivalent to (n—1)-pseudoconvexity.

Theorem 2.1. ([7], Cor. 2.6) The support of a positive closed current of bidimension
(g,q) on a complex manifold M is q-pseudoconcave in M.

It is easy to see that for tube sets, (n — k)-pseudoconcavity implies absence
of k-caps in the sense of Mikhalkin.

Proposition 2.2. Let I' be a closed subset of a convex open set D C R™. If the tube
set Tr = R™ 44T is (n — k)-pseudoconcave in the tube domain Tp = R™ 414D, then
I' has no k-supporting caps.

Proof. Assume I' has a k-supporting cap B. We assume that the vector v in the
definition of the cap is orthogonal to B (in the general case, one gets an image of
a Hartogs figure under a non-degenerate linear transform). Choose coordinates in
R™ such that

B = {(y/’y//) c Rk % Rnfk‘ . ||y/||oo < 1, y// _ 0}7

{B <yl <1 Iy'llc <1} € D\T, B€(0,1),
and B+ev C D\ T for all € € (0,1), where v = (0,v"), ||v"||cc = 1. Since D is
open, {y: [|¥/]leo <1, |y’ — 20"|loc < @} C D\T for some a € (0,1). Therefore,
the Lv”-shift of the corresponding (k,n — k)-Hartogs figure H is a subset of the
tube set Tp \ TT. Since B is a subset of the shifted polydisc H+ %v” and BNT # (),
the set Tt is not (n — k)-pseudoconcave. O

3. Almost periodic holomorphic chains

Here we recall some facts from Ronkin’s theory of holomorphic almost periodic
mappings and currents; for details, see [15], [17], [4], [5], and the survey [6].

Let 7; denote the translation operator on R™ by ¢ € R™, then for any function
fon R™, (T f)(w) = f(Tia) = f(z +1).

A continuous mapping f from R™ to a metric space X is called almost periodic
if the set {7,* f }+ern is relatively compact in C(R™, X') with respect to the topology
of uniform convergence on R™. The collection of all almost periodic mappings from
R™ to X will be denoted by AP(R", X).

As is known from classical theory of almost periodic functions, any function
f € AP(R™,C) has its mean value My over R,

My = lim (25)_”/ fdmy,
§—00 I,

where II; = {x € R" : ||z]lc < s} and m,, is the Lebesgue measure in R™.
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Let D be a convex domain in R", Tp = R™ + ¢D. A continuous mapping
f:Tp — X is called almost periodic on Tp if {T,* f }+ern is a relatively compact
subset of C(Tp, X ) with respect to the topology of uniform convergence on each
tube subdomain Tp., D’ € D. The collection of all almost periodic mappings from
Tp to X will be denoted by AP(Tp, X).

The set AP(Tp,C) can be defined equivalently as the closure (with respect
to the topology of uniform convergence on each tube subdomain T, D’ € D) of
the collection of all exponential sums with complex coefficients and pure imagi-
nary exponents (frequencies). The mean value of f € AP(Tp,C) is a continuous
function of Im z. The collection of all holomorphic mappings f € AP(Tp, CF) will
be denoted by HAP(Tp,C*). In particular, any mapping from C" to C*, whose
components are exponential sums with pure imaginary frequencies, belongs to
HAP(C",CF).

The notion of almost periodicity can be extended to distributions. For exam-
ple, a measure p on T is called almost periodic if ¢(t) = [(7;)+¢ du € AP(R™,C)
for every continuous function ¢ with compact support in Tp. Furthermore, it can
be extended to holomorphic chains as follows.

Let Z =) 6V be a holomorphic chain on Q C C™ supported by an analytic
variety |Z| = U;V; of pure dimension ¢. Its integration current [Z] acts on test
forms ¢ of bidegree (g, q) with compact support in Q (shortly, ¢ € D, ,(£2)) as

(2),6) = /Reglzms =Y /Regv,. 5

where the function vz takes constant positive integer values on the connected
components of Reg|Z|. The ¢-dimensional volume of Z in a Borel set Q¢ C € is

Volz(€0) =/ vz By
QoNReg | Z]
(the mass of the trace measure of [Z] in Q). If f is a holomorphic mapping on 2
such that |Z| = f~1(0) and vz(z) equals the multiplicity of f at z, the chain will
be denoted by Z;.

A ¢-dimensional holomorphic chain Z on Tp is called an almost periodic
holomorphic chain if (1,*[Z], ¢) € AP(Tp,C) for any test form ¢ € D, ,(Tp). Here
TS =" arj(z+t) dz! Adz” is the pullback of the current S = > ays(z) dzyAdZy.

For any f € HAP(Tp, C), the chain (divisor) Z; is always almost periodic;
on the other hand, there exist almost periodic divisors (starting already from di-
mension n = 1) that are not divisors of any holomorphic almost periodic function;
when n > 1, even a periodic divisor need not be the divisor of a periodic holomor-
phic function [16]. The situation with higher-dimensional mappings is even worse,
since the chain Z; generated by f € HAP(Tp,CF)), k > 1, need not be almost
periodic [4]. It is however so if the mapping f is regular, that is, if codim |Z4| = k
or |Z,| = 0 for every mapping g from the closure of the set {Z,* f }serm [4], [5]. A
sufficient regularity condition [15] shows that such mappings are generic.
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Now we can turn to construction of the current that plays central role in
our considerations, the details can be found in [5]. Let Z be an almost periodic
holomorphic chain of dimension g. For any test form ¢ € D, 4(Tp), the mean
value My, of the function ¢z (t) := (7,*[Z],¢) € AP(R",C) defines the mean
value current Mz of Z by the relation

(MZ7¢) = M¢Z'

The current is closed and positive. Since Mz is translation invariant with respect
to z, its coefficients have the form M;; = m, ® M/ ;, where M’ ; are Borel
measures in D. In addition, if ¢ = Y ¢;5dzr A dzy is a form with coefficients
1y € D(D) and x; is the characteristic function of the cube II;, then there exists
the limit

lim (25)7"([Z], xs¥) = (M7, ¥),

§—00
where M", =" M/ ;dyr Adyy and ' = > rydyr Adyy.
The trace measure piz = Mz A B, can also be written as uz = m, ® uy,
where ', is a positive Borel measure on D. The following result shows that it can
be viewed as a density of the chain Z along R".

Theorem 3.1. ([4], [5]) Let Z be an almost periodic holomorphic chain in a tube
domain Tp. For any open set G € D such that ', (0G) = 0, one has

lim (25) " Volz(Ils + iG) = 5 (G);
in addition, 1, (G) =0 if and only if |Z|NTg = 0.

Remark 3.2. For Z = Z; with regular f € HAP(Tp, C¥), Theorem 3.1 was proved
n [15] (for k = n) and [13] (k < n), without using the notion of almost periodic
chain. The current M z; can be constructed as follows. The coefficients ay; of
the current log |f|(dd®log|f|)*~! are locally integrable functions on Tp, almost
periodic in the sense of distributions: (Z;*ars, ¢) € AP(Tp, C) for any test function
¢ € D(Tp). Therefore, they possess their mean values A;; = M,,,, and the
current ./\/lZf = ddc(z Argdzr A dZ]).

4. Amoebas

Following [3], if Z is an almost periodic holomorphic chain in T, then its amoeba
Az is the closure of the projection of |Z]| to D:

Az =Im|Z],

where the map Im : C* — R” is defined by Im (21,...,2,) = (Imz21,...,Imz,).
When Z = Z; for a regular mapping f € HAP(Tp, CP), we write simply Ay.
Our convexity result is stated in terms of the tube set T4, = R" +iAz.
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Theorem 4.1. If Z is an almost periodic holomorphic chain of dimension q in
a tube domain Tp C C™, then T4, = supp Mz, where My is the mean value
current of the chain Z. Therefore, T4, is q-pseudoconcave in Tp. In particular,
for any regular mapping f € HAP(Tp,C¥), the set Ty, is (n — k)-pseudoconcave.

Proof. By Theorem 3.1, Az = supp y’;, which can be rewritten as
Ta, = suppmy, ® py = supp Mz.

Since the current Mz is positive and closed, Theorem 2.1 implies the correspond-
ing pseudoconcavity. O

This covers the algebraic case as well by means of the map E : C* — C7,
E(z1,...,2n) = (e7%1,...,e7%n). For a Laurent polynomial P, the exponential
sum E*P is periodic in Tgn, and its mean value Mo, |g-p| coincides with the
Ronkin function Np. Furthermore, given an algebraic variety V' C C7, its pullback
E*V is almost periodic (actually, periodic) in C™ and Ag-y = Ay, which gives

Corollary 4.2. The set Ta;, for an algebraic variety V- C C{ of pure codimension
k is (n — k)-pseudoconvex.
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Quadratic Differentials and Weighted Graphs
on Compact Surfaces

Alexander Yu. Solynin

Abstract. We prove that for every simply connected graph I" embedded in a
compact surface R of genus g > 0, whose edges ezj carry positive weights w};j,
there exist a complex structure on R and a Jenkins-Strebel quadratic differen-
tial Q(z) dz?, whose critical graph ®g complemented, if necessary, by second
degree vertices on its edges, is homeomorphic to I' on R and carries the same
set of weights. In other words, every positive simply connected graph on R
can be analytically embedded in R. We also discuss a problem on the extremal
partition of R relative to such analytical embedding. As a consequence, we
establish the existence of systems of disjoint simply connected domains on R
with a prescribed combinatorics of their boundaries, which carry proportional
harmonic measures on their boundary arcs.

Keywords. Quadratic differential, Riemann surface, embedded graph, bound-
ary combinatorics, harmonic measure, extremal partition.

1. Introduction and Main Theorem

In this paper we consider two structures on a compact surface R of genus g > 0.
The first one is a combinatorial structure defined by a simply connected weighted
graph I' = {V, E, F, W} embedded in R with the set of vertices V' = {vi}, set
of edges E = {e};}, set of faces F = {fi.}, and the set of non-negative weights
W = {w;w} The graph I' is said to be simply connected if each of its faces fx
is a simply connected domain. Throughout the paper, m > 1 and n > 1 will be
reserved to denote the cardinalities of the sets V and F', respectively. We will
always assume that edges of I' are enumerated in such a way that ezj separates
faces f), and f; and carries the weight wj; > 0. Then, of course, ¢} ; and e}, denote

the same edge of T' and wj; = w},.

This research was supported in part by NSF grant DMS-0525339.
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The second structure is a conformal structure associated with a special type
of quadratic differentials. Namely, we will consider meromorphic quadratic differ-
entials with poles of order at most 2, whose domain configuration consists of circle
domains or strip domains exclusively. We remind the reader that, in general, the
domain configuration of a quadratic differential on a compact Riemann surface
may include circle domains, ring domains, strip domains, end domains, as well
as density structures; see [11, Chapter 3]. The so-called Jenkins-Strebel quadratic
differentials, i.e., quadratic differentials whose domain configuration consists of
circle domains and/or ring domains only, play an important role in the theory of
conformal and quasiconformal mappings, where they appear naturally as solutions
to numerous extremal problems [9, 11, 14, 19, 20, 22].

The primary goal of the present paper is to prove Theorem 1 below and The-
orem 3 given in Section 4 and discuss some related questions. Theorem 1 shows
that combinatorial and conformal structures may coexist on the same configura-
tion. In its formulation, we use standard terminology from graph theory and the
theory of quadratic differentials, which will be explained further in Section 2.

Theorem 1. For every simply connected graph T' = {V,E, F,W} embedded in a
compact surface R of genus g > 0 carrying positive weights wij € W on its
edges e};j € E, there is a complex structure on R, turning R into a compact
Riemann surface of genus g, and a Jenkins-Strebel quadratic differential Q(z) dz?,
unique up to conformal automorphisms of R, the critical weighted graph ®g =
{Vo, Eq,Fo,Wq} of which, complemented, if necessary, by second degree vertices
on its edges, is homeomorphic to I' on R and carries the same weights as I does.

Each face Dy € Fg is a circle domain of Q(z)dz? centered at some double

pole of Q(z) dz>.

In other words, Theorem 1 asserts that every simply connected weighted
graph I embedded in R can be realized as a critical graph of some Jenkins-Strebel
quadratic differential. Any such realization will be called an analytic embedding
of I in R. Since every edge of ®¢ is a geodesic arc with respect to the metric
|Q(2)|*/?|dz|, any analytic embedding can be thought as a geodesic embedding in
R. It also worth mentioning that Theorem 1 can be easily reformulated in terms
of the moduli space M, of compact Riemann surfaces of genus g.

Let S? denote the two-dimensional unit sphere, which will be identified with
the Riemann sphere C = C U {co}. In the case R = S?, Theorem 1 can be stated
in the following form, which is convenient for possible applications in complex
analysis.

Theorem 2. For every connected plane graph T' = {V, E, F,W} carrying positive
weights wij € W on its edges e};j € E, there is a Jenkins-Strebel quadratic differ-
ential Q(z)dz?, unique up to a Mébius self-map of C, the critical weighted graph
O = {Vo,Eqg, Fo,Wq} of which, complemented, if necessary, by second degree
vertices on its edges, is homeomorphic to T' on C and carries the same weights as
T does.



Quadratic Differentials and Weighted Graphs 475

Each face Dy € Fg is a circle domain of Q(z)dz? centered at some double
pole, say by, of Q(z)dz>.

Let «, denote the length (total weight) of the boundary cycle in T' consisting
of all boundary edges of O fr in which each cut edge of I is transversed twice. Let
Ag = {a1,...,ai}, Ag C Vg, be the set of all simple poles of Q(z)dz> and let
b, = 0o. Then Q(z)dz? has the form

Q(z)dz* = — P<Z)n71 dz?, (1.1)
[Thzi (2 — aw) [T=i (2 — bg)?
where

P(z) =C(z—p1)- (2 — pryan—4a) (1.2)
is a polynomial of degree | + 2n — 4 such that P(z) and R(z) = Hile(z —

ax) 2;11 (2 — bi)? are relatively prime and

2 m—1 2

Plbr) = =15 =) Ge=by k=1in-1, C= o
(1.3)

Here []' denotes the product taken over all nonzero terms.

Theorems 1 and 2 may be useful in both, the graph theory and complex anal-
ysis, and may have applications to the qualitative theory of differential equations
in the complex plane. In complex analysis, they give a rather efficient approach to
use combinatorics.

In Section 2, we introduce necessary notations and explain terminology re-
lated to plane graphs and quadratic differentials. In Section 3, we collect the nec-
essary results from Jenkins’s theory of extremal partitions. In particular, we will
discuss two extremal problems related to quadratic differentials and give differenti-
ation formulas for their solutions. This section also contains two technical lemmas,
which will be used in Section 7.

In Section 4, we discuss another aspect of the problem under consideration
that is related to the problem on proportional harmonic measures studied in [2, 3].
The main result of this section, stated in Theorem 3, shows that the domain
structure Fg of the quadratic differential (1.1) is an essentially unique cellular
structure on R with boundary combinatorics defined by I' such that for every pair
of indices k and j, every boundary arc v C 0Dy, N dD; carries harmonic measures
w(7, Dy, bi) and w(vy, D;, b;) proportional with respect to the weights ay, and «;.

In Sections 5 and 6, we prove uniqueness and existence parts of Theorems 1
and 3, respectively. In Section 7, we discuss a problem on the extremal partition
of R that leads to the same quadratic differential as in Theorems 1 and 3. In
the final section, we consider some interesting particular cases of Theorem 2. Our
intention here is to demonstrate a variety of problems where Theorem 1 may have
applications.

This paper represents an extended version of the author’s talk given at the
international conference on Analysis and Mathematical Physics: “New Trends in
Complex and Harmonic Analysis” in May 7-12, 2007, Bergen, Norway.
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2. Notations and terminology

1. Graphs embedded in R. Throughout the paper, I' = {V, E, F, W} will denote a
simply connected weighted graph described in the Introduction. We always assume
that its edges e}'ﬁj are open Jordan arcs on R such that the closure éij of e}'ﬁj is a
rectifiable closed Jordan arc or a rectifiable closed Jordan curve on R. By A = Ar
we will denote the set of all vertices vy € V such that degv, = 1. Later on, this
set will play a special role.

Since T is simply connected, each face f, € F is a simply connected domain
on R, whose boundary 0 fy represents a closed walk of " in which each cut edge
is transversed twice. We will call this walk the boundary cycle' around fi. By ax
we denote the length (total weight) of the boundary cycle around fy, i.e.,

ar =i, (2.1)
4,7

where the weight w};jk of each cut edge e}, € Of is counted twice. In the latter
case, the cut edge e}, represents two distinct boundary arcs of fj.

A function 7 : R x [0,1] — R is called a deformation of R if the following
conditions are fulfilled:

1) 7 is continuous on R x [0, 1],
2) 7(-,0) is the identity mapping,
3) for every fixed t € [0, 1], 7(-,¢) is a homeomorphism from R onto itself.

Every deformation 7 transforms a graph I' embedded in R into a homeo-
morphic graph I'; embedded in R. More precisely, by T'-(¢'), 0 < ¢’ < 1, we will
denote the graph obtained from I" via deformation 7(P,t), when the real param-
eter t varies from 0 to t’. Then I'; = T';(1). By Gr we will denote the set of all
graphs embedded in R, which are homeomorphic to I' on R.

A set M C R is called a fixed set of a deformation 7 if 7(P,t) = P for all
P € M and all 0 < t < 1. In this case we also say that 7 is a deformation on

By a cell (D, b) we mean a hyperbolic simply connected domain D C R with
a distinguished center b € D. Accordingly, F' becomes a cellular structure [F, B]
of I if every fr € F is considered as a cell centered at some point by € fi. Here
the set B = {b1,...,b,} may be thought as a set of isolated vertices added to the
graph T.

Let IV = {V', E', F',WW} be a graph on R dual of ", which has B as a set of
its non-isolated vertices and the set Ar defined above as its set of isolated vertices.
We will write Ar = {a1,...,a}.

Let Gf- = Gr+ be the collection of all graphs FonR homeomorphic to I on
R. If IV € G, then its edges are in a natural one-to-one correspondence with the
edges of I'. Namely, by l};j we will denote the edge of IV € G transversal to the

1Boundary cycle is not, in general, a cycle as it is usually defined in the graph theory since its
cut edges are transversed twice.
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edge ef; of I'. We also assume that [} ; carries the weight wj; as e} ; does. Then
ay, defined by (2.1) can be interpreted as the total weight of the vertex by € V.

2. Quadratic differentials. We remind the reader that a quadratic differential on a
Riemann surface, in particular on C, is locally defined by a form Q(z) dz2, where
@ is a meromorphic function of a local coordinate z. If z = z(¢) is a conformal
change of variables then

Q1(¢) d¢* = Q(2(0))(#'(¢))* d¢? (2.2)

represents Q(z) dz? in terms of ¢. We refer to [9, 11, 13, 14, 19, 20, 22| for basic
properties and applications of quadratic differentials.

Now we introduce some objects related to a quadratic differential Q(z) dz?
defined on R. To avoid trivialities, we exclude from our consideration the case when
R = C and Q(z) dz? is conformally equivalent to Cz~2 dz? with some C € C.

Every quadratic differential on R defines the so-called Q-metric |Q(z)] 12 |dz|.
Accordingly, the Q-length of a rectifiable arc v C C, which does not depend on a
local coordinate z, is given by

Hle = [ 1Q@121az].
Y

A maximal curve or arc v such that Q(z) dz? > 0 (respectively, Q(z) dz? < 0)
along v is called a trajectory (respectively, orthogonal trajectory) of Q(z) dz?. Ze-
ros and poles of @ are critical points of Q(z) dz?. Let Vg be the set of all zeros and
simple poles of Q(z) dz2. Any trajectory/orthogonal trajectory having at least one
of its terminal points in Vg, is called a critical trajectory/orthogonal trajectory, re-
spectively. By ®¢ we denote the critical set of Q(z) dz?, i.e., ®( is the union of all
critical trajectories of Q(z) dz? and their end points. According to the Basic Struc-
ture Theorem [11, Theorem 3.5], the set (R\ Closure (®¢))UInterior (Closure (®q))
consists of a finite number of domains called the domain configuration of Q(z) dz>.
As we already mentioned in the Introduction the domain configuration may in-
clude circle domains, ring domains, strip domains, end domains, as well as density
structures.

A circle domain D of Q(z)dz? is a maximal simply connected domain swept
out by regular closed trajectories of Q(z)dz? surrounding a second-order pole
a that is the only singularity of Q(z)dz? in D. A circle domain is necessarily
bounded by a finite number of critical trajectories of Q(z)dz? and their terminal
points in V.

Similarly, a ring domain D of Q(z) dz? is a maximal non-degenerate doubly-
connected domain swept out by regular closed trajectories of Q(z)dz2. Again,
each boundary component of D consists of a finite number of critical trajectories
of Q(z) dz? and their terminal points in Vo.

In modern literature, quadratic differentials whose domain configuration con-
sists of circle domains and/or ring domains only are often called the Jenkins-Strebel
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differentials. They were first studied by J.A. Jenkins [10, 12] in connection with ex-
tremal problems in conformal mapping. Then Jenkins’s theory was developed fur-
ther and found many important applications in works of Strebel, Renelt, Kuz'mina,
and others.

If Q(z) dz? is a Jenkins-Strebel quadratic differential on R, then its critical
set ®o can be considered as a weighted graph ®o = {Vg, Eg, Fo, W} called
the critical graph of Q(z)dz%. Namely, we define Vg as above and Eg = {Z/]ij}
as the collection of all critical trajectories of Q(z)dz2. Then, Fy is the domain
configuration of Q(z)dz? consisting of all circle domains and/or ring domains of
Q(z) dz?. Finally, for every edge V]ij € Eqg we prescribe its @-length as a weight:

wly = [ 102 dsl. (2.3)

i
kj

A strip domain (or digon) G of Q(z)dz? is a maximal simply connected
domain swept out by regular trajectories v of Q(z)dz?, each of which has its
initial and terminal points at some poles ¢; and g2 (possibly coincident) each of
order > 2 such that ¢; and ¢ represent distinct boundary points of G. We want
to emphasize here that G consists of two boundary arcs (sides of the digon G)
joining q; and ¢» and that each of these boundary arcs contains a zero or simple
pole of Q(z) dz>.

Quadratic differentials Q(z) dz2, whose domain configuration consists of di-
gons only, each of which has its vertices at the second-order poles of Q(z) dz? with
the radial trajectory structure in their neighborhoods, also have found important
applications in extremal problems. We will christen them as Kuz’mina quadratic
differentials after Galina V. Kuz’'mina, who inspired their study in early 1980’s.
She also obtained some important results related to quadratic differentials of this
type, see [14, 15, 16, 17].

If Q(z) dz? is a Jenkins-Strebel quadratic differential without ring domains in
its domain configuration, then the orthogonal quadratic differential —Q(2) dz? is a
Kuz’'mina quadratic differential. As one can easily see from examples, the converse
is not true in general.

Let A = {a1,...,a;} and B = {by,...,b,} be the sets of simple poles and
double poles of a Kuz'mina quadratic differential Q(z) dz2. Let {sz} be the do-
main configuration of Q(z)dz2. We assume here that a digon sz has its vertices
at the poles by, and b;, possibly coincident. Let w};j be the height of the digon G};j,
ie., wzj is the @-length of an arc v C sz of any orthogonal trajectory of Q(z) dz>
joining the sides of G};j. Let v,ij be the regular trajectory of Q(z)dz? selected in
G};j such that the set G};j \v,ij consists of two digons, each of which has height
wj; /2.

Now we can consider a weighted graph I'g = {V,E, F,W} on R with the
set of vertices V= AU B, set of edges F = {’y,ij}, and set of positive weights
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W = {w;w} The graph I'g constructed in such way will be called the trajectory
graph of a Kuz'mina quadratic differential Q(z) dz2.

A Kuz'mina quadratic differential Q(z)dz? is called associated with a
weighted graph I' on R if its trajectory graph I'g is homeomorphic to I' on R
and carries the same set of weights as I' does.

3. Extremal partitions and quadratic differentials

In this section, we collect results of Jenkins’s theory of extremal partitions, which
will be used later. We refer to the original paper [10], monographs [9, 11, 14, 20],
and surveys [13, 16, 19] for a general account and technical details of this theory.

Let A = {a1,...,4;} and B = {b1,...,b,} be two sets of distinct points on
a Riemann surface R called punctures and centers, respectively. Below we always
assume that each center by, € B is supplied with a fixed local coordinate z; such
that zp(br) = 0. Let R = R\ A and let a = {a1,...,a,} be a set of positive
weights. Then for a given family D = {D,..., D,} of non-overlapping cells Dy,
on R’ centered at by € Dy, we consider the following weighted sum:

n
My(D) = ajme, (D, b).
k=1
Here m.(D,b) denotes the reduced module of a simply connected domain D at
b € D with respect to the local coordinate z, which can be defined as

1 1
m.(D,b) = %log R.(D,b) = %bg [£(0)],

were R, (D, b) is the conformal radius of D at b with respect to z, f is the Riemann
mapping from the unit disc D = {¢ € C: |¢| < 1} onto D normalized by f(0) = b,
and f/(0) is the derivative with respect to the local coordinate z. Below we also
use the following notations. For r > 0 and a € C,let D,.(a) = {( € C: [(—a| <},
C,(a) = D, (a). If a = oo, then D,.(a) = {¢ € C: [¢| > 1/r} and C;(a) = ID,.(a).

Problem 1. For given sets of punctures A and centers B with the corresponding
set Z = {z1,...,2n} of local coordinates, and a given set of positive weights «,
find the supremum

My = sup M; (D)
taken over all families D described above and find all families D* = {D%,..., D}
such that M;(D*) = M;.

Of course, Problem 1 is just a particular case of the original Jenkins’s problem
studied in [10, 12, 14, 19, 20].

Now we define a similar problem for digons, which study began with the
works of Emel’yanov [8] and Kuz'mina [15]. By a digon we will mean a hyper-
bolic simply connected domain G on R with two distinguished points, b; and
bo, called wvertices, on its boundary. As before, we assume that vertices b; and
bs are supplied with fixed local coordinates z; and z;. Every digon G considered
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below will have well-defined non-zero interior angles, say 1 and @9, at its ver-
tices by and bo, respectively. In addition, we always will assume that for every
e > 0 sufficiently small the intersection G N C.(by) consists of a single open arc
denoted by v (b, €). Here and below, circles and disks on R are defined in terms
of distinguished local coordinates. For example, C.(b;) = {P € R : |zx(P)| = ¢},
De(br) = {P € R : |2,(P)| < &}, etc. Then for all £; > 0 and €5 > 0 small enough,
the set Ge, ., = G\ (D¢, (b1) UD¢, (b2)) can be considered as a quadrilateral having
~va(b1,€1) and yg(be,e2) as a pair of distinguished sides on its boundary. For any
given quadrilateral @, by Mod(Q) we will denote the module of @ with respect
to the family of locally rectifiable arcs separating the distinguished sides of @), see
[11, Chapter 2]. Then the module of the digon G' (with respect to local coordinates
21, #2) is defined by
Mz 2, (G, b1,b2) = lim (Mod(Gel’Ez) + L logey + L log 52) ,
£1,620—0 ©1 ©p2

provided that a finite limit exists.

Let T" be a simply connected weighted graph on R defined in Section 2. Let
I" € G be a dual of ', which has isolated vertices A = {aq,...,a;} and non-
isolated vertices B = {by, ..., b,} with the total weights o = {a1,..., @}

A system G = {G};} of non-overlapping digons G; on R\ (AU B) such that
G}Cj = G;-k for all possible k, j, and i, is called admissible for T if the following
conditions are satisfied:

(1) A digon sz has its vertices at the points by, and b; of B (possibly coincident).

(2) Non-zero angles ¢} ; and ¢’ of G} at the vertices by and b; and the module
mp; = mzk’zj(Gfﬁj, bi, b;) are well defined.

(3) <pf§j : goj-k = : oy, for all k£ and j and all possible i.

(4) Selecting in each digon sz a Jordan arc lzj, which joins the vertices b, and
b;, we obtain a graph I’ on R with the set of vertices V.= AU B and set of
edges {l,ij} carrying weights {wzj}, which is homeomorphic to the graph I
on the punctured surface R \ V.

Let Grv be the set of all systems G = {Gf;} admissible for I'". Then on G-
we consider the weighted sum of the reduced moduli of digons:

Mo(G) = =Y (w}) sy 2, (Gl b, by),
where each digon sz is counted precisely once.
Problem 2. For a given graph I'V described above, find the supremum
My = sup Mz (G)

taken over all systems G admissible for T and find all systems G* = {G}} in G-
such that M2 (G*) = Ma.

It is well known (see [10, 14, 19, 20]) that Problem 1 has a unique extremal
configuration D* = {D7,..., D} } formed by circle domains of a Jenkins-Strebel
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quadratic differential Q1(z)dz%. If R = C and b, = oo, then Q1(z)dz? has the

form
Pi(2) 2

; — z°, (3.1)
[T (2 = aw) [Ty (2 = bi)?
where P; is a polynomial of degree 2n + [ — 4 satisfying conditions (1.3).
Tt is less known (see [8, 13, 15, 16, 19, 22]) that Problem 2 also has a unique
extremal configuration G* = {G};}} formed by digons of a Kuz’'mina quadratic

differential Q2(2) dz%. In the case R = C and b,, = 00, Q2(z) d2? has the form

P.
Qa(2)d2* = —— ) dz?. (3.2)
[Tiei(z —aw) [Tp=; (= — bi)?
Here P, is a polynomial of degree 2n + | — 4 satisfying conditions (1.3).
In addition, we want to mention that the metric (w,ij)_l|QQ(z)|1/2 |dz| is

Q1(2) dz? =

extremal for the module problem in the digon G};j. In particular,

/ 1Qa(2)] /2 |dz] > w, (3.3)
i

for every rectifiable arc v C sz joining the sides of G};j.

In what follows, we always assume that the weights aj and w};j are fixed.

Then My = My (a1,...,a;,b1,...,b,) becomes a function of the punctures aq, .. .,
a; and centers by, . . ., by, which also depends on the corresponding local coordinates
Z1y vy 21y 2415 - - - » Zl4+n- FOr each choice of local coordinates, M; is a continuous

function of the punctures and centers, which is single-valued on
R4 = {(Py,...,Piyn) € R Py £ Py, for j # k}.

In contrast, the sum My = Mas(as,...,a;,b1,...,b,) can be defined as a
single-valued function only locally, i.e., on a sufficiently small neighborhood of
every point of R, Considered globally on R™, My(ay, ... a1, by, ..., by) be-
comes, in general, a path dependent infinitely-valued function. In particular, if
R = C, then M, is infinitely-valued if | +n > 4. To give a precise definition of
this multi-valued function, we fix a finite atlas on R, then we fix A° € R! and
B° € R™ such that (A%, B%) € R'*", and then we fix a graph I} as in Problem 2.
For these initial conditions we define Ms(a{, ..., a?, b9,...,b6%) to be the solution
to Problem 2 for A%, B®, and I'j. Then we deform R via deformation 7 = 7(P, t).
Let I, be the graph obtained from I'{, via this deformation. Let aj, = 7(a{, 1),
1<k <l and let by =7(b?,1),1 <k <n.

By the branch of Ms(ay,...,a;,b1,...,b,) corresponding to the deformation
T, we mean the solution to Problem 2 for the graph (I"),.

The gradient theorems for solutions of Problems 1 and 2, the study of which
was initiated by this author in 1980’s, see [7, 16, 18, 19], show that the function
M and every single-valued branch of My are smooth. Below we give a precise
statement for the case of the Riemann sphere, i.e., we assume till the end of this
section that R = C.
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Theorem A (cf. Theorems 5.4-5.6, [19]). Let R = C. If all punctures al,...,a)
and centers by, ... b0 are distinct and the varying parameter aj or by is finite,
then M1 and My are locally single-valued continuously differentiable functions of
this parameter at (A%, B®) and the corresponding partial derivatives are given by

OM; OM;

Oay, 0by,
where Q1(2) dz? and Q2(2) dz? are quadratic differentials extremal for Problem 1
and Problem 2, respectively.

= nRes [Qs, ay], = 7Res [Qs, bY], s=1,2, (3.4)

Next, we prove some results about global behavior of the multi-valued func-
tion Mo for the case R = C. Let z; and 2 be distinct points on C and let
C(21,22) = C\ {21, 22}. Let 7 : [0,1] — C be a simple arc in C(21, z2) from ¢ to
(5. By the index of v with respect to z; and z2 we mean the normalized change in

the argument of 2:2, when z varies from (; to {2 along 7, i.e.,
. 1 z—2
ind,, -, (v) = %Ay <arg P 22) . (3.5)

In (3.5) we assume, of course, that z1, 29 # co. If 2z = co for k =1 or k = 2, then
we put ind,, ., (y) = (—=1)F1(2r) 1A, (arg(z — z1)).

Now let ' be a connected plane graph and let I € G} be a graph dual of T
as in Problem 2. Then the index of IV is defined by

ind(I') = maX max (ind., -, l,icj) , (3.6)
kj

where the inner maximum is taken over all pairs of distinct points z; and z, such
that 21,22 € (AU B) \ {bg,b;}. We remind the reader that A = {aq,...,a;} and
B = {b1,...,b,} denote the set of isolated vertices of I and set of non-isolated
vertices of I, respectively. Also, l,ij joins the vertices by and b;. Thus, ind (I') is
a non-negative real number.

Let G/ (V'), V! = AUB, denote the family of graphs I’ with isolated vertices
A ={ay,...,a;} and non-isolated vertices B = {b1, ..., b, }, for each of which there
is a deformation 7 = 7(z,t) transforming I'” into I such that T(ak, 1) = ay, for all
1 <k<land 7(bg,1) = b for all 1 < k < n. If; in addition, 7 is a deformation
on C\ V’, then we say that the graphs I” and I belong to the same homotopic
class. Let Hr/ (V') = {H} denote the collection of all homotopic classes of the
family Gr/(V’). Let H € Hr/(V’). One can easily see that ind (I'1) = ind (T') if
I'1,Ty € H. Thus, the index of H, denoted by ind (), can be defined as a common
index of all graphs in H.

Since the number of edges and vertices of all graphs under consideration is
fixed, the following elementary lemma is an easy consequence of our definition of
the index, see (3.6).

Lemma 1. For every plane graph I € G}, with the set of isolated vertices A and set
of non-isolated vertices B, and for every positive integer N, the number of distinct
homotopy classes H € Hr/ (V') such that ind (H) < N is finite.
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Let z1 and 23 be distinct points in the closed annulus A(rq,72) = {z: r1 <
|z| <7y}, 0 <71 <ro. Let G be a digon on C(z1, z2) having its vertices at ¢; = 0
and (2 = oo. Let ind,, ,,(G) denote the common index of all simple arcs v C G
joining ¢; and (2. Suppose that each side of G is a piecewise analytic arc (not
necessarily Jordan). Then each of the sets G N Cy, (0) and G N C,,(0) consists of
a finite number of circular arcs. Let £ be the collection of all such arcs, which
join the sides of G. Let e; be the arc in £, which separate inside G the vertex
(1 from all other arcs of L. Similarly, let e; € £ be the arc in G separating (o
from all other arcs of £. The arcs e; and es divide G into three simply connected
components. By G,,,,, we will denote those of them, which has both arcs e; and
ez on its boundary. Then Gy, can be considered as a quadrilateral with e; and
eo as its pair of distinguished sides.

Lemma 2. Let r1 and r2, 0 < ry < ro < 00, be fixed and let z1 and zo be distinct
points in A(ry,r2). There is a constant Co > 0, depending on r1 and r2, but not
on z1 and zo, such that

Mod(Gy, r,) > Con (3.7)
for every quadrilateral Gy, ,,, which corresponds to a digon G in C(z1, z9) described
above such that ind ,, ,,(G) > 2n.

Proof. Since the module of a quadrilateral is invariant under conformal mappings
and reflections, we may assume without loss of generality that z; = 1, |22] > 1,
and Szg > 0.

Let G be a digon satisfying the assumptions of the lemma such that

ind,, ,,(G) >2n, n>1. (3.8)

Let L be a circular arc in the closed upper half-plane joining z; and zo, which
is orthogonal to the real axis. Since the boundary of G is piecewise analytic, the
intersection G N L consists of a finite number of open circular arcs. By Iy,...,Ix
we denote those of them, which join the opposite sides of G. We assume that these
arcs are enumerated in a “natural order” in G. The latter means that for every
2 < k < N, the arc I, separates [ from the vertex (; = 0 inside G. We also put
lo=¢C1, Ing1 = Co.

The set G\ Ufﬁvzllk consists of V + 1 simply connected components. Let Ry,
k=1,...,N + 1, denote the component, which has [;_; and [} on its boundary.
Let v be a Jordan arc in G, which joins the vertices ¢; and (> and meets each arc
I, exactly once. Let 7, = v N Ry. Then

N+1
ind217z2 (7) = Z ind 21,22 (’Yk)~ (39)
k=1
Since 7y, does not intersect L, one can easily see that |ind,, ,,(v)| < 2 for all
1 <k < N + 1. This together with (3.8) and (3.9) implies that among the arcs
there are at least n arcs, each of which has index ind ,, 4, (%) > 1.

If 1 <indg, 4, (%) < 2, then one can easily see that «y; separates the point

¢1 = 0 from (3 = oo inside the domain C\ L. Therefore in this case the domain
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Ry can be considered as a quadrilateral in C \ L having its distinguished sides on
L. Let

K (21, 22) = max ((Mod(Q)7') , (3.10)
where the maximum is taken over all quadrilaterals 2 in C\ (LU{0}) having their
distinguished sides on L and separating ¢; = 0 from (3 = 0o in C \ L.

Of course, problem (3.10) is just a particular case of Jenkins’s problem on the
extremal partitions for one homotopy class. It easily follows from general results
of Jenkins’s theory that K (z1, z2) is positive and continuous on the set A(ry,r2) x
A(ry,r2). Therefore there is a constant Cy > 0 such that Mod(Q) > Cy for every
quadrilateral © described above and every pair of points z; and 2z in A(ry, o).

Finally, applying Grotzsch’s lemma (see [11, Theorems 2.6 and 2.7]) to
the quadrilateral G,,,, and system of quadrilaterals Ry in G, such that
ind ,, 5, () > 1, we obtain

Mod(Gr, r,) > > Mod(Ry) > Con.

This sum, containing at least n terms, is taken over all quadrilaterals Ry such that
ind ,, 5, (7x) > 1. The proof is complete. O

Let r > 0 and let z; and z be distinct points in D% = C\ D,.(0). Let G be a
digon as in Lemma 2 but having both its vertices (; and (s at z = 0. Let Ly be
the collection of all arcs in G N C,.(0). For k = 1,2, let ey, denote the arc in Lo,
which separates inside G the vertex (i from all other arcs in Ly. Finally, let G, be
a simply connected component of G\ (e; U es), which has both arcs e; and e on
its boundary. Then G, can be considered as a quadrilateral with e; and e as a
distinguished pair of its sides. Lemma 3 below shows that inequality (3.7) remains
valid for digons G having both their vertices (; and (2 at the same point, say at
z = 0. Its proof is almost identical with the proof of Lemma 2 and therefore is left
to the reader.

Lemma 3. There is a constant C7 > 0, depending on r but not on z1 and zs,
such that Mod(G,) > Cin for every quadrilateral G, described above such that
ind 4, ,(G) > 2n.

4. Proportional harmonic measures

Another aspect of the problem on extremal partitions is related to the ques-
tion about proportional harmonic measures. This question was first discussed by
J. Akeroyd [2], who considered two “crescent regions” in the unit disc D. We re-
mind the reader that the harmonic measure w(-, D, a) is a unique Borel probability
measure on the boundary 9D of a Dirichlet domain D such that

h(a) = - h(z)dw(z,D,a)

for all functions h harmonic on D and continuous on D, see [6].
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Let Dy and D be disjoint domains on a Riemann surface R having a Jordan
arc L on their common boundary 9Dy N 0Ds. We say that D, and D, carry
proportional harmonic measures on L if there are points by € Dy and by € Dy and
positive constants ¢y, co such that

ciw(E, D1,b1) = cow(E, Da, ba)
for every Borel set £ C L.

Now we modify this definition of proportionality for the case of a slit lying
on the boundary of a simply connected domain D. Let L be an open Jordan arc
on 9D such that G = D U L is a doubly-connected domain. Then L is a slit in
G, which defines two boundary arcs, say Lt and L=, on 8D. For E C L, let ET
and E~ denote the set E considered as subsets of boundary arcs L™ and L,
respectively. We say that D carries proportional (equal) harmonic measures on a
slit L if there is a point a € D such that w(E', D,a) = w(E~, D,a) for every
Borel set E C L.

Definitions given above can be extended to systems of more than two do-
mains. Let [F, B] be the cellular structure of a simply connected weighted graph
I ={V,E,F,W} on R, where FF = {D;,...,D,} and B = {b1,...,b,}. Thus,
here Dy, (not fi!) denotes the face of I' centered at bi. Let Fr denote the set of
all cellular structures [f‘,é] associated with some graph T homeomorphic to T’
on R. Let ay be the length of the boundary cycle 9Dy, defined by (2.1) and let
(5};]4 = wij /oy be the relative weight of the edge efﬁj with respect to the boundary
cycle 0Dy,.

We say that [F, B] carries harmonic measures proportional with respect to
the set of weights W = {w}w} if

w(eij,Dk,bk) = 5}%]4 for all k, j, and 1, (4.1)
and
arw(E, Dy, by) = ajw(E, D;, bj)
for every Borel set £ C 0D, NOD;.

The problem on proportional harmonic measures is to find, for a given graph
' ={V,E,F,W}, all cellular structures [F, B] € Fr, which carry harmonic mea-
sures proportional with respect to the set of weights W = {w;j}

For planar linear graphs with central symmetry a solution to this problem
follows from Theorem 1.3 in [3]. The following theorem solves this problem for any
simply connected weighted graph I" on R.

Theorem 3. For every simply connected weighted graph T' on a compact surface R
of genus g > 0 defined in Theorem 1 there is a complex structure on R, turning
R into a compact Riemann surface of genus g, and there is a cellular structure
[F*, B*] € Fr on R, unique up to a conformal automorphism of R, which carries
harmonic measures proportional with respect to the set of weights W = {w;w}
Let F* ={Ds,...,D,}, B* ={b1,...,b,}, and let A* ={aq,...,a;} denote
the set of all vertices of degree 1 of the graph T'* corresponding to [F*, B*]. The
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configuration F* coincides with the domain configuration Fg of a Jenkins-Strebel
quadratic differential Q(z) dz* defined by Theorem 1.

In the case when R = C and b, = oo, F* coincides with the domain configu-
ration Fg of a Jenkins-Strebel quadratic differential Q(z) dz? defined by formulas
(1.1)~(1.3) of Theorem 2.

Now we remind some simple properties of quadratic differentials, which will
be used in the proof of Theorem 3. A point a is a second-order pole of Q(z) dz? in
its circle domain D if and only if for every local coordinate z with z(a) = 0 there
exists ¢ > 0 such that

21 a

1
Q(Z):—WZ—Q"F?‘F (42)

near z = 0. If 7 is a trajectory of Q(z)dz? in D, then
c=llo= [ 1QEIM 1zl = [ Q%) d:
2! 2!

is the Q-length of . Here we assume that Q'/?dz > 0 along the corresponding
trajectory.

Let ¢ = f(P) map D conformally onto the unit disk I such that f(a) =0
and f(b) =1 for some b € dD. Then

f(P) Zexp{?/leﬂ(z)dz},

where z = z(P) is a local coordinate such that z((a) = 0; see [11, Section 3.3]. The
following simple lemma and its corollary, which in case of planar domains were
used in [3], reveal a role played by quadratic differentials in problems on domains
carrying proportional harmonic measures on their boundaries.

Lemma 4 (cf. [3]). Let D be a circle domain of a quadratic differential Q(z)dz?,
which in terms of a local coordinate z = z(P) such that z(a) = 0 has expansion
(4.2) at z=0. Then

dw(z,D,a) = ¢ HQ(2)|?|dz|  for all z= z(P) such that P € dD.  (4.3)

Corollary 1 (cf. [3]). Let Dy and Dy be circle domains of Q(z)dz? centered at
a1 and ag, respectively. Let c; and ca be Q-lengths of trajectories of Q(z)dz? in
the domains Dy and Ds. Let L be an open Jordan arc on 0Dy N ODy. If Q is
meromorphic on L, then for every Borel set E C L,

cw(E, D1,a1) = cow(E, D, a2). (4.4)

Lemma 5. Let D1 and D2 be non-overlapping simply connected domains on R
having a Jordan arc L on their common boundary 0D1 N ODs. Let ( = f(P) map
D1 conformally onto D. If D1 and D2 carry proportional harmonic measures on L,
then f can be analytically continued across L. In particular, L is an analytic arc.
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Proof. By assumptions of the lemma, there are points a; € D7 and as € Dy and
positive constants ¢; and co such that (4.4) holds for every Borel set £ C L.
Postcomposing with a Mobius map, if necessary, we may assume without loss of
generality that f(a;) = 0 and f(L) = {e!¥ : 0 < p < @1} for some 0 < 7 < 27.

Let ¢ = g(P) map Dy conformally onto D* = C\ D such that g(az) = oo and
g(L) ={e'¥: 0 < p < pa}. Here g2 = (c2/c1)p1 by (4.4).

Let Dy = g7 4(D'), where D/ = D*\ {2z =t: 1 <t < oo}, and let §(P) be a
single-valued branch of (g(P))/°2 defined on Dy by condition 1°/¢2 = 1. Then §j
is analytic on 52 and continuous on 52 UL.

Consider the function

<I>(P)={ f(p)#PeD UL
g(P) if P € Ds».
Since D; and Ds carry proportional harmonic measures on L, it follows from
(4.4) that f(7) = g(r) for every 7 € L. Thus, ® is continuous and one-to-one on
D1 U Dy U L. Since |®(7)| = 1 for all 7 € L, the latter implies that ® is analytic
in D;U 52 U L. Hence, L is an analytic arc. The proof is complete. O

The proof above shows also that the analytic continuation of f into D, is
given by a single-valued branch of the function g¢/¢.

Lemma 6 below, which proof is left to the reader, shows that a similar result
also holds for a simply connected domain carrying proportional harmonic measures
on a boundary slit.

Lemma 6. Let D carry proportional (equal) harmonic measures on its boundary slit
L and let ¢ = f(P) map D conformally onto D such that f(L*) =1%, f(L7)=1".
Then It and I~ are disjoint arcs of equal length on T and the inverse mapping
g(¢) = f~Y(C) can be continued analytically onto a doubly-connected domain C\
T\ (' UI%)).

5. Proof of uniqueness

In this section, we prove the uniqueness assertion of Theorem 3, which in turn
implies the uniqueness assertion of Theorem 1.

(1) Proof of the uniqueness assertion of Theorem 3. Assume that there are
two cellular structures [Fy, Bq] and [Fs, Ba] in Fr corresponding to graphs I'y
and I's, respectively, each of which carries harmonic measures proportional with
respect to the weights {ax} and {wj;}. For s = 1,2, let Fy = {D5,...,D;},
By = {b3,...,b3}, where b; € D, 1 < k < n. Let (e};)s denote the edge of T
corresponding to the edge efﬁj of I'. Let ¢ = fi s(P) map Dj conformally onto
the unit disc D such that fx s(b5) = 0. Let (T,ij)s = fhs((e};j)s) be the image of
the boundary arc (e}cj)S C 0Dj under the mapping fr s. Let Ay s = {(T]zj)s}i’j be
the collection of all arcs (chj)S on T corresponding to the domain D} and function
frs,s=1,2,k=1,...,n. Since each of the structures [F}, A;]| and [F», As] carries
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harmonic measures proportional with respect to the same weights, it follows from
(4.1) that the systems Ag; and A2 coincide up to rotation about the origin.
Rotating Ay 2, if necessary, we may assume that Ay 1 and Ay o coincide.

For 1 < k < n, let Dx(P) = f,;;(fk’l(P)). Then ®; maps Dj conformally
onto D} such that ®(b}) = b7. Since each of the domains D}, and D} is bounded
by a finite number of Jordan arcs, it follows from our argument above that @y
maps the boundary arc (e};j)l of D} continuously and one-to-one in the sense of
boundary correspondence onto the boundary arc (e};j)g of D%. In particular, the
end points of (ezj)l correspond to the end points of (ezj)z under this mapping.

For k # j, let D and D7 have an edge (efﬁj)s on their common boundary.
By Lemma 5, (e};j)s is an analytic arc. We claim that ®;(P) gives an analytic
continuation of the function ®(P) across (ej;)1-

Indeed, by our remark after Lemma 5, the analytic continuation of the func-
tion fxs, s = 1,2, across (e};j)s is given by some single-valued branch g4(P) of the
function €% /(f; s(P))*/% where 0y ; is a real constant independent of s. We
have

9.1 (Q) = (el s =12,
Therefore,
0;(2) = f5 (Fia(P) = 957 (91(P))
is an analytic continuation of ®j, across (e};j)l.

Similarly, using Lemma 6, one can show that @ is single-valued and analytic
on every slit (ei,;); lying on the boundary of Dj.

Consider the function ® : R — R defined by
®(P) = &y (P) if P is in the closure of D}, 1 <k < n.

Our argument above shows that ® is well defined (single-valued), continuous and
one-to-one from R onto R. Moreover, ® is analytic on R except, possibly, the
vertices of the graph I'y. Therefore using Riemann’s theorem on the removable
singularity, ® is analytic and one-to-one from R onto R. Hence, ® is a conformal
automorphism of R. This proves the uniqueness assertion of Theorem 3. O

(2) Proof of the uniqueness assertion of Theorem 1. Assume that there are
two complex structures on R turning R into compact Riemann surfaces R; and Ro
such that Ry, k = 1,2, admits a Jenkins-Strebel quadratic differential Qy.(z) dz2,
the critical weighted graph ®q, = {Vq,, Eq., Fq,, Wg, } of which, complemented,
if necessary, by second degree vertices on its edges, is homeomorphic to I' on R
and carries the same weights as I" does.

For k=1,2,let Fg, = {fCSQk}::r Let By, = {bys}7_,, where by, s denotes the
double pole of Qx(z) dz? lying in the circle domain 15, - It follows from Corollary 1
that [Fg,,B1] and [Fg,, Bo] are cellular structures on R and Ro, respectively,
each of which carries harmonic measures proportional with respect to the same
set of weights W = {w};} defined in Theorem 1.
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Therefore, it follows from the uniqueness assertion of Theorem 3 proved above
that there is a conformal mapping f : Ry — Ro which transplants the quadratic
differential Q1(z) dz? defined on R; to the quadratic differential Q4(2) dz? defined
on Ro. Thus, the required conformal structure and the corresponding Jenkins-
Strebel quadratic differential are defined uniquely up to conformal autohomor-
phisms of R. (|

6. Proof of existence

Here we work in the reverse order compared to the previous section. First, we
prove the existence assertion of Theorem 1. The latter easily implies the existence
assertion of Theorem 3.

(1) Proof of the existence assertion of Theorem 1. Without loss of generality
we may assume that I has no vertices of degree 2. Indeed, if v; is a vertex of degree
2 and eé-lk, eﬁ are edges having v; as their end point, then we can replace ej-}c and
eﬁ with a single edge €;;, = ej-}c U e;?k U v; with the weight w;}c + wﬁc Continuing
this gluing procedure, we reduce the proof to the case of graphs without vertices
of degree 2.

Consider n copies, say D',... D", of the unit disk. For k¥ = 1,...,n, let
Ai, = {7{;}i; be a collection of mutually disjoint open arcs on the boundary of
DF satisfying the following conditions:

(1) Ay contains an arc 7f ; with indexes j and ¢ if and only if E' contains an edge
€.

(2) Ui7; =T

(3) The cyclic order in which the arcs T]ij follow on the circle T coincides with
the cyclic order in which the edges e};j follow on the boundary cycle around

e
(4) le.zngth (T]ij) = 271'5}4”-, where (5}4”- is the relative weight of v,ij defined in Sec-

tion 4.

Next we construct a compact surface by gluing the boundary arcs of the
disks D*, k = 1,...,n, as follows. Let Ay contain an arc 7, (and therefore A;
contains an arc 75 ) and let Cij = ki and Nhj = ek with Phj < Vi < Ph;+2m
be the initial point of Thj and the terminal point of Thj» respectively, assuming
positive orientation of T. In this case, we glue D* and I along the closure of T]ij
by identifying the points of ﬂij with the points of ?}k according to the following
rule:

?,ij 5 €k (Phi s Wik (2 € ?j’k (6.1)
Here ¢ =€, 0< 60 < 7.
Applying this gluing procedure for all arcs 7} ;> we obtain the resulting com-

pact surface R that is homeomorphic to R. Below, by P and z = zp we denote a
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point on R and its affix on C, respectively Thus, z = zp € D. Also, by D% we de-
note the disk D¥ considered as a subset of R. The gluing procedure described above
generates a weighted graph I = {V E F W} on R with V = {(kj}, = {Tkj},
F={D*}1_, anc}vW = {w},;}. We emphasize once more that 7;; and 7/, denote
the same edge of I" since the points of these arcs are identified via formula (6.1).
In a similar way this identification works for the end points C,ij and njk as well.
Namely, each pair C,ij, njk defines the same point P € R. In addition, several
such pairs C,izjs, 77;1@7 being identified via (6.1), may define the same vertex of L.
It is not difficult to see that the surface R with the graph I embedded in R is
homeomorphic to the surface R with the graph I' embedded in R.
To uniformize R, we introduce a complex atlas U as follows:
(1) Each disk D% supplied with its “natural” local coordinate z = zp is consid-
ered as a chart (D%, zp) of U.
(2) For each arc 7;; we assign a chart (Uf;, ¢;,) as follows. Let A}, = {P € D} :
¢ < arg zp < ¢j;} and let U}, = {P € R:Pc Aj; UA% Ui} Then
U . ;18 a simply connected open subset of R. A corresponding local coordinate
Qj - U,gj — C can be introduced by

) 1
, (e_w;w' Zp) 2k if Pe Al Utk
J o kg
q1;(P) = » 1 4 (6.2)
(ewivzp) ™ i PeA.

It follows from (6.1) that q}'ﬁj is continuous and one-to-one from U ,ij onto the
upper half-plane {¢ € C: ¢ > 0}.

(3) Now we assign a chart for each vertex of I'. Assume that P, € R, [ =1,...,m,
is a vertex of r of degree d > 3. In this case, we can find _precisely d distinct
initial points (3 ; .- -, Cli(jljd_’ corresponding to the edges 7,7, ..., 7%, , such
that the points C,’” = ¢"keie s = 1,...,d, represent P, on the boundary
of Dks We should note here that the disks D% and ]D)];f are not necessarily
distinct. We may assume that Ck j , s = 1,...,d, are enumerated in such

way that the corresponding faces DP . ,D];d“ where Dkd“ : ]D)]fgl, follow

clockwise around P;. Then, of course, js = ksy1 for s =1,....,d.
For ¢ > 0 sufficiently small and s =1,...,d, define

Vlil’s ={Pe¢ ]D)]f; : |arg zp — ‘ptks+1| < 255,?1k2ak1/aks}.

Let V§ = nglVﬁl’s. Assuming that the points of the corresponding circular
parts of the boundaries of V* and V;;SH are identified according to the rule
(6.1), the set V5 can be considered as an open neighborhood of P, € R. A

2/d
corresponding local coordinate ¢ = ¢;(P) can be introduced as ¢ = (wll) ,
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where w = w(P) is defined by

1
i i )
(e Pr1ky 2p> 2ok k2 if Pe V;l’l,
w = _ (=1)F! g, (6.3)
g ts—1 i1 ap
I3 26 1 .
<e Vhaks Zp) k1ks fPeVy® s=2,...,d

Here oy denotes the length of the boundary cycle around fj, defined by (2.1).
Using the identification rule (6.1), one can easily verify that ¢;(P) defined
above maps V5 continuously and one-to-one onto some neighborhood of the
point 0 € C.

The explicit expressions in (6.2) and (6.3) show that the local coordinates
introduced in (1)—(3) are conformally compatible. Combining all the charts intro-
duced in (1)—(3), we obtain the desired complex atlas & on R.

Now for each chart introduced above, we define a quadratic differential
Q(¢) d¢? satisfying the desired conditions. First, we put

9 oi d¢? th £ &
Q(C)dc :—mé_—z wit C:ZP, 1 PEDP,]CZI,...,TL. (64)
This immediately implies that each disk D% is a circle domain of Q(¢)d(¢? and
every closed trajectory of Q(¢) d¢? lying in D¥, has the Q-length equal to ay.
To define Q(¢) d¢? in terms of the local coordinate (6.2), we put
N2
(k) a2 - . -
Q(¢)d¢? = oy with ¢ = gj;(zp), if P € Uj;. (6.5)
Equation (6.5) implies that the Q-length of T]ij equals wlkj

Finally, to define Q(¢) d¢? in a vicinity of the vertex P, we fix ¢ > 0 suffi-

ciently small and then put

& (wiy,)” ¢
(D)
Changing variables in (6.4) via (6.2) or (6.3) and using the transformation
rule (2.2), one can easily convert the quadratic differential (6.4) into the form
given by (6.5) or (6.6), respectively. Thus, equations (6.4), (6.5), and (6.6) define
the same quadratic differential on R.
By our construction, this quadratic differential has disks D% as its circle do-

Q¢ d? = - Sd¢? with ¢ = qu(zp), P EVE. (6.6)

mains and the weighted graph [ as its critical graph. In addition, each open set
corresponding to a local coordinate introduced in (1), (2), or (3) has a nonempty
open intersection with at least one of the circle domains D%, k = 1,...,n. This
implies that the domain configuration of the constructed quadratic differential
Q(¢) d¢? consists precisely of the domains DL, ..., D%. In particular, it does not
contain density structures. Thus, Q(¢) d¢? is a Jenkins-Strebel quadratic differen-
tial on R. This completes the proof of the existence assertion of Theorem 1. O
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(2) Proof of the existence assertion of Theorem 3. The domain configuration
of the quadratic differential Q(¢) d¢? constructed in the proof above satisfies all
topological requirements of Theorem 3. In addition, it follows from our construc-
tion in the proof above and Corollary 1 that this domain configuration, considered
as a cellular structure on 7%, carries harmonic measures proportional with respect
to the weights {wj;}. O

Remark. In the first version of this paper, to prove the existence of quadratic
differentials with required properties, we used a special extremal problem, which
will be discussed in the next section. The referee of that version suggested that
uniformization can be used to prove the existence assertion. A simple existence
proof given above is based on his suggestion.

7. An extremal problem related to Theorem 1

The well-known heuristic Teichmiiller principle, valid for a wide class of extremal
problems on conformal and quasiconformal mappings, asserts that every such prob-
lem is intrinsically related to a certain quadratic differential. So, a question of inter-
est is what extremal problem is hiding behind the quadratic differential appearing
in Theorems 1 and 3?7 Of course, if a conformal structure on R is prescribed and
the positions of double poles b1, ..., b, are already determined, then the quadratic
differential of Theorem 1 is just a quadratic differential corresponding to the Jenk-
ins problem on the extremal partition of R. The main question here is how to deal
with the case of varying Riemann surfaces and moving centers by, ..., b,. In this
section, we first discuss this question for a general compact surface of genus g > 0.
Then, we give a detailed treatment to this problem for the case R = S2.

Let I' be a simply connected graph embedded in a compact surface R as
described in Theorem 1. Let I be a graph dual of I" as defined in Section 2. Let
V= AUB, L ={l};}, and W = {w};} be the sets of vertices, edges, and weights
of T, respectively. Here A = {a1,...,a;} denotes the set of all first degree vertices
of T" and B = {b1,...,b,} denotes the set of centers by € fi. Equivalently, A is
the set of all isolated vertices of T".

Let U be a complex atlas turning R into a Riemann surface Ry in the corre-
sponding moduli space. Let My, 1 be the solution to Problem 1 on Ry for the punc-
tures A = {ay,...,a;}, centers B = {by,...,b,}, and weights a = {aq,...,an}.
Let My, 2 be the solution to Problem 2 on Ry for the graph I'.

To unify notations, we will write C = (A4, B) = (c1, ..., Ci+n), Where ¢ = ai,
for 1 <k <landcp = by for I < k <1+ n. Keeping the weights wzj, and
therefore the total weights ayg, to be fixed, we consider the multi-valued function

My = My(A,B) = My(C) = Myl(ei, ..., ciqn) = My + Mu o,
which is locally single-valued and continuous on the set ﬁldr”
Now we are ready to state the main problem of this section.
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Problem 3. For a given weighted graph I' embedded into a compact surface R of
genus g > 0, find the supremum

M= M(R,T) =sup My/(ci,...,Cln) (7.1)

taken over all complex structures U on R, all vectors (c1,...,C14n) € ﬁllj'", and
all branches of My,.

By Emel’yanov’s comparison theorem for dual problems on extremal parti-
tions (see [19, Theorem 3.3] for a version of this theorem for Riemann surfaces),

My = My +My><0 on R (7.2)

for every branch of My,.

Furthermore, equality holds in (7.2) if and only if Q. 1(2) d2? = —Qu 2(2) dz2.
Here Qu.1(2)dz? and Qu 2(2)dz? denote quadratic differentials on Ry extremal
for the problems on My, ; and My, 2, respectively. In other words, equality holds
in (7.2) if and only if the Kuz’mina quadratic differential for the problem on My, o
coincides up to a sign with the Jenkins-Strebel quadratic differential for the prob-
lem on My, ;. The quadratic differential defined by Theorems 1 and 3 is precisely
of this kind. This gives the following solution to Problem 3.

Theorem 4. Let R and I' be a compact surface and a graph as in Problem 3. Then
there is a conformal structure Uy, a vector (cY,... ,C?Jrn) € R%O”, and a branch

M\uo of My, such that
Mo (3, ..., &) = M(R,T) = 0.

Furthermore, the complex structure Uy, the vector (cY, .. .,c?+n), and the branch

M\uo are determined uniquely up to conformal automorphisms.

Problem 3 suggests another way (although rather technical) to establish the
existence of a quadratic differential in Theorems 1 and 3. Namely, one can start
with a maximizing sequence of complex structures {U/¥)}2° | vectors {C*)} 22 |
and single-valued branches {./T/l\uoc)}zo:l such that My (C™) — M(R,T) and
then show that, for some subsequence of indices ks — oo, the corresponding sub-
sequence of sets of faces converges to a domain configuration of an appropriate
quadratic differential. Below in this section, we show how this can be done in the
case of the Riemann sphere, i.e., we assume that R = C. A similar, but even more
technical proof works for a general compact surface as well.

Let us consider the maximization problem 7.1 for the multi-valued function
M on the set C"*t". The known results on the change of the reduced module under
conformal mapping, cf. [19, Lemma 1.3], show that M is Mobius invariant, i.e.,

M(@(Cl)7 . '7‘)0(Cl+n)) = M(Cl, A ,ClJrn)

for an appropriate choice of branches of M and every Mdbius map .
Without loss of generality we may assume that I has no vertices of degree 2.
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1. In the case [ + n = 3, the required quadratic differentials can be found
explicitly. Assume, for example, that n = 3,1 = 0. In two other cases, when n = 2,
Il =1and n =1, =2, verification is similar and is left to the reader. Let I be
dual of the graph I". We may assume that I has its vertices at by = 0, by = 1,
and b3 = oo. Since [ = 0, IV has no loops. Since degwvy # 2 for vy, € V, I'V has
no parallel edges belonging to the same homotopic class on the punctured sphere
C\ {0,1}. Thus, we are left with the following three subcases:

(1) TV has edges l13 = (—00,0) and laz = (1, +00) with positive weights w3 and
wag, respectively.
(2) T has edges l13 and lo3 as in (1) and the edge l12 = (0, 1) with weight w3 > 0.
(3) T” has edges w13, wes as above and the edge lss = {z = (1/2) +it: —oc0 <
t < oo} with weight wsz > 0.
In each of these cases the corresponding quadratic differential
Qi(z)dz* = Hﬁ
can be found explicitly. Namely we have:

Case 1: Pi(2) = a3(z — p)? with ag = w13 + was, @1 = wy3, and p = alozgl;

Case 2: Po(2) = a2(z — a)(z — a) with a3 = w3z + wa3, a1 = w2 + w3,
ag = wi2 + weg, and a defined by conditions |a| = ozlozgl, 1 —a| = ozzozgl,
Sa>0;

Case 3: P3(z) = a2(z — p1)(z — p2) with a3 = w13 + wag + was, a1 = wia,
g = was, and 0 < p; < py < 1 defined by equations pips = a%asﬁ, p1+p2 =
1+ a%a;z - a%agz.

dz%, i=1,2,3,

2. Let [ +n > 4. Our first goal is to show that M achieves its maximal value
M =supM(ciy...,C4n), —00<M <0,

at some point C* = (A*, B*) € CH", where A* = (a3,...,qf) € Cl, B* =
(b3,...,b%) € C", and for some single-valued branch of M.
(a) Let T, s = 1,2,..., be a maximizing sequence of graphs and let Cs =
(As, Bs) € CH*™ be the sequence of vertex sets of I',. Without loss of generality
we may assume that Cy — C* = (A%, B*) = (c{,...,¢f .} € T as s — o0. To
emphasize that objects under consideration depend on s, we will use an additional
lower index s. Accordingly, we will write 'y, Cs = (As, Bs), My, M1s, Ma s, etc.
Then
Ms=M(cis,.. . Clyns) = M ass— oo. (7.3)
We claim that using auxiliary Mobius maps, selecting subsequences, and
changing numeration, if necessary, we may either achieve a situation when all
the coordinates of C* are distinct or, alternatively, we can find indices ji, jo, j3,
and j4 such that conditions (a), (b), and (¢) below are fulfilled and, in addition,
at least one of the conditions (dy) or (dg) is satisfied:
(a) ¢j,,s =0, ¢j, s =00, ¢jy,s = 1 for all s.
(b) |ck,s| <1 for all k # j2 and all s.
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(¢) ¢jus = 0ass— oo,
(d1) The graph T, contains a loop, called (I}, ; ), which has its ends at c;, s =0

and separates cj, s = 0o from cj, s = 1 on C \ {0}.

(d2) The graph I, contains an edge, called (ljl-l’jz)s, which joins ¢j, s = 0 and

Cjy,s = OQ.

Indeed, using a suitable Mobius map we may first satisfy the following three
conditions: ¢;, s = b1,s = 0, ¢j,,s = 00, Where ¢j, s = ba s if n > 2 and bj, s = a1,
otherwise, and maxy>3s |ck,s| = 1 for all s = 1,2, ... For every given s, the number
of vertices ¢y s is finite. Therefore selecting subsequences and rotating about the
origin, if necessary, we may assume in addition that c;, s = 1 for some index
j3 # ji1,J2 and all s =1,2,... We still assume that ¢ s — ¢, for 1 <k <[4+ nas
5§ — 0.

If e1,...,¢f,, are not all distinct, then we have to consider the following

cases:
(i) Let #B* = 1. Since ¢j, s = b1,s = 0 and ¢, s = 00, this assumption implies
that ¢j, s = a1,s is an isolated vertex of I'}. Therefore n = 1 and B, contains the
only one vertex by s = 0. Hence every edge of I', is a loop having its ends at 0.
In particular, L, contains a loop, which separates c;, s = oo from ¢j, s = 1 on
C\ {0}. Since cj, ..., ¢}, are not all distinct, there are sequences c;, s, - .-, Ci, s,
2 < p <l+n—2, each of which converges to the same limit ¢ € D. If @ = 0, then
conditions (a), (b), (¢), and (d;) are satisfied.

If @ # 0, then we can choose two sequences, call them ¢;, s and ¢;, s, such
that ¢;, s — @, ¢i,,s — a. Since ¢;, 5 is an isolated vertex of I',, there is a loop,
called (I ;)s, which separates ¢;, s from all other vertices of I', on C\ {0}. Let
s be a Mébius map such that ¢s(0) = 0, ps(ci,.s) = 00, ps(¢iy,s) = 1. Then one
can easily see that ¢s(c0) — 0 as s — oo. If |ps(cps)| < 1 for all ¢ s # 00, then
conditions (a), (b), (c), and (d1) are satisfied. If |@s(ck,s)| > 1 for some ¢ s # o0,
then using suitable dilations, selecting subsequences, and changing numeration, if
necessary, we will get the same conditions.

(ii) Let #B* > 2. Assume that there are sequences ¢;, s, ..., Ci, s, 2 < p < I4n—2,
each of which converges to the same limit a € D. Assume, in addition, that at least
one of these sequences, let c;, s, is a sequence of centers, i.e., ¢;, s € Bs.

In this case we can find sequences cir s € By and ¢y s € B such that
Ck',s — @, Cmyr.s — b # a and such that for every s the graph I, has an edge, called
(A& ,m’)s, which joins the vertices cgr s and ¢y 5.

Now, using Mobius maps s such that s(cprs) = 0, ws(cmr,s) = oo for
s = 1,2,..., and then selecting subsequences, changing numeration, and using
dilations, if necessary, we will satisfy requirements (a), (b), (c), and (dg).

(iii) Let #B* > 2. Assume as in case (ii) that there are sequences ¢;, , ..., ¢i, s,
2 < p < l+n—2, each of which converges to the same limit a € D. In contrast to

case (ii), we assume now that there are no sequences of centers, which converge to
a. Then, of course, a # 0 since ¢j, s = b1,s = 0.
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Since Ciy s is an isolated vertex of I",, there is a loop I, of I, having its ends at
some vertex by, which separates ¢;, frorn all other vertices of I, on C \ {bs}. Let
s be a Mobius map such that goé(b ) =0, ps(ciy,s) = 00, @s(ci,,s) = 1. As in the
case (i), one can easily see that ¢4(co) — 0 and ¢4(0) — 0 as s — oco. Therefore
conditions (a), (c), and (d;) are satisfied. To satisfy condition (b), we apply, as
above, suitable dilations, selections of subsequences, and changing numeration if
necessary.

Our next claim is that if conditions (a), (b), and (c) are fulfilled and, in
addition, at least one of conditions (d;) or (dg) is satisfied, then

Ms=M(ci5,...,Clyn,s) — —00 as s — 0. (7.4)

To prove this claim, we first introduce notations, which also will be used in
part (b) of this proof. If by s # oo, then let dy s = ming, 4y, , [brs — cjs| be the
distance from by s to the closest vertex of I',, different from by, . If by s = oo, then
we put dy s = maxe; -, . |¢js|. Of course, under conditions (a) and (b) above,
dj, s = 1.

Let Dy s, ..., Dy s be the extremal partition of Problem 1 for the set of punc-
tures As, set of centers B, and set of weights a. Then Koebe’s 1/4-theorem, see
[11, Theorem 2.9], implies that

1
m(Dg,s, bi,s) < g log(4drs), 1<k<n, s=1,2,.... (7.5)
T
Therefore,
= E_ aim Dké,bks S%kglaklogdks—i—C (7.6)

with some real C' independent of s.

If by s # oo, then let Aps = {2z : |z — br,s| < di,s/4}. If bys = 00, then
we put Aps = {z € C: |z| > 4dys}. Then for every given s, Ay, Ags, ...,
A, s are disjoint discs on C centered at the vertices by s, ..., by, s of the graph I',.
Let Q2(z, s) d2? be the extremal quadratic differential corresponding to Problem 2
defined for the graph I'; with the set of vertices Cs = (As, Bs). Let {(G};)s} be
the domain structure of Q»(z,s)dz%. Here for every i and s, (G};j)s is a digon
having its vertices at by s and b; ;. Let (G};j) s denote the connected component of
the intersection ((G};j)s) () Ag,s, which contains the vertex by s on its boundary.
We note that in case k = j the digon (G}, )s has both its vertices at the same
point and therefore we have two such connected components. In this case, (G};j) s
will denote the union of these two components. Let Ay s = U“((G}U)é)

If v is a closed Jordan curve in Ay s separating by s from 0Ay s, then (3.3)
and (2.1) yield

akl/ 1Qale ) |de] > 1.
YNAg s
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Therefore the restriction of the metric a; '|Q2(2, s)|'/2|dz| onto the set Ek’s is an
admissible metric for the reduced module problem in the punctured disc Ay s\
{bk,s}. Hence for 1 <k <mnand s =1,2,..., we have

1 . o 1
m(Ag,s,br,s) = o log(dk,s/4) < EIL%LF (ak //Ei |Q2(z, 8)|dA, + 7 log5> ,

(7.7)

where ﬁis = ﬁk’s \{z: |z —brs| <e}if k# 2 and &‘is ={z: |z| > 1/5}\52’5.

Suppose that conditions (a), (b), (¢), and condition (dz) are satisfied. Then

the extremal decomposition of Problem 2 for the graph I', contains a digon, called

(G15)s, which has its vertices at by s = 0 and by s = co. Let R, be the quadrilateral

defined, as in Lemma 2, for the digon (G},), and the annulus A(s) = A(r1,r2)

with 71 = dy 5/4, r2 = 4da 5. Let I/, and I denote the sides of R, joining the circles

OA1 s and Ay . By (3.3), the metric (wly) ™1 |Q2(z, )| |dz| is admissible for the
module problem in Rs. Therefore,

Mod(R;) < (wiy) 2 //R |Q2(z, )| dA,, s=1,2,... (7.8)

Since every closed Jordan curve separating the boundary circles of the annu-
lus A(s) contains an arc joining the sides I, and I of R, the well-known compar-
ison principle for module/extremal length, see [1], implies that

Mod(Rs) > Mod(A(s)) = 2i log(16/dy s) — +00 as s — oo (7.9)
7r

since d; s — 0 by condition (c).
Finally, combining relations (7.5)—(7.8), we obtain

Ms == Ml,s + MQ,S == Zaim(Dk,sa bk,s) - Z(w;cj)2m((G;cJ)S7 bk,57 bj,s)

LA

k=1
<o [[ 1 )an. (7.10)
R,
+iia2logdk flimi // |Q2(z,5)|dA +a—ilog5
2T i3 ’ T k=1 N 7 T

gc/éf%@@M&écMww%

which together with (7.9) implies (7.4). The latter, of course, contradicts (7.3).
The proof given above remains valid if we replace condition (dz) by condition
(d1). We still assume that conditions (a), (b), and (c) are satisfied. In this case,
R, will denote the quadrilateral in C \ A; s defined for the digon (G1,)s as in
Lemma 3. Then R, has its pair of distinguished sides on JA; s and separates the
point ¢;, s = 0o from ¢j, s = 1 on C\ Ay 5. All inequalities in (7.10) remain valid
in this case. The well-known estimates for the module of quadrilaterals, related to
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Grotzsch’s ring, see [1], show that Mod(Rs) — oo as s — oo. This together with
(7.10) again contradicts (7.3).

Therefore in the rest of this proof we may assume that all coordinates of the
limit point C* = (A*, B*) are distinct.

(b) Next we show that all graphs I, of the maximizing sequence defined
in part (a) can be chosen to be in the same homotopy class defined by some
deformation of C with the initial point C* = (A*, B*). This will allow us to apply
differentiation formulas (3.4) to locate the maxima of M.

Arguing by contradiction, we assume that all graphs I, are homotopically
distinct in a vicinity of the point C*. Then Lemma 1 implies that the sequence
of indices {ind (I'})}.2, can not be bounded. Therefore there is a subsequence of
graphs, still denoted by I'., such that

ind e, ., . (Is) = 400 (7.11)

for some vertices ¢1 5 and co s of I, and some edge I, of I',. Let ¢35 and ¢4 5 be
the ends of I5. Here we assume that each of the vertices ¢; s and ¢ 5 is distinct
from the other three vertices but the vertices c3 s and ¢4 s may coincide.

Assume first that c3 s # c4,s. Then, changing numeration if necessary, we may
assume that c3 s = a1s =0, c4s = ags = 00, ¢1,5 = 1. We claim, as in part (a),
that My = Ms(c1,5y- -+, Clan,s) — —00 as s — oo. To prove this, we notice that
all inequalities (7.5)—(7.8) remain valid for the considered sequence of graphs I',
and for the corresponding sequence of extremal partitions. All notations related
to these inequalities are the same as in part (a). Therefore inequalities (7.10)
also remain valid in the case under consideration. Taking into account (7.11), we
conclude from Lemma 2 that Mod(Rs) — oo as s — oco. The latter together with
(7.10) implies that My — —o0 as s — oo contradicting our assumption that M
is a maximizing sequence.

Taking into account Lemma 3, one can easily see that similar argument works
also in the case c3 s = c4.s.

(c) Since M; and My are locally single-valued and continuous on @*", our
arguments in parts (a) and (b) show that M = M + M3 achieves its maximal
value for some single-valued branch of M at some point (cj,...,¢/,,) € Clm,
Since M is invariant under Mébius maps, we may assume without loss of generality
that ¢, =0}, =00, ¢fy, 1 =0, ¢, ,=1

The point (c7, ..., ¢, ) is a critical point of M. Hence all partial derivatives
OM/Ock, 1 < k <1+ n — 3, must vanish at (c,...,c},,). Using differentiation
formulas (3.4), we find

— M= e ((z = br)*Q1(2)) +7 diz ((z — be)*Q2(2)) (7.12)

Z:bk Z:b}C
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for all varying centers by and
0 .
a—/\/l =7 lim ((z — ar)Q1(2)) + 7 lim ((z — ax)Q2(2)) (7.13)
ar zZ—ag Z—ag
for all varying punctures a.
From (7.12) and (7.13) taking into account (3.1) and (3 2), we obtain

/ * / * l * *
8—bk/vt(0) (Pl(bk)+P2(bk))H, (bj. —a3) 11‘[ _1 b —b3)72 =0 (7.14)
and

0 " n—1
—M(C*) =7 (Pi(a}) + Pa(ai)) [ P G a}f)_lﬂjzl (a; — )7 =0.
(7.15)

n (7.14) we assume, of course, that n > 4 and 1 < k < n— 3. In addition, if n = 4,

then the second product in (7.14) is taken over empty set of terms. In this case,

we assume that the value of this product is 1. Similarly, the first product in (7.15)

is 1if I = 1. In (7.15) we assume that 1 < k < ko, where ko = min{l,! +n — 3}.
Therefore if n > 4, then (7.14) gives the following n — 3 necessary conditions

for critical points of M:

Pl) = ~Pp),  1<k<n—3. (7.16)
If I > 1, then (7.15) in its turn gives ko necessary conditions:
Pl(aZ) = _PQ(G/::)’ 1 S kj S k‘o. (717)

It follows from formulas (3.1) and (3.2) in Section 3 that each of the poly-
nomials P; and —P» satisfies equations (1.3). For n > 2, this gives another n — 1
conditions:

Py (b)) = —Py(b;), for1<k<n-1. (7.18)

Let P(z) = Pi(2)+ Pa(2). Since Py and — P, are polynomials of degree [+2n—
4, each of which has the highest coefficient —a2 /472, the polynomial P has degree
<!+ 2n — 5. Since all points af, ..., q},b],..., b} are distinct, equations (7.16)-
(7.18) imply that the polynomial P has at least [4+2n—4 zeros counting multiplicity.
Therefore, P must vanish identically. Then, of course, P;(z) = —P2(z) and hence
Q1(2) dz% = —Qa(2) d2>

Summing up, if M achieves its maximum at (cf,...,c},,) € @Hn with
c?)rn = aj = o0, cz‘+n71 =0, and cz"+n72 =1, then for 1 <k <[l+4+n —1 all coor-
dinates ¢} are finite and distinct. Let Q1(2)dz? be the Jenkins-Strebel quadratic
differential associated with Problem 1 for punctures aj,...,a;, centers bj,. .., b;,
and weights a1, ..., a,. Then the orthogonal differential Q2(2) dz? = —Q1(z) dz
is a Kuz'mina quadratic differential associated with Problem 2 such that the tra-
jectory graph I'y,, of Q2(2) dz? is homeomorphic to IV on C. In addition, the side
Vij of T'g, corresponding to the side j; of T” carries the same weight wj; as [}
does. This implies that the critical graph I'g,, which is dual of Flev is homeo-

morphic to I' on C and the side l/,ij of I'g,, which is transversal to ’y,ij, has the
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Q1-length w;w Therefore the quadratic differential Q1(z)dz? satisfies all condi-
tions required by Theorem 2. This establishes the existence of a Jenkins-Strebel
quadratic differential with the desired properties.

8. Examples and remarks

In this section we consider some important particular cases of Theorem 2.

(a) Trees and continua of the minimal logarithmic capacity. Let T = {V, E,
F, W} be a free tree with [ leaves and positive lengths of its edges. Then n = 1,
F contains only one face D = C\ (V U E), and we may assume that the length of
0D is 1. By Theorem 2, there is a quadratic differential of the form

L Pl
AT [Ty (2 — an)

where P(z) = 2/72 4. .4 ¢y and R(z) = H§€:1(z —ay;) are relatively prime, whose
critical graph I'g, complemented, if necessary, by second degree vertices on its
edges, is homeomorphic to I' and carries the same weights.

It is well known, see [14, Chapter 1], that the set Ko = VoUE( is extremal for
Chebotarev’s problem on continua of the minimal logarithmic capacity containing
the points aq,...,a;. Thus, Theorem 2 shows in this particular case that every
positive free tree can be realized uniquely up to a linear mapping as a continuum of
minimal logarithmic capacity on C. A detailed treatment of Chebotarev’s problem
and related trees was given in a recent paper of P.M. Tamrazov [21].

dz?,

Q(2)dz* =

(b) Triangulation. Assume that every face fi, € F is bounded by three distinct
edges. Then I induces a finite triangulation on S?. Now, Theorem 2 says that every
triangulation with prescribed lengths of sides of all triangles can be constructed as
a conformal triangulation induced by some Jenkins-Strebel quadratic differential.
In addition, such a conformal triangulation is unique if we fix the vertices of its
initial triangle.

(c) Cells with a fized perimeter. Let I' = {V, E, F,W} be a plane weighted
graph such that v, > 3 for all k, 1 < k < m, and let every boundary cycle 9 fj has
length 1. Let

1 P(z) 2
Q(2)d?=———"" 4 (8.1)
472 2:11(2 — by)?
be the quadratic differential defined by Theorem 2 for the graph I'. Here P(z) =

m—1

2214 ...+ is a polynomial of degree 2n—4 such that P(by) = []',_, (bx —b;)?.

It is well known, see [14, Chapter 6], that the quadratic differential (8.1) is
extremal for the problem of the maximal product [],_, R(Dy,bs) of conformal
radii of non-overlapping simply connected domains D1, ..., D, such that b, € Dy
and b, = oco. Thus, Theorem 2 asserts in this case that every cellular structure,
each cell of which has perimeter 1, can be realized as a domain configuration of a
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quadratic differential Q(z) dz? which is extremal for the problem of the maximal
product of conformal radii.

(d) Linear graphs. Let T" have a single vertex vy lying at co and n > 2 loops.
Then its dual I is a linear graph with n edges and n + 1 vertices. We may assume
that I has vertices v/,...,v;,,; such that 0 = v} < vy < --- < wj,; = 1, edges
k1 = [V, v, 1], and weights wy, 41 = vj,; — vy, 1 <k < n. Then, of course,
the total weight of the vertex v; is 1. Theorem 2 implies that the linear graphs I'/
are in a one-to-one correspondence with quadratic differentials of the form

B
A T (= = o)

Q(2)dz? = (8.2)

where 0 = b; < by < -+ < by41 = 1land C = WLQH‘?i;bj. One can easily see
that the quadratic differential (8.2) has a single zero of order 2n — 2 at co. An
explicit correspondence between the poles by, ..., b, 1 of Q(z)dz? and the weights
W1,2,...,Wnnt1 Of the graph I' is given by the following n — 1 equations:

n+1 m+1 1
Wh—1,k + Wk k1 = 101,21_[]_72 ] i1 bk — bj| ™, 2<k<n-—-1,

n+1 n
Wn,nt+1 = w172Hj:2 ijj:1(1 — bj)il.

It follows from Theorem 2 that for every set of positive weights wy k41, 1 <k < n,
such that >"7_, wg k41 = 1, the equations (8.3) have a unique solution by, . .., by41
satisfying the conditions 0 = b3 < by < -+ < bpy1 = 1. The latter also can be
established by lengthy, routine calculation involving some work with Vandermonde
determinants; cf. proof of Theorem 1.3 in [3].

(8.3)

(e) Cyclic graphs. If T has two vertices v1 = 0 and vo = oo and n > 2 parallel
edges from vy to ve, then its dual IV is a cyclic graph with n vertices and n edges.
We may assume that I’ has vertices by = €%, 0 = 0, < --- < 0, < 21 = 0,1
and edges lg p+1 = {€: 0, <0 <01}, 1 <k <n.In addition, we may assume
that Iy 41 carries the weight wg g+1 = (Ok+1 — 0x)/27. Then, the total weight of
each of the vertices v; and vy is 1. Theorem 2 implies that the cyclic graphs are
in a one-to-one correspondence with quadratic differentials of the form:

02 an2 9
TG oo 54

where 0 = g < ap < -++ < ay < 27 = apyq and C = (w12 + Wynt1) [[oo(1 —
e'@r). An explicit correspondence between weights wy, ;41 and poles of Q(z) dz? is
given by the system of equations:

Q(z)dz* = —

. m . .
Wh—1,k + Wk k1 = C’ew"“(”_2)/2H 4 1(610”“ — ewf)_l, 1<k<n. (85)
Jj=

It follows from Theorem 2 that for every admissible choice of weights the sys-
tem (8.5) has a unique solution C' € C and aq,...,a, € R such that 0 = a; <
s < gy < 2.
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In the case of equal weights w1 2 = - - - = wy n+1 = 1/n, the poles of quadratic

differential (8.4) are equally spaced on the unit circle and therefore (8.4) becomes:
1 n—2

Qn(z)d2? = - dz2. (8.6)

w2 (zn—1)2
By the well-known theorem of Dubinin [4, Theorem 2.17], the quadratic differential
Qn(z) dz? is extremal for the problem of the maximal product [[_, R(Dg,bx) of
conformal radii of non-overlapping simply connected domains Dy, 1 < k < n,
whose centers by € Dy, vary on the unit circle. The counterpart of this problem,
suggested by G.V. Kuz'mina, for 2n non-overlapping domains, n of which have
centers varying on the circle C,.(0) and the remaining n have centers varying on
C1/-(0), 0 <7 < 1, has remained open for a quite long time. It is conjectured that
for every n > 2 and 0 < r < 1, the extremal partition of this problem is given by
the domain configuration of the quadratic differential

Zn—2(zn +pn)(zn _ l/pn) 9
(zn _ 7"”)2(2” + 1/7.71)2
with some 0 < p < 1 depending on n and r.

It is worth mentioning that symmetric cyclic graphs with an even number
of edges are in a one-to-one correspondence with linear graphs. Therefore, the
corresponding quadratic differentials are in a one-to-one correspondence as well.
Indeed, let Q(z) dz? be a quadratic differential of the form (8.4), for which the the
set of poles is symmetric with respect to the real axis and contains poles at +1.
Then, scaled Joukowski’s mapping 2 +— (1/4)(z + 1 + 27!) transforms Q(z) dz?
into a quadratic differential of the form (8.2).

We want to mention also that the Joukowski’s mapping z — (1/2)(e™/?"z +
e~ ™/2n ;= 1) transforms the symmetric quadratic differential Qg,,(2) dz? defined by
(8.6) into the quadratic differential

Qn.r(2) dz? =

1 dz?
dz? = - — ™=
Qrlz)d=" = =5 a1y
where T,(z) = cos(narccos(z)) denotes the classical Chebyshev polynomial of

degree n which deviates least from zero on [—1, 1].

(f) Platonic solids. Of course, every regular pattern can be represented by
the critical graph of some Jenkins-Strebel quadratic differential. The five Platonic
polyhedra: tetrahedron, cube, octahedron, dodecahedron, and icosahedron, corre-
spond, respectively, to the following Platonic quadratic differentials:

1 2(2%+38)
2 4+ Z&"7T98), 9
Qt(Z)dZ - 472 (2371)2 dz )
1 28414241
2 4L zrilazrl, o
Qc(2)dz"= I 2 _1) dz*,
Qu(2)d? = 1 (2545v223-1)2 2,

42 2(25— (1VR2/M) B —1)2
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1 229-2282154494210422825+1
— z
472 22(210 41125 —-1)2 ’
1 124115293326 — 11523 +1)3
Qi(2)dz*=—— (=12 41152 i V522 +1)

4712 ,2(,18 _ 57V5 15 _ 57 12 _ 247V5 9 4 57 .6 _ 575 ,3 _ )2
22(z o2 5 2 PR 23—1)

Qa(2)dz?=—

dz?.

For each of the Platonic polyhedra, the above representation is unique up to a
Mobius map. The zeros of the Platonic quadratic differential represent the vertices
of the corresponding polyhedra while the poles represent its face centers. In each
case, the representation above is given via a stereographic projection in such a way
that the center of one of the faces is located at co.

The first three of these quadratic differentials are easy to compute. To get
the explicit expression for the dodecahedral quadratic differential, we used Klein’s
invariants V(2) = 2(210 +112° — 1) and F(2) = 22° — 228215 4 494210 4 22825 + 1
for the icosahedral group Ggo, see [5, Section 5]. Then since the icosahedron and
dodecahedron are dual polyhedra, the icosahedron can be represented by the qua-
dratic differential Q;(¢)d¢? = C(V3(¢)/F?(())d¢? for some constant C' < 0.
Now changing variables via the Mobius map z = (¢ — ¢)/(1 + ¢¢) with ¢ =

— i/f) V255 4+ 114y/5 — 57 — 25/5 being the smallest, in absolute value, negative

zero of F(z), we obtain the desired form Q;(z) dz? after long but routine simplifi-
cation.

It is important to emphasize that the critical graph of each of the Platonic
quadratic differentials coincides precisely with the stereographic projection of the
corresponding Platonic tessellation of the sphere and is not just a homeomorphic
representation of it.

(g) Disconnected graphs. If T is a disconnected graph homeomorphic to the
critical graph I'g of some Jenkins-Strebel quadratic differential Q(z) dz2, then each
face fi of I' is necessarily a simply connected domain or doubly-connected domain
on R. Thus, Theorems 1 and 2 can not be extended for arbitrary disconnected
graphs, at least not directly. Even more, as simple examples show, an analytic
embedding of a disconnected graph, if it exists, is not unique in its homotopy
class, not even up to Mobius maps in the case of R = C. So, any study of analytic
embedding of disconnected graphs should address these issues.
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Riesz Transforms and Rectifiability
Xavier Tolsa

Abstract. The n-dimensional Riesz transform of a measure y in R is defined
by the singular integral

/Ift—y\”+1 ply), @ R

Let E C R? with H"(E) < oo, where H™ stands for the n-dimensional Haus-
dorff measure. In this paper we survey some recent results and open problems
about the relationship between the L? boundedness and existence of principal
values for the Riesz transform of the measure H[%, and the rectifiability of E.

Mathematics Subject Classification (2000). 42B20, 28A75.

1. Introduction

Given z € R%, x # 0, we consider the signed Riesz kernel K"(x) = x/|z|"*!, for
n such that 0 < n < d. Observe that K™ is a vectorial kernel. The n-dimensional
Riesz transform of a finite Borel measure p on R? is defined by

— /K"(x —y)duly),  z€R?\ supp(p).

Notice that the integral above may fail to be absolutely convergent for 2 € supp(u).
For this reason one considers the e-truncated n-dimensional Riesz transform, for
e>0:

R = [ Koy, wert
The principal values are dencftezi bEy
by R"u(x) = lim RI (),
whenever the limit exists.

Partially supported by grants MTM2007-62817 (Spain) and 2005-SGR-00774 (Generalitat de
Catalunya).
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Given f e Lj (u), we also denote R}(f)=R"(fdu) and R} _(f)=RZ(fdp).

loc
Recall the definition of the maximal Riesz transform:

R p(x) = sup | R p(x)|.
e>0

We say that the Riesz transform operator Rj; is bounded in L?(u) if the truncated
operators R}, . are bounded in L?(p) uniformly on & > 0.

If in the preceding definitions one replaces the kernel K" (x) by the Cauchy
kernel 1/z, with z € C, and one considers a Borel measure y in the complex plane,

one gets the Cauchy transform:

1
Cnte) = [ Zaul©). = supio)
We have analogous definitions for C.u, C,(f), Cpc(f), Cip, ete.

One says that a subset £ C R? is n-rectifiable if there exists a countable
family of n-dimensional C! submanifolds {M;};>; such that

H”(E\UMZ):O,

where H™ stands for the n-dimensional Hausdorff measure.

In this paper we are interested in the relationship between rectifiability and
Riesz transforms, in particular in the existence of principal values and L? bound-
edness for Riesz transforms. This subject has been object of active research in the
last years and there are still many difficult open questions dealing with this topic.
In next sections we survey some recent results and open problems in this field.
There is no attempt at completeness.

As usual, in the paper the letter ‘C” stands for an absolute constant which
may change its value at different occurrences. On the other hand, constants with
subscripts, such as C1, retain its value at different occurrences. The notation A < B
means that there is a positive absolute constant C' such that A < CB. Also, A ~ B
is equivalent to A < B < A.

2. Principal values for Riesz transforms and rectifiability

Before talking about principal values of Riesz transforms we recall a fundamental
result of geometric measure theory.

Theorem 2.1. Let E C R with H"(E) < oo. Then, the density

@n(x’E) = }l_r)% W

exists for H™-almost every x € E if and only if n is integer and E is n-rectifiable.
The difficult implication in this theorem is

30"(x,E) H"-ae. .z € E = nisinteger and E n-rectifiable.
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The fact that n must be integer if the density exists is a result of Marstrand [Mar],
and that E must be n-rectifiable is due to Preiss [Pre] (and to Besicovitch in the
casen=1,d=2).

Let us remark that if E is n-rectifiable, then ©"(z, E) = 1 for H"-a.e. x € E.
Moreover, previously to Preiss’ theorem, Mattila [M1] proved that

O"(z,E) =1 for H"-a.e. x € E = E is n-rectifiable.

Concerning principal values for the Riesz transforms we have the following.

Theorem 2.2. Suppose that n is an integer such that 0 < n < d. Let E C R?
with H"(E) < oo. The principal value p.v.R"(H[};)(x) ewists for H"-almost every
x € FE if and only if E is n-rectifiable.

Notice the analogies between Theorems 2.1 and 2.2.

The fact that rectifiability implies the existence of principal values was proved
first by Mattila and Melnikov [MM] for the Cauchy transforms (withn =1, d = 2),
and their proof generalizes easily to n-dimensional Riesz transforms. That E must
be n-rectifiable if the principal values p.v.R™( ‘"E)(m) exist for H"-almost every
x € E was recently proved by the author in [To7].

Under the additional assumption that

n
lim inf H'(B(,r) 0 B) >0 H'-ae z € E, (2.1)
r—0 rn
Mattila and Preiss had previously proved [MPr] that if the principal value
p.v.R™( ‘"E)(m) exists H™-almost everywhere in F, then F is n-rectifiable. Getting
rid of the hypothesis (2.1) was an open problem raised by authors in [MPr].

Let us also remark that in the particular case n = 1, Theorem 2.2 was previ-
ously proved in [Tol] (and in [M3] under the assumption (2.1)) using the relation-
ship between the Cauchy transform and curvature of measures (see Theorem 3.2
below for the details). In higher dimensions the curvature method does not work
(see [Fa]) and new techniques were required.

It is not known if Theorem 2.2 holds if one replaces the assumption on the
existence of principal values for the Riesz transforms by

Ry (Hp)(x) < o0 H"-a.e. x € E.

That this is the case for n = 1 was shown in [Tol] using curvature. However, for
n > 1 this is an open problem that looks very difficult (probably, as difficult as
proving that the L? boundedness of Riesz transforms with respect to H‘"E implies
the n-rectifiability of E. See next section for more details).

Given a Borel measure p on R?, its upper and lower n-dimensional densities
are defined, respectively, by

O™ *(x, u) = limsup

r—0

B B
M, O (z, ) = liminf w
TYL r—0 TYL
The “only if” part of Theorem 2.2 is a particular case of the following some-
what stronger result.
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Theorem 2.3. Let i be a finite Borel measure on R%. Suppose that n is an integer
such that 0 < n < d, and let E C R? be such that for all x € E we have

0<O™ (x,u) <oo and Fp.v.R"u(x).
Then E is n-rectifiable.

The arguments to prove Theorems 2.2 and 2.3 are very different from the ones
in [MPr] and [M3], which are based on the use of tangent measures. A fundamental
step in the proof of Theorem 2.3 consists in obtaining precise L? estimates of Riesz
transforms on Lipschitz graphs. In a sense, these L? estimates play a role analogous
to curvature of measures in [Tol]. Loosely speaking, the second step of the proof
consists of using these L? estimates to construct a Lipschitz graph containing a
suitable piece of E, by arguments more or less similar to the ones in [Lé].

To describe in detail the L? estimates mentioned above we need to introduce
additional terminology. We denote the projection

(X1, Ty ey Ta) — (T1y .o, T, 0,...,0)
by II, and we set II = I — II. We also denote
R p(z) =1 (R"u(x))  and R p(r) = I (RN p(x)).

That is to say, R™*u(x) and R®*u(z) are made up of the components of R"y(x)
and RZu(z) orthogonal to R™, respectively (we are identifying R™ with R™ x

{(0,...,0)}).

Theorem 2.4. Consider the n-dimensional Lipschitz graph T' := {(z,y) € R™ x
R~ .y = A(z)}, and let p = ‘7% Suppose that A has compact support. If
IVA|lso < €0, with 0 < gg <1 small enough, then

Ip-v-R™* pal| L2y = [Ip-v- R pil| L2y = [V Ao

Let us remark that the existence of the principal values p.v.R"u u-a.e. under
the assumptions of the theorem is a well-known fact.

The upper estimate ||[p.v.R" | r2¢,) S ||V A2 is an easy consequence of some
results from [Do] and [To6] and also holds replacing €9 by any big constant. The
lower estimate ||p.v.R™*pul|r2(,) 2 [[VA|l2 is more difficult. To prove it one uses
a Fourier type estimate as well as the quasiorthogonality techniques developed in
[To6].

We remark that we do not know if the inequalities

Ipv-R "l oy > O3 M IVAl2 o [[pvR™ il > G5 [V A

in Theorem 2.4 hold assuming ||[VA||sx < C4 instead of ||VA|eo < €g, with Cy

arbitrarily large and Cs possibly depending on Cjy.
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3. L? boundedness of Riesz transforms and rectifiability

In this section we are interested in the following problem.

Question 3.1. Consider E C R? with H"(E) < oo, with n integer. Suppose that

the Riesz transform R}, is bounded in L?( |”E) Is then E n-rectifiable?

The answer to this question is known (and it is positive in this case) only

for n = 1. This is due to the relationship between the Cauchy transform and the
notion of curvature of measures. Given a measure p, its curvature is

) = [ s dule)dntin). (3.1)

where R(x,y, z) stands for the radius of the circumference passing through z, y, z.
If two among these points coincide, we let R(z,y,2) = oo. Given ¢ > 0, c2(u)
stands for the e-truncated version of ¢?(u), defined as in the right-hand side of
(3.1), but with the triple integral over {(z,y,2) € C3: |z —y|, |y — 2|, |z — 2| > €}.

The notion of curvature of a measure was introduced by Melnikov [Me] when
he was studying a discrete version of analytic capacity, and it is one of the notions
which is responsible of the big recent advances in connection with analytic capacity.
Curvature is connected to the Cauchy transform by the following result, obtained
by Melnikov and Verdera [MeV].

Theorem 3.2. Let j1 be a Borel measure on C such that u(B(z,r)) < Cor for all
z€C,r>0. We have

1
ICelIZ2 (= €2 (1) + O(C)), (3.2)
where |O(u(C))| < C1u(C), with Cy depending only on Cy.

Building on some techniques developed by Jones [Jo] and David and Semmes
[DS1], Léger proved the following remarkable result (see also [To3] for another
different and more recent proof):

Theorem 3.3. Let E C C be compact with H'(E) < oco. If 02(H‘1E) < 00, then E
is rectifiable.

Using Theorems 3.2 and 3.3, it follows then easily that if H!(E) < oo and
the Cauchy transform is bounded in L2(H‘1E), then E is 1-rectifiable. However, an
identity analogous to (3.2) is missing in dimensions n > 1. This is the reason why
Question 3.1 is still open for n > 1.

Recall that a measure p such that p(B(z,r)) ~ r™ for all z € supp(p),
0 < r < diam(supp(u)), is called n-Ahlfors-David (n-AD) regular, or abusing the
language, AD regular. A set E C C is called n-AD regular (abusing the language,
AD regular) if H‘"E is AD regular.

A variant of Question 3.1 is the following:

Question 3.4. Consider E C R% n-AD regular, with n integer, and set p = |”E.
If R}, is bounded in L?(u), is then E uniformly n-rectifiable?
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We recall now the notion of uniform n-rectifiability (or simply, uniform rec-
tifiability), introduced by David and Semmes in [DS2]. For n = 1, an AD regular
1-dimensional measure is uniformly rectifiable if its support is contained in an AD
regular curve. For an arbitrary integer n > 1, the notion is more complicated. One
of the many equivalent definitions (see Chapter 1.1 of [DS2]) is the following: p
is uniformly rectifiable if there exist 8, M > 0 so that, for each x € supp(u) and
R > 0, there is a Lipschitz mapping ¢ from the n-dimensional ball B, (0, R) C R™
into R? such that ¢ has Lipschitz norm < M and

1(B(z, R) N g(Bn(0,R))) > 0R".

In the language of [DS2], this means that supp(u) has big pieces of Lipschitz images
of R™. A Borel set E C R? is called uniformly rectifiable if ’HlnE is uniformly
rectifiable.

For n = 1 the answer to Question 3.4 is true again, because of curvature.
The result is from Mattila, Melnikov and Verdera [MMV]. For n > 1, in [DS1]
and [DS2] some partial answers are given. Let H,, be class of all the operators T

defined as follows:
0)= [ Ko~ )fw) dute),

where k is some odd kernel (i.e., k(—z) = —k(z )) smooth away from the origin
such that |z|"7|Vik(x)| € LOC(Rd \ {0}) for j > 0. Next result is from [DS1].

Theorem 3.5. Let E C R? be n-AD regular, with n integer. E is uniformly n-
rectifiable if, and only if, all operators T from the class H,, are bounded in L*( |E)

In Theorem 2.1 we mentioned that the existence of the density ©"(z, E) for
‘H"-almost every x € E implies that n is integer. If we replace existence of density
by L? boundedness of Riesz transforms the following holds:

Theorem 3.6. Let E C RY with H"(E) < oo, and set u = H['s- Suppose that R
is bounded in L?(u). We have:

(a) n ¢ (0,1).
(b) If E is n-AD regular, then n is integer.

The statement (a) is from Prat [Pral. It follows by the “curvature method”,
that is to say, by using a formula analogous to (3.2) which holds for 0 < n < 1.
The statement (b) was proved Vihtila using tangent measures. Her proof can be
casily extended to the case where ©F(z,’H]};) > 0 H"-a.e. in E, instead of the
AD regularity assumption. However, it is an open question to prove that this also
holds for arbitrary sets E with H™(FE) < oco. Under the stronger assumption of
the existence of p.v.R"™( |”E)(x) ‘H™-almost everywhere, this problem has been
recently solved in [RT].

For more information and additional results regarding L? boundedness of
Riesz transforms and rectifiability we suggest to have a look at [Vo], [MaT], [GPT],
[JP], [To4], [To5], [To6], and [ENV], for instance.
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